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PREFACE. 



The second volume of this Treatise deals with the more ad- 
vanced portions of Hydrodjmamics, including the motion of viscous 
liquids to which the last four chapters have been devoted. It 
commences with a chapter on Harmonic Analysis, in which a 
variety of functions which frequently occur in physical investiga- 
tions are considered. The most exhaustive work on this subject 
is the German Treatise on Kugelfunctionen by Heine, of which 
considerable use has been made, especially in the first twenty 
pages of this chapter. The remainder of the chapter which relates 
to Toroidal Functions, is taken from Mr Hicks* papers in the 
Philosophical Transactions for 1881 and 1884. 

The notation J^ (x) for an ordinary Bessel's Function of degree 
m is well established, and the second solution of BesseFs equation, 
which is not however so frequently required, may be conveniently 
denoted by YJ^oo) ; but there is another class of functions also of 
considerable importance, which constitute the two solutions of 
the equation which is obtained by changing x into ix in Bessel's 
equation. The notation for these functions does not appear to be 
so well established, many English writers employing the symbols 
J^ (ix) and F„ (ix), whilst German writers often employ the symbol 
K^ (tx) in the place of F^ (ix). But as it appears to me that the 
employment of an imaginary argument in the case of functions 
which may always be treated as real quantities, creates unnecessary 
complexity, I have ventured to introduce a new notation, and 
have denoted these functions by the symbols T^{x) and K^{x) 
respectively. 

a2 



IV PREFACE. 

The portions of Chapter XIV. which relate to the vibrations of 
a circular vortex and to linked vortices, have been taken with 
slight modifications from a paper by Professor J. J. Thomson in 
the Philosophical Transactions for 1882, and from the Treatise on 
the Motion of Vortex Rings by the same author, to which the 
Adams' Prize was adjudged in 1882. The latter portion of this 
chapter has been derived from Mr Hicks' papers on vortex rings in 
the Philosophical Transactions for 1884 and 1885. It is however 
necessary to point out, that the period equation obtained by 
Mr Hicks for determining the fluted vibrations of a circular vortex, 
does not agree with that obtained by myself, and consequently 
thiere is an important difference in the results connected with the 
stability of the vortex. I am however indebted to Mr A. E. H. Love, 
for having examined and verified the analysis of §§ 326 — 340, and 
I therefore trust that the results which are put forward are the 
correct ones. 

In the Chapter on Waves, I have made considerable use of 
Prof. Greenhill's Article on Waves in the American Journal of 
Mathematics, Vol. IX., which contains an exhaustive discussion of 
most of the principal problems of interest. 

The Chapter on the Tides is confined exclusively to the 
dynamical theories which have been proposed as an explanation of 
tidal phenomena, and is principally derived from the investiga- 
tions of the late Astronomer Eoyal and Professor G. H. .Darwin. 
The reduction of tidal observations, together with a variety of 
questions relating to the practical portion of the subject, are very 
fully treated in Professor Darwin's Article on Tides in the 
Encyclopaedia Britannica, 

Although nearly forty years have elapsed since the publication 
of Prof. Stokes' paper " On the Effects of the Internal Friction of 
Fluids on Pendulums," it is remarkable that very little progress 
has been made with respect to the solution of problems connected 
with the motion of solid bodies in a viscous liquid. The complete 
solutions for a sphere and a right circular cylinder moving in a 
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viscous liquid of unlimited extent under the axjtion of given forces, 
have not yet been obtained ; and no problem involving the motion 
of two solids appears to have ever been attempted ; neither have 
any general equations analogous to Lagrange's equations been 
discovered, by means of which the motion of one or more solids 
in a viscous liquid may be obtained, without going through the 
troublesome process of calculating the components of the force 
and couple exerted by the liquid on each solid. The diflficulties 
of the subject are undoubtedly great, but it is hoped that before 
the termination of the present century, substantial progress will be 
made. 

I have in conclusion to express my obligations to Professor 
Greenhill for having read the proof sheets ; to Mr A. E. H. Love 
for having examined the analysis of §§ 326 — 340, and for having 
read the proof sheets of the last four chapters ; and to Professor 
J. J. Thomson and Professor G. H. Darwin for permission to make 
free use of their investigations on Vortex Rings and Laplace's 
Theory of the Tides respectively. 



United University Club, 
November 1888. 
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CHAPTER XII. 



ON SPHEROIDAL HARMONICS AND ALLIED FUNCTIONS. 

242. It is shown in treatises on Spherical Harmonics, that 
every spherical harmonic of degree n, is expressible in a series of 

the form 2™IJ-4^P^()Lt)sin (m^ + a„), where cos"*/i and ^ are the 
cp-latitude and longitude of a point on a sphere, and P2{l^) is 
called an associated fanction of the first hind of degree n and 
order m. This function satisfies the equation 

This differential equation being of the second order has two 
independent ii^tegrals. The first of these is P^ (/i), and is finite 
for all finite values of /i, and is infinite when fi^ oo. The second 
integral, which will be denoted by Q^ (/a), is as we shall presently 
U show, infinite when /i = ± 1, but is finite for all other values of fi, 
and vanishes when /i = + oo . 

243. Laplace, to whom we are indebted for the invention of 
spherical harmonic analysis, principally devoted his attention to 
the attractions of spheres, and of bodies slightly diflfering there- 
from; and it was therefore sufficient for him to consider the 
properties of the first solution upon the supposition that fi<l; 
but in dealing with the potentials of ovary ellipsoids, the function 
FZ is required both when /x < 1 and fi>l; and the function Q"^ is 

fr/ required when /i > 1. We shall therefore consider these functions 

from their most general point of view, and shall denote the 
argument by fi when it is < 1, and by v when it is > 1. 

B. 11. 1 



2 SPHEROIDAL HARMONICS AND ALLIED FUNCTIONS. 

244. The function P^ may be very briefly dismissed. 
It is shown in Ferrers' Spherical Harmonics that 

p:ot)=(i-^T^v<i (2), 

or F:{v) = (i>*-ir^v>l (3), 

where P^ is an ordinary zonal harmonic or Legendre's coefficient. 
The value of P„ can be expressed either in the form of a 
terminating series of powers of /i, or by means of the definite 
integral 

P^ = 1 f {^ + V ifi' - 1) cos ^1" d0 



= -r{/^+V(A*"-l)cos^p-*d^ (4). 
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The expressions for P^ in terms of the series, or in terms of 
either of the definite integrals, hold good whether /a< or > 1. 

An expression for P^ in the form of a definite integral may be 
found as follows. Let 

V - r sin'"*gdg 

Then 

dV^ ^ _ n + m + 1 r yiiJi^ " 1) + /i COS 0] sin '^ddd 
dfji" V(/i'-l)io {/^ + V(/^*-l)cos^r-^ 

_ n + m + l [* cos g ^in^ede . 

~ VO^' - 1) h {^ + VO^" - 1) cos 6Y^'^ "" ^'^ "^ ^ + ^^ *^-+» * 

Integrating by parts we obtain 

dV^ ^ (yi + m-t-l)(yi.-m) ^^ 
c^/i. 2m + 1 '"^*' 

Now F^ = TrP„, therefore 

d"*P^ __ (n - yw + 1) (n - m -4- 2) . . .(n + m) ^^ 
^^" 1. 3. 5... (2m -l)7r 

whence 

(n + m) ! ( 1 - m ';"- f sin'-^dg , 

" 9r(n-TO)!1.3...(2m-l)J, {/t + V(/*'-l)cos(9|"-"'""*^ ^" 

If we transform the definite integral by putting 

cos (7 = 77—5 -T , , 

fx + v(/^ ~ I) COS <p 
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we obtain 

7r(n— m)!1.3...(2w— l)Jo t*^ '^^'^ ^ t-j t- t- \ / 

It 

If /A > 1 = 1/, we must change the factor (1 -^ /a")**" into 
(i/^-iy-in (5) and (6). 

245. We shall now consider the function Q^, 

Let us first suppose that m = ; writing v for /tt, (1) becomes ' 

If we endeavour to express Q^ in the form of a series of powers 
of 1/"*, it will be found that 

O =-Lt"" f2r-t-l)(2r4-2)...(2r + n) 1 

^" i'''"''"r:.o C2r + l)(2r + 3;...(2r + 2w + l)>;*^ ^ '* • 

This series is convergent if i/ > 1, but when ^ = 1 it is 
divergent. 

246. A series for Q^ in powers of v could easily be obtained 
when !'< 1, but it will not be required ; we shall therefore proceed 
to find an expression for Q^^ in the form of a definite integral. 

Let TJ=^^Q\og^^-^^^^:^, 

where jff* = 1 + 2i/a? + x^ and v>\. 

Then 

Also 

therefore -^(A — v^^ -^- -f- x -ri, (a: CA = 0. 

Hence if tr=» XSje"", 8^ satisfies the equation 



-i(l-^')t' + n(n + l)S, = 0; 



1—2 
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and since 1/ > 1, 8^ must be equal to AjQ^ (v) where A^ is some 
constant. Now if a > 6, 

r dd ^__ , g + V(a« - 6«) 

JoO + ftcosh^'VCa'-t*)^ b 

Putting a = v + a;, 6 = VC"* — 1)> 
f* dd 1 . i/ + a!+V(l+2t>a!+a!*) 

1_, r + a! + g 

. ~2^ "^v + ar-fi" 

Expanding the definite integral and equating the coefficients 
of 0?", we find that 

(- 1)* ^nQn = J ^ {^ + ^(^« _ 1) cosh ^}"^* • 

If the left-hand side be expanded in powers of i/"*, the coefficient 
of i^"*"' — the first term in the expansion — is evidently equal to 

/o (l4-coLr ='/o<^-^>"""'^^ 

n! 
1.3...(2n-+.l)' 

comparing this with the series (8) for Q^, we see that A^ = (— 1)", 



whence 



Q« j^{v + ^(v*^l) cosh ^r^ ^^^' 

247. We can now establish the following equations, viz. 

^f-e-.-* (")■ 

!^'f-.0.-0. (12). 

We obtain from (9) 

^ = _ C" + l) /■" {V(y* - 1) + y cosh g} dg 
dv VC"* - 1) i [" + -Jiy* - 1) cosh ^j"^ ' 

therefore 

y'-l dQ,_ r {k* - 1 + i> V(k' - 1) cosh gj d^ 

n + 1 d»/ Jo {i/ + ^(1/* - 1) cosh ^}"*' '"^ ''^' 



mm 
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vhich proves (11). Again from (13) we obtain 

i/'-l dQ, _ r >/(y»-l)coshg<^g 
» + l dv j {v + V(»^ - 1) cosh d}"« 

.,, ,,p sinh*dd0 

^^ ^J {i' + VC"^ - 1) cosh e]"* ' 
Integrating the last term by parts, the right-hand side 

n_ p A/(v'-l)coa\i0de 

n + 1 ' ; {j* + ^(J^ - 1) cosh ^1"*" 
•whence 

which proves (12). EliminatiDg dQJdv between (11) and (12) we 
obtain (10). 

248. By employing either of the definite integral expressions 
(4) for a zonal harmonic, it can be shown that P, satisfies (10), 
(11) and (12). 

We obviously have 

P,= l, P, = v. P, = J(3./'-l). 

249, We can now prove three more equations, viz. 

i'.^Q. -P.Q.« = ^ (14)> 

J^«<?.-^.Q'. = 7^i (15), 

i",Q'^.-i''««Q'.=^ (16). 

where the accents denote differentiation with respect to v. 
From (10) it follows that 

P^.<2. - P.Q^. = ;j^ (P. Q..^ - P,.^Q^ 

= n4l <''<2» - «•>• 

1 

n + 1' 

which proves (14) ; the other two equations can be established in 
a similar manner. 



"• ' {i; + VC''" - 1) cosh ^}*+"** 
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250. We shall now obtain an expression for . Q^ in the fomi of 
a definite integral. Let 

' Then 

d^fn^ . n-t-m-H r {V(i;' -1)4-1/ cosh 0} sinh*" 0d0 
dv ss/fy-l)]^ [*/ + VC^'' - 1) cosh dj""'"*-'* ' 

_ n + frt^l t* sinh*" g cosh 0d0 . .„ 

" VCi'* - 1) Jo {^ + Vli/' - 1) cosh 6]'^^'^^'' + C^ + ^^ + 1^ ^-.1- 

Integrating by parts, we find 

dV^ ^ (y^ + m+l)(yl-m ) t;. 
dr "^^ (2m + lj "»^»* 

Now F^, = Q^, hence 

^Qn ^ (-T (n-m + l)(n--m + 2)..,(n + m) y 



therefore 



^« ^ (-T(n + m)l(v\-l)^ r si nh'" 0d0 



l)cos&^p^^"^'"^^^^' 

This expression is true for all positive values of m and n such 
that n^m. 

251. We shall hereafter show that the potentials of ovary 
ellipsoids can always be expressed in terms of a series of P and 
Q functions ; but in order to express the potentials of planetary 
ellipsoids in a similar manner, we require the functions which 
constitute the two solutions of the equation 

s"+'^t+^^-"<»+')t-» a* 

These two solutions may evidently be deduced from our 
previous results by putting tv for p, and rejecting imaginary 
factors. Beginning with the case of m = 0, the complete solution 
of (18) is 

AP^ (lv) + BQ^ {cvl 

where 

pu„) = tllr{p+^(v' + l)coa0}''dd (19), 






«.(-)- (-)-""»! „^.^yH.i).„l.»|- » 
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If therefore we denote the two definite integrals by irp^{v) 
and q^{v) respectively, the solution of the equation 



l;(i+'^f-«('^+i>^ 



..; <21), 

may be written 

252. From (19) and (20) we easily obtain 

9, = cot"' V, g, = 1 — v cot"* V. 

and we can show as in § 247 that, 

(n + 2) ?^+ (2n + 3) !»?„, - (n + 1) J. = 0, 

The last three equations are also satisfied by irTPn > *lso 

1 

Pm*l% + ^»*xPn = ii^jiy 



,(22). 



t f 



, / . n + 1 

If we put cosh = sec ^, we obtain 

'*' cos* (f>d<f> 



.(23). 



•""i, fi* 



therefore 



{i/cos<^ + V(v'* + l)} 

1 



•+» > 



where 






(0)=7^ 



(24), 



**+' " ' (2« + 1) HJ 
1.3...2n-l 



2*n! 



253. It can also be shown that if •^ be any solution of (21), 

then (1 + v'f'^ dr-^/dp" is a solution of (18) ; whence the complete 
integral of (18) may be written 



where 



inidrp„ 






J 



,(26). 
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NeumanrCs Transforrnation. 

254. Having obtained these preliminary results, we shall now 
show jby means of a transformation due to C. Neumann ^ that a 
solution of Laplace's equation can, in certain cases, be obtained in 
the form of a series /(f) F (rf) (m^ + a), where f and rj are conjugate 
functions z and tr. 

Laplace's equation when transformed into cylindrical coordi- 
nates z, rsF and <f> becomes 

^+^+1^ + 1^=0.. .f26) 
dz* dm* TSF duT m* d<f>* 

Let F= F' sin (m<^ + ct), 

where F' is a function of z and w only ; substituting in (26), the 
equation for determining F' is 

^ + ^ + l^_^^ = 0.. (27) 

d£^ dtsr* 'BT dm m* \ r 

Let V'=^Um'\ 

then (27) becomes 

Let Z'\'im =f{^ 4- iv)f 

then (28) becomes 

d^U d^U 1 ., ,. y, ^ .«^v 

Now ii U= Wjuv where ^ is a function of f alone and v is a 
function of i;, (29) may be put into the form 

-£-£4:-£)'--' ■«• 

the accents denoting diflFerentiation. From the form of the above 

1 Theorie der Elektricitdts- und Wdrme-Vertheilung in einem Ringe, Halle, ld64. 
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equation, it follows that if (J^)"' is either a function of f or 17 only, 
or the sum of two such functions, we can express TFin a series of 
terms of the type X^Y^, where X^ is a function of f and Y^ is a 
function of 97 alone. 

255. If we put 

2r + tra" rs c cos (f — 477), 
then 

z=^c cos f cosh 17, 

sr = c sin f sinh «;, 

the equations rj^l3, f=a represent a family of confocal ovary 
ellipsoids and hyperboloids of two sheets respectively ; also 

J'^fsr'^ = cosec' f + cosech' 17, 

whence Neumann's transformation is applicable. Let 

u = sm^, v = sinh 77, 

fJL =■ cos f , V = cosh T). 

Then W=U(c/^y=rc\ 

and (30) becomes 
d .. ^ dT d .^ ,dV'(l 1 \ „., ^ 

This equation is satisfied by the series SX^F^, where X^ and 
Y„ respectively satisfy the equations 

l.(>-''-)f=^(<^-i^.)^--<'. 

and (7 is some constant ; hence 

F=S2Z.7.8m(m^ + a„). 

In order to determine the constant G, we observe that the 
potential at an external point of the ellipsoid {zjay + (w/c)* = 1 is 

where X is the positive root of the equation 



+ ^-T-^=l. 



a' + \ c* + X 

By § 148, equations (12) and (13), and by § 248 it is easily 
seen that each of the three integrals of which V is composed, are 
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respectively proportional to Qfy(v), Q,* (p) P^ ifi) and Q^ {v) P^ (ji) ; 
whence (7 = n (w 4- 1) and the general value of F' is, 

Along the line joining the foci, v = l, and the Q functions are 
therefore infinite ; on the other hand v, and therefore the P 
functions, arc infinite at infinity. But the Q functions and their 
derivatives do not become infinite at infinity, and J vanishes at 
infinity ; also the P functions and their derivatives are finite and 
continuous along the line joining the foci ; hence for space out- 
side the ellipsoid 

and inside 

F= 2Sfi,P: (v) F: (ji) sin {rruf, + aj, 

but for space bounded by two confocal ellipsoids both functions 
may occur. 

256. If we put 

'm + iz = c cos (^ — CT)), 

the surfaces i; = y8, ^ = a will represent a family of confocal plane- 
tary ellipsoids and hyperboloids of one sheet ; and if we put 
fi^sin^, v^ sinh i;, it can be shown in a similar manner, that the 
potential at all points outside a planetary ellipsoid can be expressed 
in the form of the series 

F= %tA,qZ (y) P: (ji) sin (m^ + O. 

and at an internal point 

F= tXB^p: W P: W sin (m4> + aj. 

257. We shall now give some examples. 

Let a fixed ovary ellipsoid be immersed in an infinite liquid, 
and let the axes vary with the time, but so that the volume of the 
solid remains constant. If ^ be the velocity potential, a and b 
the polar and equatorial semi-axes, and c = (a' — 6*)^, the surface 
condition is 

d(f> _ Q_ /6i 
dn 






But dn = acp'^dp, 

and d/a + 26/6 = 0. 
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Therefore at the surface 



Therefore : 



^£^ac (3;*» - 1) = 2dcP, (jj.). 
. _ o «c9. (") P, M 



where y = a/c is the value of v at the surface, and the accents 
denote differentiation. 

In the corresponding case of a planetary ellipsoid, 

^2 (7) 

258. When a solid of revolution is moving parallel to its 
axis with velocity F, we have shown in § 160 that if '^ = ^to-, 
where yjr is Stokes' current function, ;^ is a solution of the 
equation 

whence in the case of an ovary ellipsoid 
and in the case of a planetary ellipsoid 

Now for motion parallel to the axis, the surface condition is 

also at the surface 

or = c (7' -1)'(1 -/**)'. 

whence ^^^iVhw ^''^.f''^^ ; 

y, (7) 

and in the case of a planetary ellipsoid 

^ ^ q" (7) 

259. If ^ + tflj = c sec (f + 41;), 

the surface 97 = const., is the inverse of an ovary ellipsoid with 
respect to its centre, also 

J""*®-^ s cosec' f + cosech' ^. 
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In Neumann's traxisformation put 

w = sin f , v = sinh 17, 
^ = cos f , v = cosh 17, 
and the equation to be satisfied by TT, becomes 

Also IF =U{uvy^ = Vrc'K 

Whence remembering that the lines i/=l lie outside the surface, 
and that i; = x at the centre ; the value of Fat an external point 
will be 

F= £22^.:^^^ sin (m<l> + aj, 
and at an internal point 

260. The value of the current function -^j at an external 
point will be 

If therefore the solid be moving parallel to its axis with velocity 
V, the boundary condition becomes 

Vrm/2c = 2" ^.P.' 0*), 

we have therefore to find the expansion of rm. 
From the equations, 

cz/r" = fJLv, cnr/r^ = (1 - ^^)^ („• - 1)*. 
we obtain. 






Since ir is a potential function, r-? can be expanded in a series 
of spheroidal harmonics, and since only odd powers of v can occur, 
we must have 

M" 0*' + "* - 1)"* = SoX« <2„« W P«« (m). 

Therefore 

471 



i^ = l/'_^,*{l + ...(2« + l)F.(L_/)-]p,«rf/i. 



mtmrn 
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1.3...(2«-1) 



where H. — 



2'.«! 



Let cr = f /* (1 - ,*7 P^,, d^ 

^ -1 



Then 



= (2« + 1) (2« + 2) IT. - 2V O;.,. 



Therefore 

TJ = ^ JJ 

• («-n)(2a + 2n + 3) -" 



2'«''(«-l/...(«-r+l)*I7'^ 



V \ • 



(s-n)(«-n-l). . .(s-n-r+l)(2«+2n+3X2»+2»+l). . .(2«+2a-2r+5) 

Now TJ, = (-)• f ,**•« P^, d,t 

"" -I 

^ (-)' 2*^ ' n ! 

~ (2n + 3)(2n + 5)...(4» + 3) ' 

Therefore if 8 = n + r, 

/2n4.2r+nH- U _ ^(-T^-S-(^ri+2r+l){n+l){n + 2)...(n+r) 
^^-f^r-fi.)a,^,u,^ ^, (2n + 3)(2n + 5)...(4» + 2r + 3) 

^ 2(-)*(2>i+l)if.(2r+l)(2r4-2)...(2n+2r+l) 
(2r + l)(2r + 3)...(4» + 2r + 3) 

Therefore 25^,, Q^,, / (4n + 3) = 2 (-)» (2» + 1) H,Q^„ 

whence 

r^/c» = f^v (m^ + ,.• - 1)-» = 2. (-)» (2n + 1) (4n + 3) fi.(2^«P^„. 
Integrating both sides with respect to v, we obtain 

^ (^» + 1.' - 1)-* = S 5^,, P^, JJ <2..,, di;, 

^ ^2n+i ^2n+i (2n + 1) {2i? + 2) • 

Differentiating with respect to fi, and multiplying by V(l ~ /*')> 
we obtain 

(luiOVnii ^ _ s ,_x. 4«±3 rr o. p. 
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Whence 

_ FcV ^« (-)"■ (4n + 3) (J'^„ (7) „ p. 

261. By proceeding in a similar manner, it will be found that 
when the solid is the inverse of a planetary ellipsoid with respect 
to its centre, the value of ^ is^ 

FcV ^« (4n + 3) q'^^^ (7) 

262. By making use either of the method of inversion or the 
transformation, 

^ + AtET = 2c sec' i (f H- irj), 

the same problem can be solved when the meridian curve is an 
elliptic lima9on, i.e. the inverse of an ellipse with respect to its 
focus*. 



BesseVs Functions, 

263. The properties of the Besaers function J^ (a*) where m is 
any positive integer, are so fully discussed in Todhunter's Functions 
of Laplace, Lame and Bessel, and Lord RayleigKs Treatise on 
Sound, that it will be unnecessary to consider them in the present 
chapter, farther than to note that J^ (x) satisfies the differential 

equation 

(Tu ,1 du , /- m"\ , . 

and that it can be expressed either in the form of the definite 
integral 

or by means of the series 

«/m W - 2~m ! 1 2 (2m + 2) ^ 2 . 4 (2m+ 2) (2m + 4) 






2 . 4 . 6 (2m + 2) (2m + 4.) (2TO + 6) 

' Quarterly Journal, -vol. xa. pp. 868—870. 
2 Pro*. Camft. Phil. f!oc. vol. vi. p. 8. 
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We sball also prove the following theorem which is analogouft 
to Fourier's theorem, by means of which a given function can be 
expressed in the form of a definite integral involving Bessel's 
functions. 

264. If p and q he any positive real quantities, and <j> (m) is a 
function which is finite and continuous for all values of rsr which lie 
between the limits p and q, hut which is not necessarily finite at the 
limits^ then the definite integral 

\ d\\ \uj)(u)J^(\v)J^{\vT)du (32), 

Jo J q 

is equal to 4> (^) when -cr lies hetween the limits p and q, and is equal 
to zero when cr lies heyond these limits. 

In order to prove the theorem, consider a thin plane conductor 
hounded by two concentric circles of radii p and q, which is 
electrified in such a manner that the density on either side is 
equal to 

^ <f> (w) cos mj>. 

The potential will be 

F= r f ^ ^ * ^<^ (^) CQS m(l>'dud<f>' 

"jqJ^ {^'* + tar'' + tt''-2tirWC0S(f -l^)U * 

Let <j/ ^<f}=^rj 

22* = «r' + w' — 2vTU cos 17. 

TK V^{^ ^^ "^ ^"^ ^^^^ ^^ ^^^ ^^ " ^^^ ^^ ^^^ ^^) dudr i 
ihen t'-jj^ (^ + Ry • 

The second integral vanishes ; also since 

Jo 
the first is equal to 

2 cos m^ I d\ \ du \ e'^u^ (u) cos mrjJ^ (XJ2) drj. 

Jo J q Jo 

Now^ Jo (\jB) = Jo (\tar) Jo (\tt) + 22j J„, (Xtir) J^ (\u) cos mt), 

whence F = 27r cos W2^ I d\l 6'^^u<f> («) J^ (\w) J^^ (\w) dw. 

Jo J^ 

The density = " ^ (S/ 

^ Todhunter, Functions of Laplace &c. § 453. 
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hence this quantity must be equal to J^ (©•) cos m<l> when p > w > g, 
and must be zero when w lies beyond the limits p and q, whence 



I dk j \u<f> {u) J^ {\u) J^ (\«r) du^ <]> (vt), p 
Jo J a 



>«r > q 



= "^^^^ 

or «r < o\ 



265. If a charged conductor of the form which we are con- 
sidering is placed in a field of force, the density will usually be 
infinite at the edges, but d V/dz will always be finite except at the 
edges ; whence although it is necessary that <f> (cr) should be finite 
and continuous between the limits p and q, it is not in general 
necessary that it should be finite at the limits. There are however 
two special cases, viz. (i) q = 0,p finite ; and (ii) p= X) , q finite, 
which require separate consideration. 

The first case is that of a circular disc of radius p ; and if 
<j> (tj) became infinite when ^ = 0, there would be a singular point 
at the origin. 

The second case is that of an infinite plane screen having a 
circular aperture, and if <j> («r) became infinite when w = oo , the 
density would be infinite at an infinite distance from the aperture, 
which seems to be physically impossible. 

If therefore in the first case ^ (w) = oo when q = ; and in the 
second case <f> (yr) = oo when p = oo , the theorem could not be safely 
employed. 

If (f) (w) is finite and continuous for all values of w between 
and 00 inclusive, we may put p— oo , q = 0, and the theorem 
becomes 

d\ j \uff> (u) J^ (\u) J^ (\«r) du (33) 

for all positive values of w. 



266. We must now consider a class of functions analogous to 
Bessel's functions, which are obtained by changing x into ix. 

Putting x= iXy (31) becomes 

da^ 



\du /- . m\ ^ ,„.. 



This equation, as we shall proceed to show, has two independent 
integrals, one of which is finite or zero when a? = 0, and is infinite 
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when x = 00 ; and the other is infinite when ^ = and zero when 
a? = 00 . We shall denote these two solutions by the symbols I^ (a?) 
and K^ (x) respectively. 

The function 7^ is derived from J^ by changing x into uc and 
rejecting imaginary factors ; we thus obtain 

^~ ^^^ ^ 7rl.8...(2m-l) j ^^^^ ^^ ^^^ ^^ sm^(l>d<t> . . .(35), 

or as a series 

y . . _ a:"* f^ a^ x* \ 

« W - 2S^! f ■*■ 2 (2m + 2) "^ 2 . 4 (2m + 2)T2^yM^4) ."^ ' ' " j (^^^• 

267. In (34) put u = x^^v^y and we obtain 

dor X dx "^ 

in this put a^^y, and we obtain 

DiflTerentiating with respect to y, we obtain 

dv. 



— ^ = V 
dy •»+*• 



Hence if ti^ denote any solution of the equation 

d^u Idu - ,„>_, 

r.+ -:7::-^=0 (37). 



(2a;' X dx 
a solution of (34) will be 

I ^0 (38)- 



u =x^ 



d ) 



d(af)j 

If therefore the value of K^ is known, the value of K^ can be 
obtained by means of (38). 

268. Perhaps the simplest way of determining K^ is derived 
from the consideration that Bessers functions are limiting forms 
of spheroidal harmonics. Let cv be the major axis of an ovary 
ellipsoid, and let 

c >/(^'- 1) = r, n (n + l) = W, 

then if c and n increase indefinitely, whilst v approaches indefinitely 
near to unity, but so that both r and X remain finite, the ellipsoid 
ultimately becomes a circular cylinder. 

B. II. 2 
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In equation (7) change the variable from v tor and we obtain 

dr^ r dr c* V dr^ dr) c* ' 

which ultimately becomes 

dr r dr 
which agrees with (37) if \r = x. 

dd 



Also <?--j^ {„ + V(i;*-l)coshd} 



fl+1 



= [ exp {- (n + 1) log [v + ^/()? - 1) cosh 0]] d0. 

Jo 

Now (w + 1) log {i;+^(i;"-l) cosh tf} 

= J {1 + V(l + 4XV)} log {(1 + r'/c")^ + r/c . cosh 6} 
= \r cosh 0, 

ultimately ; hence the limiting form of Q^ (v) is 

J 

whence it follows that 

^o(^) = I e-'^^^'dd (39). 

•'0 

Since K^ (x) is infinite when a? = 0, it is evidently the solution 
we require. 

Another form of K^ may be obtained by means of the integral 

r* cos Xvdv __ IT 
Jo d^ + v"" ""2a 

for putting z = sinh in (39) we obtain 



g-Aa 



J 



V(l+^) 

_ 2 f* /■ cos x4>d4dz 

-I 



-^ 

00 



_ f^ COS x<l>d(t> 

_ f cosx^ 
(«;• + xf ' 



,(40). 



' ■ ■■ 
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Whence by (38) 

Also ^o' = 2^i (*2). 

269. By means of the integral 

we obtain 

^rvJM^ 

ce/o (oa?) da 



< 



1+0" 



(44). 



270. We shall now apply the preceding results, to determine 
the current function due to the motion parallel to its axis of the 
surface formed by the revolution of a cardioid about its axis. 

If S + iv^c^/{z^iw)^ 

we obtain f = WO* cos ^ 0, 17 = (c/r)^ sin ^ ^ 

and the surfaces f = a, 7; = yS are the surfaces formed by the revolu- 
tion of a cardioid about its axis. Also 

hence Neumann's transformation can be employed. 

In § 254 put w = I, V = 17, and (30) becomes 

1 d f^dW\^l d f dW\ «/l^l\T,r n 

and this equation is satisfied if 

where \ is undetermined. Also 

F=Trr-'(ic)* 
whence 7= cr-'S {AJ^ (\i,) + B„K„ (M)} J« (>^) sin (m^ +aj. 

The preceding value of F is a suitable expression for determin- 
ing the potential of the surface »;«= const. 

2—2 
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Now a cardioid is the inverse of a parabola, and a parabola is 
a limiting form of .an ellipse; and since the Q functions are suitable 
for space outside an ovary ellipsoid, and the P functions for space 
inside, it follows that the K functions are suitable for space out- 
side a paraboloid of revolution, and thfe / functions for space inside. 
Hence the / functions are suitable for space outside the surface 
formed by the revolution of a cardioid, and the K functions for 
space inside ; moreover the conditions of the problem do not enable 
us to assign any value to X, and we must therefore give it all 
values from oo to 0, and replace the summation with respect to \ 
by a definite integral. Hence the potential outside the surface 
formed by the revolution of a cardioid is of the form 

V = cr->2 sin (m<^ + a J Cf (\) J„ {Xrj) J. (\f ) ^, 

J 

and inside 

F= cr-'t sin (m^ + orj [^(X) K„ (M) J^ (\f) dX. 

Jo 

271. When the surface formed by the revolution of the 

cardioid (r/c)^ = sin J^ or 77 = 1, is moving parallel to its axis with 
velocity F, the value of '^ may be written 

where F(\) has to be determined from the surface condition 

FrW2c = [ F(\)J^(\^)d\. 

Now when 17 = 1, 

m/c" = 2f/(l + if 

= 2f f \a'(l+a')-'<^.('w»).^,(X^)dadX. 



0^0 



By (43), K,{\)=\ eJ„(0) (X* + 0'r dd. . 

•'0 

Therefore 2K^ = A", = - 2\ f °° 0J, (0) (\« + ^)-» dd. 

Also eJ^ = /, + ej^. 

Therefore K^^-xf (J, + 0J',) (\' + ^T d0. 

J Q 



1 
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Integrating the last term by parts, and then patting = \a, 
we obtain 

Z,(\) = - 4X-* rofj, (\a) (1 -h ofrdcL 

•'0 

y>OD 

Therefore ^ = il \'K^{\)J^(\^)d\, 

C J f^ 

r 

whence F(\)=-i Vc\*K^ (X), 

and ^ = -^/.'^^^»(^')'^'('^'^- 

This expression, as well as the corresponding expression for 
the current function due to the motion of the inverse of an 
ellipsoid of revolution with respect to its centre, is of such an 
exceedingly complicated character, that it does not seem probable 
that progress is to be looked for in the direction of new surfaces 
of the third and higher orders. 



Toroidal Functions^, 

272. The system of conjugate functions 

ar+ ty = atan J(f + A17) *(45), 

has been discussed in § 120, and it is there shown that the curves 
17 =s const, represent the system of circles 

a;' + y'-2aycothi7 + a" = (46). 

The centres of each circle of this system lie on the axis of y, 
and none of the circles cut the axis of a?. If therefore we put 

i: + A«r = atan J(f + *i7) (47), 

(46) becomes 

^ + w' — 2a«r coth 77 + a^ == 0, 

which is the equation of a family of anchor rings or tores, whose 
common axis is the axis of z. When 17 = cx>, the tores degenerate 
into the circle formed by the revolution of the points A and B. 
This circle is called the critical circle. 

A Hicks; PhiL Tram, 1881, p. 609: Ibid. 1884, p. 161. 



22 SPHEROIDAL HARMONICS AND ALLIED FUNCTIONS. 




Also since JW = sinh 17, Neumanu's transformation applies ; if 
therefore we put m = 1, » = sinh ti, v = cosh 17 in (30) the equation 
for TT becomes 

d'W 



d 



d^-^fv^'^-^'^ du 



dW m*W 



+ iF = 



.(48). 



Now TT must evidently be periodic with respect to f, and 
must therefore be of the form 2x,cos(n^ + aJ where r^ is a 
positive integer, and Xn ^^ ^ function of i; alone. Substituting in 
(48) we obtain 

whence 

V = (cosh 1; + cos ^)* 22 Xn C08 (nf + aj sin (m<^ + /S J . . . (50). 

The two integrals of (49) are called Toroidal Functions, and 
will be employed in Chapter XIV. in the discussion of circular 
vortices. 

Equation (49) shows that Xn ^ ^^ associated function of degree 
w — i and order m ; but it will not be necessary to enter into the 
general discussion of this equation for all values of m, since in the 
hydrodynamical applications which follow, the functions of orders 
zero and unity are the only ones required. We shall begin with 



TOROIDAL FUNCTIONS. 23 

the case of msQ, and ahow that if in the definite integral 
expressions for the two kinds of zonal hsurmonics, n be changed 
into w — I, the resulting integrals constitute two independent 
integrals of (49), one of which is finite when j; = 1 and infinite 
when 1/ = X ; and the other is infinite when i; = 1 .and zero when 

1/ = 00. 

273. If in (49) we put w = 0, we obtain 

|;(l-")% + (H'-i)x, = (51), 

which is the equation satisfied by zonal toroidal functions. Writing 
for brevity G and 8 for cosh 17 and sinh 97, we know that the zonal 
harmonic of degree n of the first kind is expressible (omitting the 
factor tt"*) in either of the forms 

[{G^Sco^eydO or r {C + S cob 0)-^^' d0, 

the second of which can be deduced from the first by means of 
the transformation {C+8 cos 0)(G + 8 cos 0") = 1. Similarly if 
we put 

P^= r (C + 8 cos 0f^'"-''\d0 (52), 

it can be shown by means of the same transformation that 

P^=r(C + 8coa0y^^^'"^^^d0 (53). 

We shall now show that either of the definite integrals (52) 
or (53) is a solution of (51). 
From (52) we obtain 

^ ==i {271'- 1) I' {C + 8 cos 0f^'''^Ul + ^cos0^d0. 

Therefore 
8'^=^l(2n-l)j\c + 8cos0f^'''^{G{C + 8cos0)-l}d0 

= J(2n-l) (OP,-P.J (54), 

and &om (53) 

^^— i(2«+i)j^ —-^—^^^^de 

= -i(2« + l)(0P.-P.+J (55). 
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Differentiating (54) with respect to i/, we obtain 

|,(«.f-) = 4(..-i)(i'..cf-^^.) 

= i (2n - 1) {P, + i (2n- 1) (7flf- {CP. - P^.) 
- i (2« - 1) flf- (P. - OP,..)} 

= («'-i)i'n. 

which shows that the definite integrals (52) and (53) are solutions 
of (51). 

Eliminating dPJdv from (54) and (55) we obtain the sequence 
equation 

(2;i + l)P„,,-4nCP,+ (2n-l)P^, = (56). 

Equations (54), (55) and (56) are what equations (12), (11) 
and (10) become when n is changed into n — ^. 

From (52) it appears that P„=oo when C i.e. i/ = oo; and 
therefore P^ = x when 17 = oo ; also when ^ = 0, (7=1, 8 = and 



P.=T. 










274. 


Again let 












k'^, 


1 





2^ 
Then 

fir dd , ri»r d(j} I 

-^o = J, (6' + /Scosd)* ° ^^ Jo (l-ifc-'sin"^)* = 2A; P' ... (57), 
and 

F^=r{C + S COS ^)* d^ = 2jfc-* f ' (1 -A" sin* 0)* d<^ = 2Jfc-*^'(58). 

where P' and -©' are the first and second complete elliptic integrals 
to mod. k\ 

Having obtained the values of P^ and P^, the values of the 
successive functions can be calculated by means of the sequence 
equation (56). 
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275. We have shown that the zonal harmoDic of the second 
kind is expressible in the form 

r d0^ 

j, (C + zScosh^)"-^^' 
and if we put 

it can be shown, as in the case of the P functions, that the above 
definite integral is a solution of (51). Also when = oo , Q^ = ; 
and when C=l or 17 = 0, Q^ = x . Hence the two functions P 
and Q constitute two independent integrals of (51). It can also 
be shown that the above value of Q^ satisfies equations (54), (55) 
and (56). 



Again, 



«.-/ 
«.=/ 



d0 



t(C + Scosh0)^' 

de 



o{C + S cosh 6)* ' 

In these change into 20', and then put cosh 0" — sec <f> ; then 
dO! = sec ^d«^, also when ^' = or oo', ^ = or \ir ; therefore 

0=2 r — 

^ 2 f' # 

J o{C + S-{G~8)sai*ii,f 

•=2A;*i'... (59). 



And 






00 



d0' 



o((7-S+2/Sfcosh'^')* 
*" cos' <f)d<t> 



{0 + S - (C7 - /S) 8in»* 

V^i, (l-)fc'8in*^)* 

Jk V* J « (1 _ ^» sin» <f,)^ 
= 2k-*(JF~E) (60). 

And the values of the successive Q functions can be calculated 
by means of the sequence equation (5(>). 
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276. At the critical circle ti^qo, and at all points on the 
axis of 2r, 17 = ; and since P = 00 when 17 = x , and P = tt when 
17 = 0, the P functions are not suitable for space within a tore, but 
are suitable for space without the tore. On the other hand 
Q^ = when 1; = 00 , and = 00 when 17 = ; hence the Q functions 
are suitable for space inside a tore but not for space outside. 

If therefore the potential is symmetrical with respect to the 
axis of the tore, its proper value for points outside the tore will be 

F = ((7 + cos f )* So* AJP^ (cos ni + aj, 
and for points inside 

F = (0 + cos if Sr BJ^, (cos nf + a'.). 

277. A different expression for Q^ may be obtaioed as follows. 
The inverse distance of a point from the origin is 

1^1 / C + cos g 
r a V — cos f ' 

Since r"* is a potential function which is infinite at the origin 
and which vanishes at infinity, it is evident that r"^ can be 
expanded in a series such that 

r"' = a"' ((7+ cos f;* 25^Q« cos wf, 

whence (G — cos f ) " * = S-B^O,^ cos nf , 



and therefore 



J. ^ - ^ r» cos nOdO 
" •"'^io((7-cose)*' 

^^^"^io(O-COS^)*' 



The quantity £^ may be some function of n, but if we 
substitute the above value of Q^ in the sequence equation (56), it 
will be found that it will be satisfied provided 5„ = -4, where A is 
a certain constant which is independent of n. In order to find 
A, we have 



nrJC+i Jo (1 - X* sin' «^)4 ' 
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where X'= 2(C+ir'. Now A;"' = C+/Sf, therefore 

4Jfc ijG + S) 4 

{l + k)*~(l + C + S)* {0+8)(C-8 + iy 

* _ 2 _ . 

~C-5f + 2 + C + fif"(7+l~ 

Therefore 

= 27r-»(2jfc)*i'(ifc) 

= ^-2*Q.. 
therefore . -4 = tt"^ ^2. 

Similarly from the value of Q^ it can be shown that if n is not 
zero, A = 27r"^ ^2 ; therefore 

o_r ^g _o-tr '^"'^^^^ (61) 

^" J,((7 + -Sfco8h^)*(*»"> h{G- COS 0)* 

278. The following relations between the P and Q functions, 
where the accents denote differentiation with respect to t}, are also 
useful, viz. 

P.+»<2.-P.Q,+, = 27r/(2n+ 1) (62), 

P'.Q. - P.Q-. = T/fif (63). 

i^.<2'...-P'.«Q'. = i(2n + l)7r (64). 

In order to prove (62), substitute the values of P^+,, Qn+v ^^* 
from the sequence equations, and we obtain 

(2« + 1) {P,^,Q, - P,Q,J = (2« - 1) (P.Q.., - P,.M 

= 2ir. 

The other two equations can be proved in a similar manner by 
means of equations (54) and (55). 
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279. When the motion of a liquid about a tore is symmetrical 
with respect to the axis of the tore, and is irrotational, we have 
shown that the current function -^ = ^^V, where x satisfies the 
equation 

whence x = (C + cf % (^,P; + JB^Q^) cos (n^ + aj, 

where c = cos f , and P^ and QJ^ are the two solutions of the 
equation 

Diflferentiate (51) with respect to v, and put 

^ dp dv 

Then 

^d!'v 2Gdv V ^ . v ^ 

whence p; = 5^- = ^-, Q;=->. 

" di; drj ^** d?; 

Let us now choose two new functions U^, F« such that 

U, = SP,'^S^^^\ V, = -8Q: 8^' (65), 



and therefore 



^^ = («'-i)^P. ^^-=-(«'-i)^Q.; 



whence, remembering that «r = aS((7H-cosf)"^ the general value 
of -^ is 

ir = (C+ c)-* 2.V.tr, + B,VJ COS (n? + aj (66). 

The function U clearly belongs to space outside the tore, and 
the function V to space inside ; hence outside the tore the proper 
value of -^ is 

t = (0+c)-*2X£r.cos(nf + a.) (67), 

and inside ^ = ((7 + c)'* S.Xv.cos («? + O (68). 
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Again, 



dQ. 



2n + 1 fCcasnO — cos (n + l)d 



2V2 



if 
2 J, 



(C - cos 0)* 



de 



= (n + J) 2"M UC- cos ^)* cos n^ 

+ {C- cos ^)~* sin n0 sin ^} dft 
Integrating the last term by parts ve obtain 



V, = -^(W- 1) 2-* r (G- cos d)* cos 



nd(2d. 



(69). 



280. Let p and q be the velocities perpendicular to the 
surfaces rf and ^, in the directions shown in the figure, then 




p = 



=- ^^ sin ^ 4- - -i^ cos ^ ; 



* 



tzr atcr 



dz 



but 
therefore 



Similarly 



cos = Jdzjd^y sin ^ = Jd'or/d^, 
q= - -jz. cos ^ — - -~ sin 0, 



dm 



m dz 



and 



cos = Jdm/drf, sin ^ = — Jdz/dr), 



whence 



q = JW"* d'^^jdrj. 
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281. We can now obtain the value of the cyclic constant ; for 
this quantity is the circulation round any closed curve embracing 
the tore once. Let the curve be ^ = 17', then putting cos ^^c 






COS nf df 



Consider first the general term A^U^ cos nf in y^, the circulation 
due to this is 

= 2^.a-' ]■' |((7 + c)» («' - i) p. - i U-. ((7 + 0)-*' 
= -^,a-«(-)«2*(F.P.+ ?r.QJ 

= -,r(-)M.a:'2». 
Similarly the term involving V^ produces the term 

-fiB.rt'(«.f--«.f).0, 

also the terms in sin nf evidently disappear, whence 

^ = -7ra-'2*2H*J, (70). 

282. The value of k is e"**, and since rj is very large in the 
neighbourhood of the critical circle it follows that if the cross 
section of the tore is small, k will be small at all points within the 
tore, and also at all points outside the tore which are not far from 
its surface. 

In the hydrodynamical applications of Chapter XIV., the cross 
section of the tore will always be supposed to be small in 
comparison with its aperture, and the values of the functions will 
only be required at points within the tore or in its immediate 
neighbourhood; and it will be sufficient to employ approximate 
values of the functions which do not involve powers of k higher 
than the second. 

Now if i = log 4/A;, and k be small, 

P(Ar') = i + iP(Z-l) + Aft«(i-J), 
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Substituting in (56), (57), (68), we obtain 

P, = 2kUL + \{L-l)Ii^], 

P. = 2k-Hl + i (X - i) A*}, 
P. = #-•{1+1*'}. 

The function P^ contains the factor 4"*^^"^^ which is very 
large if k is small, but it will hereafter be found that P„ (k) is 
always divided by P„ (b) where b is the value of k at the surface 
of the tore ; hence the term A^P^ will always be of the form 

^'n (^/^) * ^^***^^w^ where A\ is a finite constant and u^ is a quantity 
of the form 

a^ + ajc" + ...(/?o + /98*' + /S^A**+ ) L; 

when k is small k^L is always small except when n » 0, also b/k can 
never be greater than unity, hence the preceding approximate 
values of P^, P,... may be employed. 

From (56), (59) and (60) we obtain 

Q, = i7rA:*(l + m 

Q, = i7rk^{l+^k^\ 

where the series in brackets are carried to the second power only. 

> 
283. By means of these equations combined with (65) the U 

and V functions can be calculated, but since U^ and V^ respectively 
contain ^"*^^**+^^ and ^irifc*^^"^^ as factors, it will be more conve- 
nient to introduce two new functions R^ and T^, such that 

^.j(2«+i) ^^^ ZJ^iTTJfc*^^*-^^ 7;= F, (71), 

and we shall obtain 

B, = i\l-^{L-l)i?} \ (72), 

^; = Kl-i^)[ (73), 

where the series are carried as far as A:^ It will not be neces- 
sary to employ the functions of higher orders than B, and T,, or to 
retain higher powers than i*. 
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The general value of the current function may now be written 

ir = (C+ c)-X{A, (6/i)*'*«^^'iJ. + 5. (A;/6)*»»->'rj cos («f + aj 

(74). 

in which form it will hereafter be employed. 



EXAMPLES. 

1. Apply Neumann's transformation to prove that the potential 
at an external point of the surface, which is the inverse of an 
ovary ellipsoid with respect to its focus, can be expressed by means 
of a series of terms of the type cr'^PZ (v) P^ {h) sin (^^ 4- 1 and 
at an internal point by a series of terms of the type 

ct-Q: (v) F: 0*) sin (md + O ; 

where v = cosh i;, /a = cos ^ ; and z + I'sr = 2c sec* i (f + tiy). 

2. Prove that 

(1 -/*•)* («^ - 1) V (/* + »')• = iKi - )" (2» + 1) Q'. (I') P\ (a*) ; 



hence show that if the surface, which is the inverse of an ovary 
ellipsoid with respect to its focus, be moving with velocity V 
parallel to its axis in an infinite liquid, 

.f = 8 FcV- f. ( - )- (2« + 1) ^"-^J P'. (p) P', (m). 

where 7 is the value of v at the surface. 

3. Establish the following results : 



(i) Ko(ax)co8bxdx^i7r{a^ + by^y 

Jo 

(ii) I e-^K, {bx) dx = (6* - a") "* taa" (6» - o*//a 5 * > « 

Jo 

= i(a*-6») *log L__^; a>6, 

a — (a — by 

(iii) f^o M*^o (M *P = (a« + 6')"* i^ {6 (a* + 6*)"*}. 
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4. Prove that 

.00 



1 fjT^e'^ sin ficJ^ (fim) dfi =■ sin'* 2c/(p + q), 
where p* = ^' + (w + c)' , g' = -?* + (or - c)\ 

5. By means of the definite integral 

I du I cos X cos tt" (a:^ — X*) cLr, 

prove that J^ (\) = 27r"* | sin (\ cosh ^) d^. 

6. Prove that if 

V= 27r'* I dfi I €■*** cos Xv cos fivJ^ (jim) dv, 

then ^ = *^o (^^)» when -ar = and w < c, 

and that dV/dz = 0, when <? = and © > c, 

7. Prove that if 

F= 2'ff'"* I c?/A I e"*** sin \v sin /av/j (/iw) dv, 

then F= Jj (X«r), when « = 0, and «r < c, 

and that dV/dz = 0, when ^ = and «r > c. 

8. Prove that 

f €-" {J. (6a;)}' (ia; = 27r-* (a' + 46') "» ^ {26 (a* + 46')-*}. 

J 



B. II. 



CHAPTER XIII. 



RECTILINEAR VORTICES. 



284. The general theory of vortex motion has been discussed 
in Chapter IV.; and we shall now consider the special case 
in which all the vortex lines are parallel to the axis of z. We 
shall also include the case in which cylindrical masses of rota- 
tionally moving liquid composed of such vortex lines are sur- 
rounded by irrotationally moving liquid. If the whole liquid is 
supposed to extend to infinity in the positive and negative 
directions of the axis of z, and the boundaries of the liquid 
consist of cylinders whose generating lines are parallel to this 
axis, the problem will evidently be one of two-dimensional motion, 
and the solution will apply to any limited portion of the liquid 
bounded by two fixed planes perpendicular to the axis of z. 

Since the motion is in two dimensions, 

w; = 0, du\dz = 0, dvfdz = 0, f = 0, 17 = 0, 

%-%-^ : «^ 

also 3f/3^ = 0, and therefore f remains constant for each particular 
element of liquid. If '^ be the current function, u = d'^jdy^ 
V = — d'^ldx\ whence, substituting in (1), we obtain 

t-^-^f-« «■ 

This equation must be satisfied at every point of the liquid 
where vortex motion exists. At every point of the irrotationally 
moving liquid which surrounds the vortices 5'=0, and therefore 

d^^df~ ^^' 



SINGLE VORTEX. 35 

Equations (2) and (3) show that ^ is the potential of in- 
definitely long cylinders composed of attracting matter of density 
f/2Tr, which occupy the same positions as the vortices. 

285. Let us now suppose that a single rectilinear vortex, 
whose cross section is a circle of radius a, exists in an iafinite 
liquid. In order that the cross section may remain circular, it is 
necessary that f and -^ should be functions of r alone. The con- 
ditions of steady motion § 38 (37) require that f should be equal to 
an arbitrary function of -^j which for the present we shall suppose 
to be equal to a constant. 

Equations (2) and (3) now become 

^-f^^^f-o (*). 

which gives the values of ^ inside the vortex, and 

^^it'" «■ 

which gives the value outside. 

The complete integrals of (4) and (6) are 

Vr.=^logr-|-5-i?r^ 

and '^, = (71ogr+Z). 

Now -^j must not be infinite when r = 0, and therefore il = ; 
also at the boundary of the vortex, where r =a, 

whence 5 — ^ f a' = (7 log a + D 

and therefore C^—^a*^ — ^a/ir = — m, 

where <r is the area of the cross section, and irm is the strength of 
the vortex. The constant D contributes nothing to the velocity, 
and may therefore be omitted, whence 

^i = K(a'-0-^loga (6), 

•^j = — m log r (7). 

Now — d^jdr is the velocity perpendicular to r, whence inside 

the vortex 

^dylrjdr = ^r (8), 

which vanishes when r = 0, and outside 

— dyjtjdr = m/r (9). 

3—2 
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Hence a single vortex whose cross section is circular, if existing 
in an infinite liquid will remain at rest, and will rotate as a rigid 
body. It will also produce at every point of the irrotationally 
moving liquid with vjhich it is surrounded, a velocity which is per- 
pendicular to the line joining that point with the centre of its cross 
section, and which is inversely proportional to the distance of that 
point from the centre. 

If (f) be the velocity potential outside the vortex 

<^ = - I mt log (a? -h iy)/(x - ly) 

= mtsi,n'^y/x (10), 

whence <^ is a monocyclic function whose cyclic constant is 27rm ; 
and therefore if /c be the circulation due to the vortex, its strength 
is equal to ^^. 

286. If other vortices exist in the liquid, or if the liquid instead 
of extending to infinity is bounded by fixed or moving surfaces, the 
cross section, if of finite area, will experience a deformation, and 
the preceding expressions for (f) and -^ will not continue to hold ; 
but we shall hereafter show that if the cross section is small, this 
deformation may be neglected, and (6), (7) and (10) will give the 
values of and yfr so far as this particular vortex is concerned. 
Also since every vortex of finite cross section may be divided into 
elementary vortex filaments, the value of yjr at any point (x, y) for 
any number of vortices will be 

^/r = - 2-^7r-Y/?log {(x - xy+(y^yy] dx'dy' (11), 

where the integration extends over the cross sections of all the 
vortices. 

It therefore follows that the component velocities due to any 
number of vortices will be determined by the superposition of the 
velocities due to each, and will be given by the equations 

u=- Sm (y - y J/iJ', v = 2m {x - x^/R\ 

where R^=(x— x^ +{y — yj*, and {x^ , y,) are the coordinates of any 
of the vortices. Now if {u , v) be the component velocities at any 
point of one of the vortices the expressions 2 (mu) and X (mv), 
where the summations extend throughout the vortices, vanish ; for 
they each consist of pairs of terms of the forms m^m^ (x^ — x^/JR* 
and m^m^ {x^ — ^J/^'- Hence if m be regarded as the mass of 
a distribution of matter, the centre of inertia of this mass remains 
stationary throughout the motion. 
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287. Let U8 now suppose that in the irrotationally moving 
liquid which surrounds a vortex whose cross i^ection is circular, the 
circulation is different from that which is due to the vortex, and 
consequently the tangential velocities at the common surface of the 
vortex and the surrounding liquid are diflferent on either sides of 
this surface. This surface will therefore be a surface of discon- 
tinuity which possesses the properties of a vortex sheet. We shall 
also for greater generality suppose that the density of the liquid 
forming the vortex is different from that surrounding it. 

Let <r be the density of the vortex, k the circulation due to it ; 
p the density of the outside liquid, k its circulation ; also let '^\ -^ 
be the current functions inside and outside the vortex. 

Then i/r' = - Jfr* + const., 

and /c' = - a ["^ (dylr'/drX dO = 27rSa'. 

Jo 

Therefore '^' = — KV^I^ira* + const., 

-^ = — k/^tt . log r + const. 

Let p\ p be the pressures in the vortex and the surrounding 

liquid, then 

1 dp _ v* /c'V 

<T dr r 47rV 
j9'i 



Therefore — = ^ , . H — , 

a Sir a a 



also 



p^U ^ 
p" p SttV 

where P is the pressure at the centre of the cross section 
of the vortex, and 11 is the pressure at infinity. At the surface of 
separation p =jp', whence 

P = n - (i^V + «V)/87rV. 

Hence if 11 < {/^p + /cV)/87ra', 

p will become negative for some value of r <a, which shows that 
a cylindrical hollow will exist in the vortex, which is concentric 
with its outer boundary. 

The case of cr = is that of a cylindrical hollow surrounded 
by liquid in a state of cylic irrotational motion. The condition for 
the existence of such a hollow is that p = when r = a, hence 

n = /c>/8'7rV. 
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288. We must now investigate the stability of the preceding 
case of steady motion. 

Let us suppose that a small disturbance is communicated to 
the liquid ; the equation of the common surface of separation may 
be taken to be of the form 

^=a + acos7i^ + )3sinn^-r = (12), 

where n is any positive integer, and a, )8 are functions of the 
time which in the beginning of the disturbed motion are small 
quantities, whose squares and products may be neglected. 

Let the current functions be 

1^. = - /c/27r . log r -h (.4 cos n0 -\- B sin n0) (a/ry. . .(13) 

outside the vortex, and 

-^' = - icV/47ra' + (C cos n0 + D sin nO) (r/aY (14) 

inside the vortex. The boundary condition is 

dt'^rdr dd rdd dr "^ ^^'^^• 

Substituting the value of F from (12) we obtain 

u cos n^ + 4 sin w^ — 3^ H r" (asinn^ — yScos w^) = 0. 

r dd r dr ^ ^ 

If U be the tangential velocity of the surrounding liquid at the 
surface of separation in steady motion, we may in the small terms 
put d'^jdr = — ?/, whence 

d cos n0 + $ sin n0 + na~^ (A sin n0 — B cos n0) 

— n UaT^ (a sin 7i^ — /8 cos n0) = 0. 
Equating the coeflScients of sin n0, cos n0 to zero, we obtain 

B= m/n+U^j ^ ^" 

Similarly if U' be the tangential velocity of the vortex at the 
surface of separation in steady motion, we shall obtain 

D= aa/n-hU'^) ^ ^* 

Since the disturbed motion will necessarily be irrotational it 
will have a velocity potential, and by employing the method of 
conjugate functions it can easily be shown that 

(j> = {A sin 710 — B cos n0) (a/ry, 

^' = - ((7 sin w5 - D cos n0) (r/ay. 
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If 8p, Sp' be the increments of the pressure due to the 
disturbed motion just outside and just inside the vortex, we must 
have 

= — (J. sin nd -- B cos nd) + IPaT^ (a cos nO -k- /3 sin nOy 

— nUaT^ {A cos nO + Baiu nd) 
= (- i + U^0/a -nUBJa) sin w^ + (B + IPa/a - nUA/a) cos n0 
= {a^/n-2Ud-lP0{n-l)/a}sinn0 

+ {ad/n + 2Ufi-U^a{n'-l)/a}cosn0 (18), 

by (16). From the general equations of motion we have 

(T dx dt ^ dx 

whence - p'/a = ^' + Jgi" + 2ti^'. 

Hence 

= {0 sin nd^D cos nff) - ZT^aT^ (a cos nd + /8 sin ntf ) 

+ U'na'^ ( (7 cos n^ + D sin «d) + 2 (r'a"' (a cos w^ + /9 sin nd) 
- 2 t/'a"' (Ocos nd + D sin n^) 

= {0 + TTfila -UDin- 2)/a} sin nd 

-t- {-b + tr*a/a -TTGin^ 2)la] cos nd 

= {-a)8/n + 2C;''(n-l)d/n+tr'/3(n-l)/a}sinnd 

+ {-aa/7i-2t7'(n-l)/3/rH- U'a{n-l)la]co^nd (19), 

by (17). In (18) and (19) write a and )3 for aa and dP, and wand 
t; for Uja and CT/a ; since 8p = 8p', we obtain by equating the 
coeflBcients of sin nd, cos nd in the expressions for hp, hp given by 
(18) and (19), 

•a(l + ajp) + 2)9 {nw + v (w - 1) (t//^} - n (n~l)a{w;*+i;*<r/p}=0'| 
)8 (1 + <r/p) - 2q! {nw rf t; (n - 1) (x/p} -n(n-l))8 [w^W^rfp] 

To solve these equations put a = i cos Xt, = L sin \^, also let 
A; = a/p, and we obtain 

X» (1 + A;) - 2X {mw + A;.(n - 1) o] + n (n - 1) (i/;" ^- iW) == 0. . , (21). : 



::h->- 
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In order that the steady motion should be stable, it is 
necessary that both roots of this quadratic should be real 

Case I. Suppose that there is no core, but simply a cylindrical 
hollow round which circulation takes place. Here <r = 0, Sp = 0, 
whence from (18) or (20) we obtain 

the roots of which are {n ± tjn) w. Hence the steady motion is 
stable, and the disturbance consists of two trains of waves travelling 
round the ring in the same direction. 

Case 11. Let the vortex be of the same density as the surround- 
ing liquid, and let there be no slipping at the surface of separation. 
Here w = v = ^y p = a,k = \ and (21) becomes 

X'-\?(2n-l) + n(n-l) ?» = 0, 

the roots of which are nf and (n — 1) f. Hence the steady motion 
is stable. It might at first sight appear that the disturbance 
consists of two trains of waves whose periods are 27r/n^y and 
27r/(n — 1) f respectively ; but in order to solve this case it is 
unnecessary to take into account the pressure condition, since the 
two values of ^fr at the surface of separation must difier by a 
constant quantity, which together with the condition of no slipping 
and the boundary condition (15) are sufficient to determine the 
disturbed motion. It will thus be found that the equations of 
motion become 

a + (n-l)'f'a, ^+ (n - 1)» ?»/3 = 0, 

and therefore the solution X = nf of (21) must be rejected, and the 
disturbance consists of a train of waves travelling round the 
cylinder whose period* is 27r/(n — 1) ?. 

Case III. In the general case the condition that the roots of 
(21) should be real is that 

or 

2*»(n- 1) wt;-n {(n- 1) A- l}w'-A;(n-l)(?i + A?) t;*>0... (22). 

If w = » the condition becomes 

n-A:*(n-l)> 1, 

^ Sir W. Thomson, " On the Vibrations of a Columnar Vortex," PhiL Mag, Sep. 
1880. J. J. Thomson, Motion of Vwtex Rings, p. 74. 
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which requires that k<l. The steady motion will therefore be 
unstable if the density of the vortex is greater than that surrounding 
liquid. 

Let w/v = 1 + J ; then (22) becomes on dividing by n', 

l-k" Jc" 2g ,(/, 1\ , 1) ^ 

+ -i + — -?!-- k-^-[>0. 

n n n ^ [\ nj n 

If q is not zero, it is always possible by taking n large enough, 
to make the left-hand side negative ; hence the motion is unstable, 

unless w^Vy and cr < p. 

When w and v are unequal, the common surface of separation 
is a surface of discontinuity which has the properties of a vortex 
sheet, and the preceding investigation confirms Sir W. Thomson's 
statement that discontinuous motion is unstable. 

« 

289. Kirchhoff^ has shown that it is possible for a vortex 
whose cross section is an invariable ellipse, and whose vorticity at 
every point is constant, to rotate in a state of steady motion in an 
infinite liquid, provided a certain relation exists between the 
vorticity and the angular velocity of the axes of the cross section. 

The current function is evidently equal to the potential of an 
elliptic cylinder of density f/27r. Let a and h be the semi-axes of 
the cross section, and let the value of a/t inside the vortex be 

^'^D-^{Aa? + By')l{A + 5). 

Let x = c cosh r) cos f , y = c sinh ri sin f , where c = (a* — 6*) , and 
let 17 =)8 at the surface ; the value of -^ becomes 

1^' = JD - fc» {A cosh* 7i cos'f + B sinh^ 17 sin'f )/(il + B). 

Also let the value of -^ outside the vortex be 

>fr = A'e-^ cos 2f + D17//3. 

When ?; = yS, we must have 

-^Ir - '^' = const., dylr/drj = d^'jdri. 

Therefore A'e-^-^ ^-W (^ cosh'^ - B sinh*^)/(^ + B) 
and -4'€-2^ = i?c' {A - B) sinh /9 cosh 01 {A + B). 

Whence^ A^ (a - 6)» = - ^1^1:1.^^1 = Ko'{A-B)ah ' 
wnence ^ {a O) ^ 2(^+5) 2(4 +i^) 

Therefore Aa = Bb and 

1 Vorles. uber Math. Phy. p. 261, see also Hill, Phil Trans. 1884, p. 363. 
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Let tt) be the angular velocity of the axes ; w, v the velocities 
of the liquid parallel to them, then 

x — ya} = u = d^'ldy = — 2a^y/(a 4- 6), 

y-\-xoj = v = — dylr'/dx = 2b^x/(a + b). 

The boundary condition is 

. dF^ . dF ^ 

""d^^y-dy^^^ 

where F = {xjaf + (y/6)' -1 = 0. Whence 

a + 6/ a^ \a + b J V 
therefore w = 2ab^/(a + 6)^ 

We therefore obtain 

dp = — aoDy/b, y = bwocia, 
the integrals of which are 

a? = Za cos (wt + a), y = Lb sin («^ + a), 

where X and a are the constants of integration. Whence the 
path of every particle relative to the boundary, is a similar ellipse. 

290. We have shown that the effect of a cylindrical vortex 
column of small cross section is to produce at every point P 
external to it, a velocity whose magnitude is equal to m/r and 
whose direction is perpendicular to that of r, where r is the 
distance of P from vortex. If therefore more than one vortex 
exists in the liquid, the efifect of any one of the vortices upon the 
others will be to produce a motion of translation combined with a 
deformation of their cross sections. The mathematical difficulties 
of solving this problem when the initial distribution of the vortices 
and the initial forms of their cross sections are given, are very 
great ; and it seems impossible in the present state of analysis to 
do more than obtain an approximate solution in certain cases. We 
shall now show that when there are two rectilinear vortices in a 
liquid, the linear dimensions of whose cross sections >.are small in 
comparison with the shortest distance between them, the cross 
sections will remain approximately circular*; from which it is 
inferred that a similar result holds good in the case of aiiy number 
of vortices. 

* J. J. Thomson, Motion of Vortex Rings, p. 74. 
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Hence it follows that if any number of vortices of small cross 
sections are moving in the liquid, and the vortices never get very 
close to one another, we may neglect the eflfects produced by the 
deformations of their cross sections, which may therefore be 
regarded as approximately circular. 

291. Let A and B be the centres of the two vortices at time t ; 
€ the angle which the line joining their centres makes with some 
line fixed in space ; also let (r, 0) be the coordinates of any point 
referred to the centre of A, and Ax as initial line, and let f be the 
vorticity of A. 




Let the equation of the cross section of A be 

r = a + S(a„cosn^ + ;8^sinn5).. (23), 

and let the values of the current functions outside and inside A be 

-^/r = C — fa' log r + 2 (A^ cos nO + 5„ sin nff) (a/r)'', 
and ^i = C, - ifr* -\-X(C^cosn0 + D^ sin nd) {r/af. 

Since we suppose that a, /8, ^, B, G, D are all small quantities, 
whose squares and products are to be neglected, it follows that the 
condition that the values of yjr and yfr^ should differ by a constant 
quantity at the surface of the vortex is that 

Also since we assume that there is no slipping at the surface of 
Ay the values of d^/dr and d^Jdr must be equal at the surface ; 
this condition gives 

and therefore the value of ^ is 

1^ = (7 — fa' log r-\-a^% (a^ cos n0 + /9,^ sin n^) oTlnr'', 
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Let us now denote coiTesponding quantities which refer to the 
other vortex B by accented letters, and we have 

^'^a- ^V log r + 65" 2 {ol\ cos ne + ^\ sin n^) 67wr ", 

where 6 is the mean radius of the section of B, 

If iJ, be the velocities of any point on the surface of Ay 
relative to its centre, the boundary condition is 

dF RdF ®dF^ 
dt r dr r dd ' 

where the value of F is given by (23) ; whence 

a cos n^ + i8^ sm n^ - \ ^ Zt +- — sin(^-6)- 

* ** {a dd c \ 

- n (a^ sin nd - /3, cos n0) |- ^ ^"^^ "^'^ + ^ cos (d-€)\ = 0, (24). 
Now -^ = - af 2 (a^ sin n0 — /8, cos nO), 

the portion involving the series being neglected, since it involves 
terms of the order ab/c &c., which are of a higher order than the 
first. But if c> r, 

log / = ^ log {r' + c* - 2rc cos {0 - e)} 

= log c - r/c . cos (^ - €) — i r*7c* . cos 2 (5 - e) - &c., 

therefore ^ = - ?'&' {a/c . sin (^ - e) + a'/c*. sin 2 (tf - e) + &c.}. 
Also -^ = - fa, 

and ^ = fi' {c"' cos (^ - e) + ac"* cos 2 (^ - e) + &c.}, 

whence (24) becomes 

d^ cos n0 + $^ sin n0 + f 2 (a^ sin w^ — )8^ cos n0) 

+ ?'6« ac"" sin 2 (tf - e) - w?(a^ sin w^ - /8^ cos ntf) = 0. 

Equating the coefficients of sin 0, cos 0, we obtain 

a, = 0, /3, = 0, 

and since flj, /Sj are initially zero, they will remain so during the 
whole motion ; hence the centre of inertia of either vortex column 
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is undisturbed. Equating the coefficients of sin 20, cos 20 we 
obtain 

«, •+ 68» = ^aVc-* sin 2e, 

4 -?«» = - ^ab^C* cos 2e. 

Since the centre of inertia of neither vortex column is dis- 
turbed, their common centre of inertia will remain at rest, and the 
two vortices will revolve around it with angular velocity n, where 
n = (fa* + f 6*)/c' ; whence e = nt, and our equations become 

d^ + 5)3^ = ^'aVc-* sin 2nt, 
4 -•?«, = - C'aft'c"* cos 2nt, 
therefore bi^ + ^a^= ^'ab\-^ (2n + f ) cos 2n^, 

1. >! /w m f'aft' (211 + ?) cos 2n« 
whence a?, = ^ cos (?^ + ^) + ^ ^, .y, j' , 

with a similar equation for /S,. Let the initial values of a,, fi^, d^, 
be zero, and we obtain 

a, = c« (tL 2n) ^^^^ ^^* ~ ^^® ^^^' 

^' ° c' (g - 2n) ^"^^ ^"^ ~ '^" ^^)- 

Hence the cross section at any instant is an ellipse whose axes 
are functions of the time, and which vibrates about the circular 
form. The vibration has two periods, a long one irin and a short 
one 27r/5l 

292. We shall pass on to consider the motion of a number of 
vortices of small and approximately circular cross sections. 

Since we neglect deformations of the cross sections, the current 
function due to each vortex will be — m log r, and the velocity due 
to it at any point P will be m/r, and will be perpendicular to the 
line joining P with the vortex. Hence if two vortices of equal 
strengths m exist in a liquid, each vortex will describe a circle 
whose centre is the middle point of the line joining them, with 
velocity m/2c, where 2c is the distance between them ; and there- 
fore each vortex will move as if there existed a stress in the nature 
of a tension between them, of magnitude m*/4ic*.^ 

To find the stream lines relative to the line joining the vortices, 

* Greenhill, "Plane Vortex Motion," Qtuirt. Joum. vol. xv. p. 20. 



46 RECTILINEAR VORTICES. 

take moving axes, in which the axis of x coincides with the above- 
mentioned line ; then 

^ = -im log {y« + (^-c)«} {y'H- {x-\-cf]. 
Also x — o)y = u=^ d'^/dy, 

y -h (OX = V = — d^fr/dx, 
where to = m/2c\ Let 

therefore x = dx/dy , y = — dx/dx. 

Multiplying by y, x respectively, subtracting and integrating, 
we obtain 

X = const. = Ay 

whence the equation of the relative stream lines is 

J« ia^ + y')- im log {f + ia;- c)'} {3/* + (^ + c)'} =A. 

293. If two opposite vortices of strengths Trm and — Trm are 
present in the liquid, the vortices will move perpendicularly to the 
line joining them with velocity m/2c, where 2c is the distance 
between them. 

In this case there is evidently no flux across the plane which 
bisects the line joining the vortices, and which is perpendicular to 
it ; we may therefore remove one of the vortices and substitute 
this plane for it. Hence a vortex in a liquid which is bounded by 
a fixed plane w^ill move parallel to the plane, and the motion of 
the liquid will be the same as would be caused by the original 
vortex, together with another vortex of equal and opposite strength, 
which is at an equal distance and on the opposite side of the 
plane; 

This vortex is evidently the image of the original vortex, and 
we may therefore apply the theory of images in considering the 
motion of vortices in a liquid bounded by planes. 

294. If there is a vortex at the point (x, y) moving in a 
square corner bounded by the planes Oxy Oy, the images will consist 
of two negative vortices at the points ( - a?, y), {x, — y), and a 
positive vortex at the point ( — a?, — y) ; for if these vortices be 
substituted for the planes, their combined effect will be to cause no 
flux across them. 
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Since the vortex is incapable of producing any motion of 
translation upon itself, its motion will be due solely to that pro- 
duced by the combined efiect of its images ; whence, 
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therefore 

whence 

or 



2x '2(^ + 2/') 2x(a? + y')' 

r sin 20 = 2a. 

This is the equation of a Cotes' Spiral, which is the curve 
described by the vortices : also since 

ojy - icy = — im 

the vortex describes the spiral in exactly the same way as a particle 
would describe it, if repelled from the origin with a force 3m74fr'. 

295. The method of images may also be applied to determine 
the current function due to a vortex in a liquid, which is bounded 
externally or internally by a circular cylinder. 




Let H be the vortex, a the radius of the cylinder, OH = c ; and 



48 RECTILINEAR VORTICES. 

let 8 he a, point such that 08=^ f^a^/c, then the triangles 80P 
and POHojre similar, therefore 

8P0 = OHP, 

^ 0PH=08P, 

also 08P + SPA = OAP= OP A 

= OPH + HPA, 

therefore 8PA = HP A, 

Let us place another vortex of equal and opposite strength 
at S, then the velocity along OP due to the two vortices is 

u^- ^p sin HPO + -^ sin iSfPO . 

g s in HPO ain HPO 

" sinfifPO sin OH P 

= OH/a 

= HP/8P, 

hence w = and there is no flux across the cylinder. 

Hence the image of a vortex inside a cylinder, is another vortex of 
equal and opposite strength situated on the line joining the vortex 
with the centre of the cylinder, and at a distance a'/c from the 
centre, and the vortex and its image will describe circles about the 
centre with a velocity 

w//Sir=mc/(a'-c'). 

The velocities of the vortex and its image are equal, but their 
angular velocities about the axis of the cylinder will be different; 
hence the motion of the liquid inside the cylinder and the motion of 
the liquid outside the cylmder are independent, and the vortex and 
its image will not remain on the same radial plane in the sub- 
sequent motion. Hence the motions of the liquid inside and 
outside the cylinder do not correspond, as is the case with plane 
boundaries, except at the instant when the vortex and its image 
are on the same radial plane. 

The current function of the liquid at a point (r , 0) within the 
cylinder is 

ylr^-m\og8P/HP 

1 , r^ + 0* — 2rc cos 
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296. The current function due to a vortex situated between 
two parallel planes, can be obtained by finding the current function 
due to the two infinite trails of images, exactly in the same manner 
as the velocity potential due to a source under the same circum- 
stances, was found in § 57. 

Let the origin be midway between the two planes, and the axis 
of X perpendicular to them, then as in § 57, 

'^=/(^-^^ y-y)-f{po+x+2a, y-y)-^C 

where 

/ (J^y y)=^-i^ log n {(x + 4/ia)* + 2/*}. 

Now if we omit constant terms, we have shown that 

f(x , y) = — ^m log (cosh try /2a — cos 7rx/2a), 

therefore 

cosh IT [y — y^)J2a — cos tt (^ — x)l2a 



-^^ = — i^m log 



cosh IT {y — y)l'2.a + cos tt (a? + x')/2a 



297. Let us now transform the preceding expression by put- 
ting (x + iy)/a=(x^ + tyJ'/cK (x' + cy')/a = (x\ + iy\f/cK 

The portions of the lines x= ±a which lie on the positive 
side of the axis of x, evidently become transformed into a parabola, 
and the portion of space Ij^ng on the positive side of the axis of x, 
which is bounded by these lines and the portion of the axis of x 
which is intercepted between them, becomes transformed into the 
space inside the parabola ; whilst the portion of space bounded by 
these lines which lies on the negative side of the axis of x altogether 
disappears. Also the portion of the axis of x which is intercepted 
between the lines x = ±a, transforms into a double line joining the 
focus of the parabola with its vertex. Now if we were to transform 
the preceding expressions for yfr as above mentioned, it would be 
found that the velocity at points on the line joining the focus of the 
parabola with its vertex would be discontinuous ; but if we place 
another vortex of equal strength at the point — x\ — y', and add 
the results, the velocity in the transformed expression will be 
continuous along this line. We thus obtain the current function 
due to a vortex in the parabolic cylinder 2c = r (1 — cos 0), 

In order to find the path described by the vortex, we must 
subtract — ^m log {(x — xy + (y — y'y} and then put x = x\y =y ; 
we thus obtain 

B. IL 4 



- t 
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, , TT* , , cosh Try I a — cos irx/a 

Vr = - im log 3^, - ^m log ^j-^^^^ ^^^^ ^^^^^ ^^^^^ 

= — |m log (sec' Trx/2a — sech' fry /2a) 

neglecting constant terms. Transforming this expression we 
obtain 

which is the equation of the path of a vortex in a parabolic 
cylinder. 

298. Professor Greenhill * has shown that the equation of the 
path of a vortex in a rectangular prism, the origin being at a 
comer, is 

ctn* (Kx/a) + ctn* (ICy/b) = e'^^f"^ - 1, 

where 2a, 26 are the sides of the rectangular section ; K/a = K'/by 
and the functions of x are to mod. k, whilst those of y are to mod. k\ 
He has also solved the same problem when the boundaries are two 
arcs of concentric circles and two radii inclined at an angle fr/n, 

Coates * has shown how GreenhilFs expression for the current 
function due to a vortex situated in a rectangle may be transformed, 
so as to give the current function due to a vortex in an elliptic 
cylinder. 

299. We shall now find the current function due to a vortex 
outside an elliptic cylinder. 

The method of images is not applicable to problems in which 
the boundary is elliptic, and we shall therefore solve the problem 
by means of conjugate functions. 

Let f, rj be conjugate functions such that a? + ^y =^ c cos (f — ir)); 
and let (f', rj') be the co-ordinates of the vortex Q, then if f, nj be 
the coordinates of any point P of the liquid, 

QP'^{x-xr-^(y^yy 

= {x + ty- (x + ly)} {x-iy^ (x - ly')} 

= c' {cos (I — Iff) — cos (f ' - trj')} {cos (f + it)) — cos (f + it)')} 

= c' {cosh (97' H- 7?) - cos (f ' 4- f )} {cosb (rj' - 17) - cos (^ - f )}. 

^ Quart. Jonm, vol. xv. p. 25. » 75,-^. xvi. p. 81. 
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Now 
log {cosh (17' + 17) - COS (f ' + f )} 

= log i + 17' + 17 + log {1 - €-''-'»+'^f'+«} + log {1 - €-'»'-'»*'(^+^)} 

= log i + 1;' + 17 - 2S* n"*€-*<V+'») cos n (f + f ), 

therefore 

log QP = log ic + V - 2* n"* {€-«(V+i») cos n (f + f ) 

+ e-»(V-'ii) co8n(f --f)} (25), 

This series is always convergent when 17' > 77. We may 
therefore put 

i^ = -mlogQP+>I^ (26), 

where 

^ « w2, n"*€-»*('»^^) (-4^ cos nf + B^ sin «f ) + m (log ^c + 17' + 17 - /9). 

Now -^=0 at the surface where i7 = )8. Substituting these 
values of yjt and log QP in (26), and putting 17 = )8, we find 

— ul^ = 2e"*''' cos nf ' cosh w^ 

— B^^ 2€""'»' sin «f sinh n/3; 
therefore 

** =. ^ wS,V'{€-*<'»'^' > cos n (f + f) + €-»('»+'»' -s^) cos n (f -• f)} 

+ m(logic+V+i?-/8) 

= ^m log {cosh (17 + 17') - cos (f + f )} 

+ im log {cosh (17 + ^' - 2/9) - cos (f' - f )} + m log c . . .(27), 

therefore 

, . , cosh On' — v)— cos (f ' - f) ' . „. 

^°"-^^"g cosh (V + i,-2^)-c^(r-g) ^^^^- 

To find the curve described by the vortex we must put 17 = rj', 
f = f in (27), whence 

^ = Jm log (f {cosh 217 — cos 2f } cosh 2 (97 — /8) 

therefore the equation of the path is 

(cosh 2^7 — cos 2f ) cosh 2 (17 — /8) = const. 

For further information respecting the images of vortices, and 
also for other cases of vortex motion in and about elliptic cylinders, 
the reader is referred to the authorities cited below*. 

^ Coate^, "Vortex motion in and about elliptic cylinders," Quart, Jour, vol. xv. 
p. 356; vol. XVI. p. 81. Hicks, "On functional images in ellipses," Quart, Jour. 
vol. XVII. p. 327. 

4—2 
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On the Method of Inversion. 

300. We shall now explain a method by means of which we 
may derive from any hydrodynamical problem in plane vortex 
motion of which we know the solution, any number of other prob- 
lems with their solutions. 

If P be any point on a plane curve fif, and be any fixed point 
in the plane of 8, and if we take another point P' such that 
OP. OP' = a^ where a is any constant, the locus of P' is another 
curve, which is called the inverse of 8 with respect to 0. 

301. Let yjr be the current function due to a rectilinear vortex 

of strength irm situated at any point outside a cylinder whose cross 

section is 8; then if R is the distance of any point from the 

vortex, we may put 

•^ = -mlogjB + ^ (29). 

At the surface fif, -^ is a constant which may be taken to be 
zero, also "9 and its first derivatives must be finite and continuous 
at all points of the liquid, and the derivatives must vanish at infinity. 
Hence 'V is the potential of the induced charge when the cylinder 
is under the action of an electrified line which coincides with the 
vortex, and which is charged with electricity of line density ^m 
per unit of length. Hence the induced charge on the cylinder is 
equal to — ^m per unit of length. 

302. Let AP be the cross section of the cylinder, A'P' the 
curve which is the inverse of AP with respect to ; also let R be 
the electrified wire, which we shall suppose outside AP, y^ the 
potential of the electric field at Q, and a- the surface density of 
AP, per unit of length. 




Invert the system with respect to 0, and let the accented letters 
refer to the inverse system. 



am^mm 
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Then 

>/r = - 2/0- log PQck-m log J2Q (30). 

Also if ^' be the potential at Q' due to a charge |m at R\ 
together with a surface density a upon -4'/^ 

^' = _ 2 fa' log FQ'ds - m log ^ Q. 

Now 

FQ^^OQ RQ^qg , ds' _ ds 
PQ" OP' BQ ' OR' OF "" OP ' 

Hence if we take <r' OP' = a-OPy so that ar'ds = crck, we obtain 
Vr' = - 2/cr (log PQ - log OP) ds - log OQ'/crcfo 

-m (log RQ 4- log OC' - log OR) (31). 

But 2fa'ds = — m 

and — 2/ or log OPds = — potential of iJ at 

= m log OR 
by (30). Substituting in (31) we obtain 

'^' = - 2 falog PQds - m log RQ 

Now -^ is zero at all points within APy therefore '\f/ is zero at 
all points without A'F ; hence yjr' is the potential of the electric 
field, when the inverse cylinder is under the action of an electrified 
line situated at a point JB' within the inverse cylinder, which is the 
inverse point of R, 

If J? is inside AP, R' will be outside A'P\ and the same results 
hold good mutatis mutandis. 

Hence if we know the current function due to any number of 
rectilinear vortices which are situated on one side of a cylinder whose 
cross section is a closed or infinite curve, the method of inversion 
enables us to obtain the solution for a cylinder, whose cross section 
is the inverse curve with respect to any point in the plane of the cross 
section. 

303. We can now prove the following proposition. 

Let f, 7) be conjugate functions of x, y such that 

^+iV=-f{{x-\-iy)/c}; 
and let f^, rj^ be conjugate functions of' x^, y^, su^ch that 
?i + *^i ~/{^7^ (^1 "■ *2/i)} 5 ^^^^ '^ ^ (f> v) ^^ ^ current function 
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of a liquid bounded externally or internally by the cylinder 17 = ^, 
dvs to a vortex at any point P of the liquid. Then F (f j, lyj will 
be the current fimction of a liquid bounded intemaily or externally 
by the inverse cylinder rj^ * /8, due to a vortex aitua^d at a point P^ 
which is the inverse of P with respect to the origin. 

If the vortices are replaced by electrified lines, and the cylindrical 
boundaries by conductors, we have shown that if yft, yjr^ be the 
current functions due to the two hydrodynamical systems, these 
quantities will be the electric potentials of the two electro-static 
systems ; hence ^ — -^j. 

Let {x, y) be the rectangular and (f, 77) the curvilinear coordi- 
nates of any point Q ; and let (x^, y,), (f j, lyj be the coordinates of 
the inverse point Q^, Then if a is the constant of inversion, 

X = a\/r^\ y = a^yjr^, 
therefore a? + ty = a'/C^i "" *yi)» 

therefore f , 4- 417^ =/ [a^jc (a?, - ly^] »/{(«?+ *y)/c} 

whence f = f i» V — Vi- 

Hence if ^ = F(^, 77), then ylr^=^ F (f „ 17,). 

304. In § 296 we have found an expression for the current 
function due to a vortex between two parallel planes, and by means 
of the preceding proposition we can obtain the current function 
due to a vortex in a liquid which is bounded by two circular 
cylinders. Also if in the expression in § 297 for the path of a 
vortex within a parabolic cylinder we write c/r for r/c, the resulting 
expression will give the path of a vortex in a liquid bounded 
internally by a cylinder whose cross section is a cardioid. 

The expression for the current function due to a vortex outside 
an elliptic cylinder, is the expression for a vortex within a cylinder 
whose cross section is the inverse of an ellipse with respect to its 
centre or focus ; but in the former case ^+ tv = sec"* (x + iy)/c, and 

in the latter it equals 2 sec"^ {(x + iy)/2c}^. 

The expression found by Coates for the current function due to 
a vortex inside an elliptic cylinder, similarly determines the current 
function due to a vortex in a liquid bounded intemaily by a cylinder 
whose cross section is the inverse of an ellipse with respect to its 
centre or focus. 



^L. _ I P ^ . 
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EXAMPLES. 

1. If the axis of a hollow vortex be the axis of z, measured 
vertically dowDwards, the plane of xy being the asymptotic plane 
to the free surface, and if nr be the atmospheric pressure : prove 
^at the equation of the surface at which the pressure is tzr + gpa is 

(«' + y')(^-a)=c', 

where o is a constant. 

2. Three rectilinear vortices of equal strengths form the edges 
of an equilateral triangular prism. Prove that they will always 
form the three edges of an equal prism. 

3. The space between two infinite parallel planes distant c 
from each other is filled with water. Half way between the planes is 
placed a rectilinear vortex. Prove that the path of any particle 
of water is given by the equation 

cosh iry/c = A cos irx/Cf 
the axis of x being perpendicular to the planes. 
Prove also that the velocity potential is 

m tan"* (sinh iry/ccosec irxjc). 

4. An infinite plane vortex sheet in which the rotation is 

everywhere the same in magnitude and direction exists in an 

infinite mass of liquid ; prove that the resultant velocity at any 

point {x, y, z) is 

q p r* xdydz' 

■" 2^i ^ J -00 {> + (y - yj + (^ - /)*}» ' 

where yz is the plane of the vorteic sheet, the axis of z is parallel 
to the axis of molecular rotation, and q is the product of the section 
by the angular velocity for each line. 

Evaluate this integral, and explain the result. 

5. If n rectilinear vortex filaments of equal strengths, be initial ly 
at the angles of a prism whose base is a regular polygon of n sides, 
show that they will always be so situated, and that each filament 
will describe the circumscribed cylinder with velocity A; (n — l)/2a 
where k is the velocity due to each vortex at unit distance and a is 
the radius of the cylinder. Show also that the equation of the 
relative stream lines referred to the radius through a vortex as 
initial line is r'" - 2aV» cos n0 - fc*" = 0. 
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6. The space on one side of the concave branch of a rectangular 
hyperbolic cylinder is filled with liquid, and a rectilinear vortex 
exists in the liquid ; prove that it moves in a cylinder having the 
same asymptotic planes as the boundary. 

7. The motion of a liquid in two dimensions is such that the 
vorticity f is constant ; prove that the general functional equation 
of the stream lines is 

(f>{y + toB) + x(y- '^)- h^(^ + y') = c- 
Prove that if the space between one branch of the hyperbola 
OD^ — 3y* = a* and the tangent to its vertex be filled with liquid, it 
will be possible for the liquid to move steadily with constant vor- 
ticity, and find the form of the stream lines. 

8. A mass of liquid whose outer boundary is an infinitely long 
cylinder of radius 6, is in a state of cyclic irrotational motion and is 
under the action of a uniform pressure 11 over its external surface. 
Prove that there must be a concentric cylindrical hollow whose 
radius a is determined by the equation 

where M is the mass of unit length of the liquid, and k is the 
circulation. 

If the cylinder receive a small symmetrical displacement, 
prove that the time of a small oscillation is 






9. A fixed cylinder of radius a is surrounded by incompressible 
homogeneous fluid extending to infinity. Symmetrically arranged 
round it as generators on a cylinder of radius c (> a) coaxial with the 
given one, are n rectilinear vortex filaments each of strength m. 
Show that the filaments will remain on this cylinder throughout 
the motion, and will revolve round its axis with angular velocity 



27rc' ' c''" - a*" 



and that the velocity of any point P of the fluid is 
mnr"'^ c" - 6" 



TT • (r'" - 2cV** cos n0 + c'") (r'" - 26V*' cos nd + b'"") ' 

where aJ^ = 6c, r is the distance of P from the axis, and is the 
angle between a plane containing P and the axis, and a plane con- 
taining Pand the instantaneous position of any one of the filaments. 
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10. Four straight vortex filaments with alternately positive 
and negative rotations are placed symraetrically within a cylinder 
filled with liquid ; prove that if the motion is steady the distance 
of each filament from the axis of the cylinder is nearly three- 
fifths of the radius of the latter. 

11. Prove that three infinitely long straight cylindrical vortices 
of equal strengths will be in stable steady motion, when situated at 
the vertices of an equilateral triangle whose sides are large com- 
pared with the radii of the sections of the vortices; and that if they 
are slightly displaced, prove that the time of a small oscillation 
is the same as that of the time of revolution of the svstem in its 
undisturbed state. 

12. A straight cylindrical vortex column of uniform vorticity 
f, is surrounded by an infinite quantity of liquid moving irrota- 
tionally which is at rest at infinity ; prove that the difference be- 
tween the kinetic energy included between two planes at right 
angles to the axis of the cylinder and separated by unit distance, 
when the cross section is an ellipse, and when it is a circle of equal 
area A is 

pTT-if'^Mog (a + ^))/2^/^, 

where p is the density of the liquid, and a and h are the semiaxes 
of the ellipse. 

13. Examine the stability of KirchhoflTs elliptic vortex, when 
the cross section of the vortex column is displaced into a curve 
slightly diflferent from an ellipse. 

14. Prove or verify that the current function due to a station- 
ary vortex situated at the centre of an elliptic cylinder, is 

^ = — ^m log 4c' sn w sn (w — -ST) sn v sn {v — K)y 

where f + ^^ = t*, ^—ci] = v. 

Prove also that the velocity potential is 

•^-'''**" cn {2K^M ' 

where fi = \irK jK is the value of ri at the cylindrical boundary ; 
and the functions off are to mod. k, and those of rj to mod. k\ 
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15. A quantity of liquid whose vorticity is uniform and equal to 
f, and whose external surface is a circular cylinder, surrounds a con- 
centric cylinder of radius a. The external surface is subjected to a 
constant pressure IT. Prove that if the inner cylinder be removed, 
the velocity of the internal surface when its radius is a, is equal to 



a v' 



log aV(a» + c') ' 
where frpc^ is the mass of the liquid per unit of length. 

16. If a vortex is moving in a liquid bounded by a fixed 
plane, prove that a stream line can never coincide with a line of 
constant pressure. 

17. If a pair of equal and opposite vortices are situated inside 
or outside a circular cylinder of radius a, prove that the equation 
of the curve described by each vortex is, 

(r« - ay (r" sin^ 0--b')= MWr" sin« 6, 
where 6 is a constant. 



CHAPTER XIV. 



CIRCULAR VORTICES, 

305. A CIRCULAR vortex ring may be supposed to be made 
up of a large number of indefinitely thin circular vortex filaments, 
every element of which is rotating with angular velocity w about 
the tangent to the circle of which the element forms a part. 

We have shown in Chapter IV. that the velocity due to a fine 
vortex filament, is proportional to the magnetic force exerted by 
an electric current, which flows along a fine wire which coincides 
with the vortex; and it has been shown by Maxwell*, that if 
electric currents flow round an anchor ring of small cross section, 
the effect is the same as if the currents were condensed into a 
single one flowing along the central line of the ring. If therefore 
the cross section of the ring is small in comparison with its 
aperture, the effect of the ring upon the irrotationally moving 
liquid by which it is surrounded, will be approximately the same 
as that of a fine vortex filament of equal strength, which coincides 
with the central line of the core. Hence rings of small cross 
section may be approximately regarded as vortex filaments, and 
we may disregard the effects which are due to any deformation 
of the form of the cross section, or to anything which takes place 
within the substance of the ring. We shall thereby greatly sim- 
plify the analysis ; but when we wish to ascertain what goes on 
inside the ring, it will be necessary to employ toroidal functions, 
and the investigation becomes much more complicated. 

^ Electricity and Magnetism, 2nd edition, vol. ii. § 683. 
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306. Let us in the first place confine our attention to a single 
circular vortex of small cross section in an infinite liquid. It is 
clear that the motion is symmetrical with respect to a line passing 
through the centre of the ring and perpendicular to its plane, 
which we shall choose as the axis of z. Hence by § 38 (28), if co 
be the molecular rotation, Stokes* current function satisfies the 
equation 

7, 4-Vt - - ^ + 2i!rft) = 0, 
dr diST -CT dnr 

at all points in the interior of the ring. Outside the ring the 
current function satisfies the equation 

dz* dnr^ tsr dvr 
Putting ^ = yvT these equations become 

^X +^^.i^.3^^2a> = (1) 

'!(!x + ^ + l^_X = o (2) 

dz^ dtsF* fsrd'nr cr* 

outside. 

These equations show that x cos is the potential of a distri- 
bution of matter of density od cos . /27r, which occupies the same 
portion of space as the vortex ring. 

On account of the smallness of the cross section, co may be 
treated as approximately constant, and ^ ^^s will be the po- 
tential of a fine circular wire whose density is eo cos d./27r, being 
measured from some fixed point on the ring. 

307. To find this potential, let be the centre of the vortex 
ring, and let the axis of z be perpendicular to the plane of the 



inside; and 




paper; let A be the fixed point on the ring from which is 
measured, and let P be any point whose coordinates are z, isr, 0; 
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also let Q be any point on the central line of the vortex whose 
coordinates are /, a, ff ; then if a be the cross section 

'«»+• cos ff d& 






e {(z - z'Y 4- tsr" + a" - 2^a cos (ff - 0)}^ ' 
Putting ^ — ^ = €, we obtain 

y. a-wa r^' (cos cos e — sin ^ sin e) de 
27rJo {(^-/)'' + Tsr« + a«-2«racos€}« 
The second integral vanishes, whence 

V* = v-Bj = I -. . . A 6), 

IT J .{(^Z'zy + m^ + a'-2^aco8€Y 

which determines the value of -^ at any point outside the vortex. 

308. We can now determine the motion of the vortex. 
Putting 



(3) becomes 



. f^ 2cos'w— 1 J 
^ ^ ^ J (l-A'cos*^)* 



= a(oir-' (tsra)* {2 (F' - E')/k' - A'F) (4). 

Putting 

f/= 2 (i?" - ^)/Jfc' - A:T, m = aco, 

where m is the strength of the vortex, we obtain 

At the surface of the vortex ring, z and ■or are very nearly 
equal to z* and a respectively, hence k' is very nearly equal to 
unity ; whence if Z = log 4/i, we have approximately* 

therefore CT = i - 2 + |A' (Z - 1). 

Also ^=ljfc = !?^ /-f^-h#V * 

1 d'y^ _ m ladTJ 



1* = — 



^ dz '7r\ isT dz ' 

Cayley, Elliptic Functions^ p. 64. 
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Now (z^zy + i^^a y 

whence if e be the radius of the cross section of the ring, we have 
approximately at the surface of the ring 

, _ 6 c?A? _ 2a (isr — a) — e* dk ^z — z 
~ 2a* d'ur" 4a*e ' dz '~ 2ae 

And g=_l+p(£_|) 

2a Se ,T o\ 



^z-/ 



Therefore t^= — -^ — (L - %)\--^ — . 

TT [e 4a ^ ^^J 2ae 

When z = z\ u = 0, hence the radius of the ring remains in- 
variable. 

. . m f2a Se .J. ^J2a(OT-a)-e\ m ,^ ^. 

Agam«>=.--|--^(X-f)| ^^,; +2^<^-^)- 

In order to obtain the velocity of translation of the ring we 
must put ta- = a, and we obtain 

-2^a('^t->) «• 

which shows that the ring moves forward in the direction of the 
cyclic motion through its aperture with constant velocity. 

By § 61 every element of the vortex produces a velocity at the 
centre of the ring which is equal to md8f2'ira^ ; hence the velocity 
at the centre is equal to m/a «= Tr^m/a. 

Hence an isolated circular vortex in an infinite liquid moves 
without sensible change of size in a direction which is perpendicu- 
lar to its plane, with a constant velocity, which is small compared 
with that of the liquid in the immediate neighbourhood of its 
central line, but large compared with the velocity of the liquid at 
the centre of the ring. 

309. Let us now consider the motion of two parallel circular 
vortices whose centres lie on the axis of z. If the directions of 
molecular rotation are the same in both, the effect of the hinder- 
most vortex on the one in advance, will be to increase the radius 
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and retard the velocity of the latter ; whilst the effect of the fore- 
most vortex upon the one in the rear, will be to diminish the 
radius and increase the velocity of the latter. Hence the hinder- 
most ring will overtake and shoot through the foremost; after 
which the circumstances will be reversed, and the one which is 
now in the rear will overtake and shoot through the one in 
advance. 

310. If the directions of rotation are in opposite directions 
the rings will either recede from, or advance towards one 
another. If the former is the case the radii of each ring will 
diminish, whilst the converse will be the case if the rings are 
advancing towards one another. In the latter case the velocity 
of approach continually diminishes whilst the radii of the rings 
increase; also if the vortices are of equal size and strength, 
there will be no iBux across a fixed plane parallel to them and 
bisecting the distance between them, and we may therefore 
remove one of the vortices and substitute for it a rigid plane 
boundary. Hence the motion of a vortex which is moving in a 
liquid towards or from a fixed rigid plane, is obtained by 
substituting for the plane a second vortex of equal size and 
opposite strength, which is the image of the first with respect 
to the plane. 

311. We shall now determine the image of a circular vortex 
in a sphere*. 




We shall in the first place show that every element ds of a 
vortex ring within the sphere, together with a corresponding 

^ Lewis, Quart. Joum, vol. xvi. p. 338. 
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element da' without the sphere, which occupies the position of 
the electrical iraage of ds, will produce over the surface of the 
sphere a velocity which is everywhere tangential, provided certain 
other conditions are satisfied. 

Let be the centre of the sphere, and let BR, CC be the two 
elements, m, m' their strengths, and let the plane in which they 
lie be the plane of an/. Since OB . 00 = OB' . OC, the angle 
ACB-- AB'O = ABG ultimately, whence AO = AB. 

Let 00 be the axis of a?, BP = r, CP^r\ OB^f, OC=f\ 
ABO = 6, also let ^ and 7 be the angles which the planes APB 
and APG respectively make with the plane xy. 

Let {Xy y, z) be the coordinates of P, and u, Vy w the 
velocities at P : then by § 61 if the two vortex elements at B and 
are parts of complete filaments 

2iru = mr^ ds sin B sin ^ sin ^ + mV"" ds' sin sin 7 sin 0y 

27rv = — mr^ da sin B sin /8 cos + mV'"* da' sin sin 7 cos 0, 

27rw = — mr^ da sin B cos /8 + m'r"^ da' sin C cos 7. 

But 

z = r sin 5 sin ^ = r' sin C sin 7, 

(x — /) sin ^ — y cos ^ = -^ cot /8, 
(Z' — a?) sin ^ — y cos = z cot 7. 
Therefore 

27n* = (mr'* da + mV"" da') z sin 5, 
27ri; = ( — mr'^ da + mV'"' da) z cos ^, 
27rw = ( - mr^ cfe cot ^ + mV ds' cot 7) z. 

In order that there may be no flux across the sphere, we 
must have at the surface 

ttx + vi/ + wz = 0. 
Therefore 

mr"' da (x sm0 — ycos0 —z cot 13) 

+ mV'~® da' {x mi0-\- yco^0 '\- z cot 7) = 0, 

whence mfr^ d8=— mffr'^ da\ 

But da/f=da'/f', and (r/ry^f/f = (fla)\ where a is the 
radius of the sphere ; therefore 



J 
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Hence the molecular rotations of the two vortex elements must 
be in opposite directions, and their strengths must vary inversely 
as the square roots of the distances of the two elements from the 
centre of the sphere. Now along each ring m is constant, also 
since f\f — {fjoi^.f must be constant, and therefore each vortex 
ring must lie on a sphere concentric with the sphere which forms 
the boundary of the liquid. 

312. We have shown in § 62 that the velocity potential at 
any point due to a fine vortex is equal to — mfl/27r, where II is 
the solid angle subtended by the vortex at the point. When the 
vortex is circular, this solid angle may be easily expressed in a 
series of spherical harmonics*, and we may thus obtain the 
expressions for the component velocities in the form of a series. 
This method of proceeding is especially useful, when we desire to 
obtain the eflfect of a vortex at a point very distant from it, for in 
this case a few terms of the series will be sufficient. 

We could also apply this method to find the velocity potential 
due to a vortex situated outside a fixed sphere, but the preceding 
investigation shows that the series representing the image will 
not be the velocity potential of a single vortex unless the original 
vortex lies on a concentric sphere ; when this is not the case, the 
image will consist of a hydrodynamical system of more or less 
complexity, which will be dependent on the form and position of 
the original vortex ring. 

In considering the motion of two vortices we have supposed 
that their planes are parallel, and that their centres lie on a 
straight line which is perpendicular to their planes. For the 
discussion of the motion of two vortex rings whose planes are not 
parallel, we must refer the reader to Part ii. of Prof. J. J. Thomson's 
Motion of Vortex Rings, 

^ Ferrers, Spherical Harmoniesy ch. in. Maxwell, Electricity and Magnetisniy 
vol. II. ch. XIV. 
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Vibrations of a Circular Vortex Ring^, 

313. The vibrations to which a vortex ring may be subject, 
may be divided into two classes, vibrations which involve a deform- 
ation of the surface of the ring, without any deformation of the 
central line ; and vibrations which involve a deformation of the 
central line as well as a deformation of the surface of the ring. 

A complete investigation of the stability of a vortex which is 
in a state of steady motion or kinetic equilibrium, would involve 
the consideration of the problem in its most general form. When 
however the cross section of the ring is small in comparison with 
its aperture, we may without sensible error treat these two kinds 
of vibrations separately. We shall therefore in the present section 
confine our attention to vibrations involving a deformation of the 
central line alone, and shall neglect deformations of the surface. 
In the closing portion of this Chapter, we shall suppose that the 
central line retains its circular form, and investigate what may be 
called fluted vibrations, that is to say vibrations which consist of 
trains of waves travelling over the surface of the ring, whose crests 
are circles parallel to the central line. 

314. Let a be the radius of the central line when the ring is 
undisturbed, } its distance from the origin ; and let x', i/, / be 
rectangular, and m\ •^, z cylindrical coordinates of any point on 
the central line during the disturbed motion ; also let a?, y, ? + ? 
be rectangular, and w, 0, j + f be cylindrical coordinates of any 
point of space. Let 

or' = a + a^ cos n*^, / = J + 7^cosw>/r (6), 

where in the beginning of the disturbed motion, a», 7^ are small 
functions of the time, whose squares and products may be neglected. 
Then 

(c = 'Uf^ cos 1^, y' = w sin 'sjr, 

whence 

daf/dy^ = — a sin -^ — a^ (cos n*^ sin -^ + n sin ny^ cos yjr)\ 
dy'jd^ = a cos '^ + flr„ (cos wi^ cos -^ — n sin n-^ sin '^) >. . . (7). 
dz'/dy^ = — ny„ sin nyft J 

^ J. J. Thomson, Phil. Trans. 1882, and Motion of Vortex Rings, Part i. 
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Let r be the distance between the points (a?, y, ? + ?) and 
(^'» y'* ^')» *lso let 5^ = f— 7^ cos yi>^, then 

Now r^ can evidently be expanded in a series of cosines of 
multiples of '^ — tf , we may therefore put 

where the (Ts are functions of «r, m\ ^. Since -^ enters into tar', f 
in the forms a^cosn-^, y^cosn-^, the terms in the (fa which 
involve -^ will be small quantities, whence if 

{tD-" + a* + ^- 2wa cos (^ - 5)}-* = ^, + ^, cos (i^ - d) 

+ u4^cosm('^-^+...(8), 

we shall have 

In the present investigation ? will be a small quantity, and we 
may therefore neglect the last term, we thus obtain 

dA 

315. We must now calculate the velocity due to the vortex 
during the disturbed motion. 

By § 61 the velocity parallel to a? of a vortex of strength m is 

Substituting the values oi z — z* &c. in terms of -^ and neglect- 
ing squares of small quantities, the term in brackets becomes 

(fa cos '^ + ny7^ sin n^ 

+ i^n {(w — 1) cos (n + 1) -^ — (n + 1) cos (n — 1) '^\. 

Since every term of this expression is small, we may write A 
for C in the expression for r"*, whence remembering that 

I cos m-^ cos n-^-!^ « or tt 

according as m is unequal or equal to n, we obtain 

w = ^m[5'a-4jCosd 

+ W» {(^ - 1) ^,+1 cos (n 4- 1)^ - (n + 1) ^^.,cos(ri- 1) 6\ 

+ inwy^il„{cos(n-l)tf-cos(rH-l)tf}] (10). 

5—2 
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The velocity parallel to y is 

The term in brackets 
= ^amx -^ — nxy^ sin ny^ 

+ Jay^ {{n — 1) sin (n + 1) -^ + (n + 1) sin (n — 1) -^J , 
whence 

t; = ^m [5Gt-4j sin ^ 

t Wn l(^ - 1) -^«+i sin(n + 1) ^ + (n + 1).!^, sin (n - 1) 6} 
-^nmy^A^{sm(n+l)0+sm(n-l)0}] (11). 

The velocity parallel to z is 



w 



=£/:^j(.-rti-(.-^)^$}^+. 



The expression in brackets is equal to 
a^ — a(x cos -^ + y sin '<|r) 
+ 2aa^ cos ny^ — i^ya^ {{n + 1) sin (n + 1) >|r + (n — 1) sin (n — 1) i/r} 

— ^xa^ {{n + 1) cos (w + 1) -^Ir — (w — 1) cos (w — 1) yjr]. 

Since the first two terms are not multiplied by any small 
quantity, we must not put A for C in the value of r"' by which 
these terms are multiplied, but must employ the value of G given 
by (9); whence on integration 

the 1st term = ^ma^ (2-4 o + -r-^ «« cos nO) > 

the 2nd term 

(dA dA 

= — ^ mA^a^ — J maxu^ \ ,*'^* cos (w + 1) 0-{- —f^ cos (n — 1) ^ 

-i^ayan{^sin(n + l)^-^»sinOi-l)^|, 

and the other terms 

= \m [2aa^ A^ cos n^ 

-Jya, {{n + 1) ^.„ sin (n+l)e + {n-l) A^„ sin (« - 1) 6} 
- i a'". {(«■ + 1) ^.+, cos (n + 1) ^ - (n - 1) A„_i cos (« - 1) 6]]. 
Collecting our results we obtain 

w = \m 24,0* — arsA^ 

+ (2^,a + J«f [(« - 1) ^,., - (n + 1) ^.„]} a, cos n^ 
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316. Having obtained the values of the velocities we can now 
find the values of d^, 7^. 

If e be the radius of the cross section (which is supposed to be 
very small) the equations of the surface of the ring are 

fsr = a + a^cosw^ + ecos^...i (13), 

z =^ ? + 7»cosn5 +6sin0 (14). 

By § 12. if F(vT, By (f>, t) be the equation of a surface which 
always contains the same elements of fluid, 

dt dfSF dd dff> 

where J2 is the velocity along cr, and 0, ^ are the angular 
velocities in the directions in which these quantities increase. 

Applying this to (13) we obtain 

\ cos 710 — R" na^ sin n^ — ^ sin ^ = 0. 

If the motion were undisturbed © would be zero, hence in the 
beginning of the disturbed motion must bo a small quantity ; 
the third term is consequently of the second order and may there- 
fore be neglected. We thus obtain 

JB = a^ cos 71^ — 6<I> sin ^ (15). 

But 
JK = lA COS ^ + v sin ^ 

= im [^aA, + ia7, {{n - 1) A^^, - (n + 1) ^^.J cos nff]. . . (16), 

by (10) and (11). In this expression 5 = 7„cosntf + «sin^; also 
the values of the A'b must be obtained from (8) by putting 

-cj = a +a^ cos nO -\-e cos <f) 

and giving to f the above value. Let 8^ denote the value of A^ 
at the surface of the undisturbed vortex, that is when a^ = 7« = 0. 
Then by proceeding in the same manner as in the case of equation 
(9), we see that 

A, = S, + '^^a,cosn0 (17). 

But since each of the A'& is multiplied by a small quantity in 
(16), we may put flf for .4, and we thus obtain 

jR = Jm [aflf J (7^ cos nO -he sin <f>) 

+ hd^Ain- 1) 8^, -in + 1)8^,} COS n0] (18). 
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Equating coefficients of cos nO and sin <f> in the two values of R 
given by (15) and (18) we obtain 

«) = -imafif, (20). 

Again, the condition that (14) should be always composed of 
the same elements of fluid, is 

dF . / .^ dF ^ dF -. dF ^ 

whence 

w = } + 'i^cosnO+e^cos<f> (21). 

Equating the right-hand side of this equation to the value of w 
given by (12), we obtain 

i m 2A^a^- avrA^+ {2A^a + ^[{n" 1) A^^^'-(n+l)A^J\a^coB nO 

■*■ r ~da ■" ^"^ dS ^^*^^ ■*■ ^"^^^ J ^^* ^^^ ^^J = ? + 7. cos n0 

+ e*cos«^...(22). 

Since the last two terms on the left-hand side are multiplied 
by a^, we may put -er = a, A^^S^ ; but in the first two terms 
which are not multiplied by a small quantity, we must substitute 
for A^ its value from (17), and for «• its value from (13). Making 
these substitutions and equating coefficients we obtain 

f =ima»(25,-^J (23), 

^ = -JmaS, (24). 

7. = i^«« [2S,-5, + i{(n-.l)5^,-.(n+l)5,J 

+ « ^{^.-i (5n., + ^nj} + a^ (25,- ^j]...(25). 

317. We must now calculat'O the S*s. From (8) it follows 
that if we put 

«r = a + c cos ^, ^~ e sin ^, ifsraq = «r* + a' + f , 
then 
^ 1 r«' coH n0d0 «o 1 P' d0 

^n ~ 1 I i » ^f^o = i I 1 • 

TT (2isra)* -^ (q- cos 0y ir {2rsray Jo (j - COS 0)* 

Since e is very small, q is nearly equal to unity, and we there- 
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fore require the values of the preceding integrals, when q is nearly 
equal to unity. Let 



On 



_1 p^ cosngdg h zizJL\^' cosndde 



From § 277, it appears that 6^ is a zonal toroidal function of 
the second kind ; also «ince c^ = — ^dbjdq, it follows from § 273 
(55) and § 275 th^t 

^H=|4l(?^-*n..) (26), 

and that 

(l-9')^:-23^- + K-i)^ = (27). 

In order to find the value of 6^ when q is nearly equal to unity, 
assume 

6. = <^(?)logi^^ + i^(?). 
Substituting in (27) we obtain 

In these equations put a? = j' — 1, and they become 

a.(2 + «)g+2(l+a;)g-(««-i),^ = (28), 

4g + «;(2 + ^)g:+2(l+«)g-(n«-i)^ = 0...(29). 

In order to solve (28), assume (f) = %a^y and we obtain 

_ w' — J — m (m + 1) 
^«+i 2(m+l)* ^«' 

whence 

^=„,{i^(„._i)|^(!i!z|^(iy 

(n'-^)(n'-|)(«'-y-) /a;Y I 

= at,P (say). 
Putting ^ = Sa^a;"* we obtain from (29) 

_ n'-^- w (m + 1) _ 2 
""'«" 2(m + l)'' ""• m + 1 '*•"+" 



X 
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whence 

...{«*- (to - i)'} g„ r^ ,y . . .(31). 

-, 1 

and therefore 6,= o,Plog Yg^-— yr +'^ (32). 

By § 273 (56) 

4mq\ = (2« - 1) 6^, + {2n + 1) b^,. 

Hence when q is nearly equal to unity, this equation may be 

written, 

4n6, = (2n - 1) 6^. + (2n + 1) 6^., 

the solution of which is 

^C + G'fin) (33). 

Therefore 6, = (7 + (7, 

2b, = a 

Therefore 6, = 26„ + (6, - 26J/(n) (34-). 

in' dd 



Now 26 



■•-1/ 



, ./(q-cos6) 

2 f # ^^ 2_ 

tV(3 + 1)Jo (l-jfc'cos'i^)*' 9 + 1 

4 f*« d<^ 

'T V(? + 1) ./ (1 - ;fc» 8in» «/))* 

4 , 4 

log w 



TT V(3 + 1) * A;' 
i/2, g-1 
,r '^^16(? + 1) 
approximately. Also 

1 [*' cos Odd 






(g' — COS 5)* 

= - ^ VC^ + l)/*" (1 -A;'sin^ 0)*# + 26,g 

= -4V2/7r+26„ 
approximately ; whence (34) becomes, 

'■-^'■»»i^)-*-^/(») <» 
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Since x is very small we may put a? = in the expressions for 
i\> (x) and '^ (x)y and (32) becomes, 

&, = «olog J(^^l) +«. (36). 

Comparing (35) and (36) we obtain 

% = " ^/2/7^, 

If <r^ denote the sum of the reciprocals of the first n natural 
numbers. 

But it is shown in Boole's Finite Differences, 2nd edition, p. 93 

that a^ = -577215 + log n + 2'^^ - 12-*n-*, 

whence 

f(n) = -288607 + log 2n - J log n + (48)-*7i-* (37), 

and we obtain from (32) 

b^ = V27r-^ {1+4 (n» - J) x} {log 16 (2 + x)lx - 4/(m)} 

+ V27r-'a?(n»-J)...(38), 
and therefore from (26) 

c. = j27r-'[2/x - (n«-i) {log 16 (2 + x)/x - 4/(n)} - n'- f]. . .(39). 

Hence we finally obtain 

'S,H^/x-(n*-i){log 16 (2+a?)/a?-4/(ti)}-n'-f]/27r(cra)*...(40), 

where ^ = g — 1 = {(«• — a)' + f }/2fira. 

318. We can now complete the solution of the equations of 
§ 316. At the surface of the ring cr — a = e cos ^, f = e sin ^, 

whence x = ey2a\ (2 + x)/x = 4ia*/e^, 

and therefore 

8^ = [4a7e" - (n' - i) {log 64 a'/e" - 4/(n)} - n* - f ]/27ra», 

and 

2S, = (4aVe» + i log 8a/6 - |)/27ra». 

Substituting the values of 8^ and fif^ in (23) and (24) we obtain 

j = m(log8a/e-l)/27ra (41), 

4> = - m (4aVe* - f log Sa/e + |)/47ra* 
or since m = Trwe*, 

a> = -ft) + |Q)eV^(log8a/e-f) (42). 
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Equation (41) gives the velocity of translation of the ring, and 
agrees with the expression previously obtained in (5). The angu- 
lar velocity of the liquid at the surface of the ring is given by (42). 

319. In order to obtain the equations for determining the 
small oscillations, we must substitute the value of 8^ in (19) and 
(25). Putting 

i = m{log8a/e~2/(ti)-i}/27ra' (43), 

we shall after reduction obtain 

the solution of which is 

a„ = ^ cos {Ln V(n' - 1) * + 13}, 

y^ = An' V(w' - 1) sin {Ln s/{n^ - 1) < + /9}. 

'ThMe ^uations show that a circular yodex Ting is stable for 
all displacements of its central line, and that the period of oscilla- 
tion is iTTJIm V(^' — 1). 

Now 6 is a small quantity and therefore if n is not very large, 
log Saje will be large compared with 2/ (71) + J, and the period of 
oscillation is approximately equal to 

47rV/mn V(^* — 1) log Saje. 

But if n is so large that ne is comparable with a, we must 
substitute for/(n) its value from (37), and we obtain 

i = m (log 2alne - l-0772)/27ra'. 

Since n is large, we may write n' for n" — 1, hence if Z= ^irajn 
the period of vibration becomes 

J? (log litre - 1-0772)-^ (Trwe*)"'. 

The transverse vibrations of a rectilinear vortex have been 
investigated by Sir W. Thomson \ who finds that when IJe is 
large, the period of oscillation is equal to 

P (log litre - -3272)-* {irmy\ 

which approximately agrees with the preceding expression. 

If the displacement had been represented by the equations 

«r' = a + a^ cos n-^ + /8„ sin W'^, / = J + 7^ cos w-^ + i^ sin w^, 

it could have been shown in a similar manner that ^^, S„ satisfy 
the same equations as a^, 7^. 

» Phil Mag. Sep. 1880, p. 167. 
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Linked Vortices. 

320. The subject of linked vortices has been elaborately 
discussed by Prof. J. J. Thomson in Part ill. of his Motion of 
Vortex Rings, to which the reader must be referred for complete 
information on the subject. In the present section we shall 
confine oursehf^s to the discussion of the simple case of two 
vortices of equal strengths. 

We have shown in § 291, that when two rectilinear vortices 
are situated at a distance from one another whicb is large 
in comparison with the linear dimensions of the cross sections 
of either, their cross sections will retain an approximately 
circular form ; and the vortices will revolve about their common 
centre of inertia with angular velocity (m + m')/7rrf*, where 
m, m' are the strengths of the vortices and d is the shortest 
distance between them. Hence if the motion is steady the angular 
velocity must be approximately constant, and therefore d must be 
constant. 

If we consider two linked vortices whose shortest distance is 
small in comparison with the radii of their apertures, but large in 
comparison with the linear dimensions of the cross sections of 
either of them, the action of one voitex upon the other so far as it 
affects the form of the cross section of the other, will be approxim- 
ately the same as that of two rectilinear vortices. Hence in order 
that the cross sections of the two linked vortices may retain an 
approximately circular form, we must suppose them linked in such 
a manner that the above conditions are satisfied When the 
vortices are of equal strengths, this may be effected by supposing 
them wound round an anchor ring, the radius of whose cross 
section is small compared with the radius of its aperture, in such a 
manner that there are always portions of the two vortices at 
opposite extremities of a diameter of the cross section of the 
anchor ring. If we wind a piece of string n times round a curtain 
ring, and tie the ends together ; and then wind another piece of 
string n times round the ring in the same direction as the first, so 
that the shortest distance between every point on one of the strings 
from the other string is a diameter of the cross section of the ring, 
and tie the ends of the latter together ; we shall have an exact 
representation of the manner of linking. 
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It is also evident that the number of Tvindings must not exceed 
a certain number which depends on the dimensions of the cross 
sections of the vortices and the anchor ring, and also upon the 
radius of the latter, otherwise the shortest distance might not be 
the diameter of the cross section of the ring. Moreover one or 
more vortices twisted round an anchor ring a great number of 
times would approximate to a vortex sheet, and the motion would 
be unstable. 

321. We shall now consider the small oscillations of two 
equal vortices wound r times round an anchor ring. 

Let the equations of the two vortices when undisturbed, be 

cr = a + ^c2 cos rd, -? = ? + Jd cos rd, 

«r' = a — ^ cos rd, / = J — ^d cos r^, 

and let these equations when the vortices are disturbed, be 

«r = a + 2a^ cos nd, z =} + Xy^ cos nO, 

ct' = a + Xa\ cos n^, z =} + Xy'^ cos nO. 

Also let A^y 8^ be the quantities denoted by these letters in 
§ 316, due to the action of the first vortex upon itself; and let J.'^, 
S\ be the values of these quantities, due to the action of the first 
vortex on the second. 

From (18) it follows that the velocity in the direction of the 
radius due to the first vortex at a point on the second vortex, 
consists of a series of terms of the type 

4^ [-S-.y. + h, {(" - 1) 8'^^ - (n + 1) S'^^}] COS ne. . .(46). 

The value of 8^^ is given by (40) in terms of x ; in the present 
case X is approximately equal to cP/2a*, where d is the diameter of 
the cross section of the anchor ring on which the vortices lie and 
which is therefore a small quantity. Also if we suppose that n is 
not sufficiently large for f(n) to be comparable with log Sa/d, 
it follows that if the largest terms only are retained, the above 
expression for the velocity 

= m (47ra*)-' [(4aVd* - f log Sa/d) y\ 

- {4aV(f + 2 (w' - 1) log 8a/d} 7J cos n0. . .(46). 

From (43) and (44) it follows that the velocity along the radius 
vector due to the action of the second vortex upon itself 

= - iwTi" (27raV in cos n0 log Saje (47). 
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Since we suppose that e is small compared with a^, it follows 
from (15) that the velocity of the second vortex along the radius 
vector is approximately equal to d\ cos nO, whence equating these 
values of the radial velocity we obtain 

a\ =m [(4aVd'- f log8a/d - 2nMog Sa/e) y\ 

- {4aVd' + 2 (n* - f) log8a/d} y^*ira\..{4S). 

From (12) it follows that the portion of the velocity parallel to 
z of the second vortex, which is due to the first is, 

w = ^ [2A\a* — avA \ 

+ [2S^a + ia [(n - 1) fiT^., - (n + 1) flT^^J} a. cos n0] 

+ ^ma' d^i^n-^ (S'«« + ^.-t)} «. cos ^^• 

Now at the second vortex 
2^>» - aisFA\ = a" (2iSr^ - fiT J - flT^oa', cos wtf 

+ a* ^ (2iSr^ - £r,) a'^ cos nd, 

also 2fir^ - S; = (log 8a/d - 1 )/7ra', 

and d (2fir, - fif'J/dtsr = - f7r~* a"* log 8a/d, 

retaining the most important term only ; whence the value of w 
approximately is, 

w = m (log Sa/d — l)/29ra 

- m (47ra'r K^a^/d!' + f log Sa/d) (i\ 
+ {4a7(r + 2 (n" - \) log 8a/d} a J cos nd. 

By (41) and (44) the velocity parallel to 2^ of the second vortex 
due to itself is 

m (log 8a/e — l)/2'rra + m (27ra*>"* (w* — 1) a'^ cos nd log Sa/e, 

The resultant velocity parallel to z of the second vortex is the 
sum of these two expressions ; but by (21) this velocity is also 
equal to 

? + 7 '» cos nO, 

whence equating coefficients in these two expressions, we obtain 

j = m (log 64a7de - 2)/27ra, 

y\ = m [2 {2aVd» + (n" - i) log Sa/d] «„ 

- {4aVd» + f log Sa/d - 2 (n* - 1) log Sa/e} a' J/47ra'. . . (49). 



(50), 
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322. Let 
i = m (4aVcP - f log Sa/d - 2n» log 8a/e)/47ra', 

M=m {2a7d* + (w* - f ) log Sa/d}/27ra\ 
P = m {4ia*/d' + f log 8a/d - 2 (n' - 1) log 8a/e}/47ra', 
Q = m {2a7cP + (yi' - i) Jog Sa/d}/27ra\ 
and we obtain from (48) and (49) 

Similarly it can be shown that 

whence 

d' - d, = (Z + if) (7; - 7J, 7;-7, (P + <2)(a',-aJ, 

therefore 

o'- a„ = 2A cos (/*« + €) 

where 

f^ = (L + M){P + Q) 
= {m/iTray {Sc^/cP + (2ro» - 3) log Sa/d - 2n* log 8a/e} 

X {Sa'/cP + (2n' + 1) log Sa/d - 2 (n" - 1) log 8a/e} . . .(51). 

Again, 

«'n + «. = (i - JO (7 . + 7»). 7. + 7. = - (i' - «) (7 . + 7n). 

whence 

a\ + a„ = 25 cos {vt + €) 1 

y^ + <y^ = - 25i/ (i - if)-^ sin (i/e + € )] ^^^^' 

where 

i/« = (i-Jlf)(P-Q) 

= {m/27ray (log 64a7de)» n' (n" - 1). 

Therefore 

v^m{27ra''y'n{n^'-'l)^log64^*lde. (53) 

= w(n«-l)*F/a 

nearly if F be the velocity of translation of the vortex ; we there- 
fore finally obtain 

a\ = A cos (fU + e) + jB cos (vt + e') x 

a^ = — -4 cos (/i^ + e) + B cos {vt + €') 

7'.= -^/^(i + Jlf)-^ sin (/[*« + €) -5y(X-3f)-*sin(i/<+eOp*^^^^' 

7 = ^/A (I+ilf )'' sin (fit + €) "Bv (L-M)'' sin (vt + €0> 
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Equations (51) and (53) show that /t and v are both real/and 
therefore the steady motion we have been considering is both 
possible and stable ; also fi is much greater than i/, and therefore 
the motion consists of a quick vibration whose period is 27r//A and 
a slow vibration whose period is Ztt/v, 

323. In the problem we have been considering, we have 
supposed the vortices wound r times round an anchor ring, and 
that the equation of its projection on the plane of the ring during 
the disturbed motion is 

tsr = a + 2or^ cos n0. 

Of the terms a^ the quantity a^ is the most important, since its 
maximum value is ^; the other terms denote small sinuosities 
and are very much less than a^. Now (54) shows that if any of 
the quantities a^.., are initially zero, and the vortex suffers no 
external disturbance, they will remain zero throughout the motion, 
and the motion of the vortex will be given by (54), r being written 
for n ; also if the rings are initially placed so that 

we see from (52) that B = D = 0, and therefore the slow vibrations 
will not be excited unless the ring suffers some external disturb- 
ance. 

324. The preceding investigation shows that two vortices of 
equal strengths linked round an anchor ring in the manner described 
in § 320 are stable ; Prof. Thomson has also shown that two linked 
vortices may be stable when their strengths are unequal, but the 
manner of linking is not the same in the two cases. 

When the vortices are of unequal strengths wi, m/ they must 
be linked in the following manner^ : 

" Describe an anchor ring whose mean radius of aperture is a, 
and the radius of whose transverse section is md/(m + m') ; then 
the central line of vortex core of the vortex of strength m will 
always lie on the surface of this anchor ring. Describe another 
anchor ring with the same circular axis, and the same radius of 
aperture as the first, but with a transverse section of radius 
md/(m + m) ; then the central line of vortex core of the vortex ring, 
whose strength is m', will always lie on the surface of this anchor 



1 ., 
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ring ; and will be so situated with respect to the first vortex ring 
that if we take a transverse section of the anchor ring, and if C be 
the common centre of the two circular sections, P and Q the points 
where the central lines of the vortex rings cut the plane of section, 
then P, 0, Q will be in one straight line and G will be between P 
and Q. If we imagine the circular axis of the anchor rings to 
move forward with a certain velocity F, and the circular axes of 
the vortex rings to rotate round it with a certain angular velocity 
which depends upon their strengths and dimensions, we shall get a 
complete representation of the motion." 

825. A similar method might be employed to investigate the 
steady motion of a number of linked vortices, but if the number of 
vortices exceed a certain limit the steady motion will be unstable. 
For if we suppose for simplicity that the vortices are of equal 
strengths, and are linked round an anchor ring, the system will 
approximate to a vortex sheet if the number of vortices be large ; 
and since the cross section of the anchor ring is small compared with 
the radius of its aperture, such a vortex sheet may be approxim- 
ately regarded as a cylindrical vortex sheet, and we have shown in 
the previous chapter that such a vortex sheet is unstable. For 
the purpose of investigating this question. Prof. Thomson has 
examined the stability of a number of rectilinear vortices of equal 
strengths arranged at equal distances round the circumference of a 
circle, and he finds that the steady motion of six or any less 
number of vortices is stable, but that seven vortices are unstable ; 
whence it is inferred that if less than seven vortices are linked 
round an anchor ring so as to cut any cross section in the angular 
points of a regular polygon, the system is stable, but if there are 
more than six vortices the system is unstable\ 



Vortex Rings of Finite Section^ 

326. In the preceding investigations we have regarded the 
cross section of the ring as indefinitely small, and have taken no 
account of what goes on inside the ring; we shall now suppose 
that the cross section though small in comparison with the 
aperture of the ring is finite, and we shall investigate the motion 
of the rotationally moving liquid of which the ring is composed. 

* For the motion of vortices in a gas, see Chree, Mess. Math. vol. xvii. p. 106. 
s Hicks, Phil. Traits. 1884 and 1885. 
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For the sake of greater generality we shall suppose that the 
liquid constituting the ring is of different density from the liquid 
surrounding it, and that in the surrounding liquid there is a 
circulation additional to that produced by the filaments of which 
the ring is composed ; but it will be assumed that the pressure at 
a distance from the ring is sufficient to prevent the formation of 
a hollow, and the conditions for this will be found. 

Let p be the density of the outside liquid, fi its circulation ; cr 
the density of the liquid constituting the ring, /a' the circulation 
due to it. 

Outside the ring, Stokes' current function satisfies the equation 

^ + ^_i^ = (65). 



Inside the ring, ^ satisfies the equation 






ds^ da* w d 



m 



(56). 



In order to obtain the solutions of these equations in a suitable 
form, it will be necessary to employ the toroidal functions whose 
properties have been discussed in Chapter XII., and we shall begin 
by considering the steady motion of the ring. 

By § 79 the vorticity at any point of the ring is proportional to 
ft)/w ; hence by (33) of § 38 when the motion is steady the vorticity 
is a function of the current function. Now before it is possible to 
discuss the properties of any vortex ring it is necessary to know 
its vorticity, and we shall suppose in the present investigation 
that the vorticity is constant. This requires that co/w = const. = ^M, 
whence (56) becomes ' 

^ + ^' _ i *fc: = Af«r« (57). 

We may also suppose that the ring is at rest, provided we 
impress upon the whole liquid a translatory velocity equal and 
opposite to the velocity V of the ring; whence the proper solutions 
of (55) and (57) may be respectively written, 

^ = - JF«r» + (26)-* (C + c)-* Sr ^ A (W""* cos wf . . . (58), 
and 

^|r' = iMm' + (26T* {G + o}-^ Sr BJ^ {k/by-^ cos n^ (59). 

If the ring contained a hollow space, it would be necessary to 
B. II. 6 
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include terms of the form D.-B, (b/ky^^ oos »f in the expression for 
^' ; but fts we suppose that the pressure is sufficient to prevent 
the formation of a hollow, ^^^ cannot contain any terms of this 
form. 

327. We are not at liberty to aasume that the cross section of 
the ring is an exact circle in steady motion ; but when the cross 
section is small compared with the aperture, it can be represented 
by an equation of the form 

i = 6(l + )3,co8f + ^,cos2|+ ) (60), 

where & is a small quantity and ff^ is another small quantity of the 
order 6" ; and our object will be to obtain an approximate solution 
of the problem upon this assumption, which as we shall presently 
see is justified by the result. We shall make the further 
assumption, which is also justified by the result, that A^ and B^ 
are each quantities of the order b* ; and for a first approximation 
we shall retain quantities of the first order in calculating ^, which 
will render it unnecessary to carry the approximation farther than 
the term involving cos f ; but in calculating ^' it will be necessary 
to carry the approximation as far as cos 2^, and to include in the 
coefficients of these terms quantities of the third order. 

828. Putting C = cosh 17, S = sinh «;, c «*= cos f , we have shown 

that 

J={0 + c)/a, vf^aSjiC-^c) (61), 

also by § 280 if p and q are the velocities perpendicular to the 
surfaces 1; and f measured in the directions shown in the figure 
of that section, 

p = Jtsr"' dy^ldli, q = Jvr'^ d^fr/dtj (62). 

Since /a' is the circulation due to the ring 

fi' = 2fja>da' = Jf/Jtsr J"* dvd^, 
^ Ma^ fJ(C -^ c)-^ Sdvdl 

J —w 

= -4ilf7ra»6» (63), 

terms of the fourth order being omitted. Also since /a is the 
circulation outside the ring, it follows from (70) of § 281, writing 
AjrS.^^ for A^, that 

fi^-- ira'' (A,-- Afi + AJ)' ^) (64). 
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329. We are now in a position to calculate yjr. From (61) 
we obtain 

tsr* = a' (1 - A:')V(1 + ifc« + 2ifc cos f ), 

= a« {1 - 4& cos f + 2A;» (1 + 3 cos 2f) -} ... (65). 
Also 

(G + c)'^^ (2Jfe)V(l + ifc* + 2ifc cos ^K 

= (2A:)* {1 + JA:»- (* + fA;')cosf +|ifc*cos2f-}...(66), 

in which we have retained quantities of the third order in the 
coefficient of cos f , as they will hereafter be required. Whence to 
the first order 

^ = -JFa»(l-4A:cosf) + (l-Aco8f){^lZ,+^,lJXWco8fK67). 

The value of '^ must be constant at the surface, if therefore we 
substitute for k its value from (60), the coefficient of cos f must 
vanish. Now by § 283 

iJ,— i(I-2)-i&^Z + l) 
JB, = i-iA^(Z-i) 

Therefore 

!ydJfc = -|A:(i-l) 

Therefore at the surface 
^ = -J^Fa»(l-46cosf) + (l-6co3f) 

X {- ^A, (i - 2) + ^A,B, cos f + ^4, cos f }. 

Equating the coefficient of cos f to zero, we obtain 

2Fa» + iilo(X.-2-h/3^6) + i^,/6 = (69a), 

which shows that -4 ^ is of the first order ; therefore from (64) 

A,=^--fia/^ (70), 

A,^fjL7r''ab{L^2 + fiJb)-'^Va'b (71). 

330. The calculation of '^' is more difficult, since we must 
retain terms of the third order. Let Q = — /A'a/47r, then by (63), 
if = Q/a*6*, and the value of •^' becomes 

6V' = Q^ySa' + (26) ■*((? + c)"* 2* BJ^ {kjbf^^ coswf . . . (72). 

Now i!r* = a*{l + 12ifc"-8(Ar + 6A»)cosf+20ifc'cos2f}, 
also by § 283 

omitting k*. 

6—2 



} (68). 

dBJdk=[2kr-lk(L^^ . 

dRJdk^-ik(L-l) ) 
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Therefore by (66) 

(26)-* (C + c)-* BX (h/k)* = 5, {1 + ift* - (* + |;fc») cosf + f Jf cos 2f } 

X (1 + \]<*) 
=5, {1 + ^ - (* + fifc*) cosf + fjfc* cos 2f }, 

(2i) " * (C + c)-* 5, r, (fe/6)* = f JB, (1 + iifc* - jfc cos f + f Jb* cos 2^ 

x(ifc/6)(l-iA»)co8f, 

(26)-* (C + c)-* B, T, (Jfc/6)«= -yi 5, (1 - ifc cos f ) (k/b)* cos 2f , 

= _ jyi 5^ (^ cos f - cos 2f) (ifc/6)». 
Collecting the terms and patting for brevity 
G = Q + B,- SBj2b. H = 165^46* - 35^26 + f5, + 5Q, 
we obtain 
V^lr' = iQ + B, + iQ + ^Q) k^-{Gk + an +{G + ^Q)l<^} cos ^ 

+ ^Hi? cos2l (73). 

In order to obtain the surface value of y^', we must substitute 
the value of k from (60) in (73). 

The first two terms 

= iQ + B, + b'{Q + ^0)(l + 2/3, cos f). 

The next term 

^ - {6b + bWH + iG + ^Q)+^Cfb^,} COB ^-^Gb0, (1 + 008 2^. 

The last term 

= ifl6» (cos 25 + /9, cos f ). 

Adding and equating the coefficients of cos { and cos 2^ to zero, 
we obtain 

-Gb- (\H + i© + f Q) 6* - i(3'6/8, + iS6*/8, + (2Q + G')6'/8,=0. . .(74), 

and - JG6/3. + iif6» = (75). 

From (74) it follows that to the lowest order 

G = 0, 

whence from (75) H= 0. 

From these equations it appears that G and H are quantities 
of the fourth order at least. 

Substituting in (73) we obtain 

6»^' = iQ + 5,+ (2A»-|QA'cosf (76). 

This is the approximate value of y^' inside the ring to the first 
order of small quantities 
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331. We can now determine the value of /8j. Since the 
normal velocity must be zero at the surface of the ring, the 
boundary condition is 

dF dF 



which by (62) becomes 



«df-^d^=^* 



dk df df dk~ ' 
where jF'=6 (1 +/8,cos^-ifc = 0. 

Therefore 

(4QA; - 27^^;* cos f) 6/8, sin f - QQA;* sin f = 0, 
whence to the lowest order 

^. = |6 (77). 

332. We must now calculate the pressure Inside the ring 
the equations of steady motion are 

fT aw * aor 

where q is the resultant velocity, whence remembering that 
zju = — d-^'jdzy WW = dy^/dw, 2a) = Mw, we obtain 

pl<r = E^^ + Mir' (78), 

where j^ is a constant. Outside the ring the pressure is determined 
by the equation 

where 11 is the pressure at infinity. Now 

_ j^ ((d±\' 1 (d±\i 

~ Tsr* \\dk) '^Jfc'Uf/r 
and Jk/m = (1 + 4ifc cos f )/2o*, 

approximately ; also from (76) 

therefore ^^ . -i, (a,. ^ J.„„f), 
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in which we have neglected terms of the first order, since they are 
small in comparison with b'K For the same reason A?"* d-^/df may 
be neglected, whence (78) becomes 

The velocity evidently vanishes when Aj = 0, whence if P be the 
pressure along the critical circle 

PI<r = E+Q(iQ + B,)la% 

whence at the surface (omitting terms of zero order), 

f' = ? + 2&{l+<2'^«-^^)^««f5 (^^^- 

From (67) we obtaia 

^ = (2 Va' - A,R,) cos f + (1 - A cos f ) (AJ2k - A pjtl^ . cos f ). 

Therefore at the surface 

Jkd'^ 
■a dk 

= ^, (1+46 cos i) [.1^26+{2Fa'+ iil.(X-3) 

-\AfiJh-AJ2h]cos^] 

= ^. [^^26 + {4Fa« + A,iL- i)} cos fl, 

by (71). 
Therefore 

9* = 4^.[iA' + AM4Fa* + ^(Z-i)}cosfl, 

hence £ = 5 _ _^^, [j^, + ft {4 Fa' + A,{L- J)} cos f ] . . . (80). 

Since the pressure must be the same on either side of the 
surface of separation, we obtain by equating the values of p, p' 
given by (79) and (80), 

P+(y(r/2a*6« = n-^V/32aV (81), 

Q»(2y3,/6-^)(r = -i^oP{4Fa» + A(^-i)} (82). 

Putting for Q and A^ their values, these become 

'="-*w-' <«'>• 



^ 



^-4^.(^-«-l£^.(T-S («*)• 
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333. Equation (83) determinefi the pressure along the critical 
circle, hence it follows that in order that there should be no 
hollow, P must never become negative ; this requires thai 

tf therefore the pressure at infinity is slightly less than the 
above quantity, a hollow will begin to form about the critical 
\ circle. 

The velocity of translation of the ring is determined by (84). 
Let e be the radius of the circle which approximates most nearly 
to the cross section of the ring, then 

e = a cosech 17 = 2a6, 
therefore L = log 4/6 = log Saje 

and there are three cases to be considered. 

(i) Let yi*^ iJ^i P = <''> ^ = i/^i where ra is the strength of the 
vcwrtex ; then substituting )bhe value of )9j from (77), (84) becomes 

^=2^(log»»/«-i) (86). 

which gives the velocity of translation of a ring of the same 
density as the liquid, when there is no additional circulation. 

This expression does not agree with that obtained for the 
velocity in (5) and (41), but it must be recollected that since is 
small compared with a, log 8a/e is large compared with \, and 
therefore the difference between the two expressions is small. 
The present procedure, although more complicated, gives a 
perfectly accurate result to the order of approximation adopted, 
and the next term in the value of Y is of the first order of small 
quantities. 

(ii) Let there be a ring-shaped hollow round which circula- 
tion takes place. 

The conditions for the existence of such a hollow are that j> 
should be zero at the surface, and also that /l^' = a = ; hence from 
(83) and (84) or directly from (80) we obtain 

r = 2^„(log8a/.-i)j .3,^ 

n = /*V/32a'6' 
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(iii) It is also possible to have a ring-shaped mass of liquid 
relatively at rest, surrounded by liquid in a state of cyclic irrota- 
tional motion. In this case the surface of separation will be a 
surface of discontinuity along which slipping takes place, which 
possesses the properties of a vortex sheet The condition for this is 
that fL = 0, whence the liquid constituting the ring is relatively at 
rest, and it moves forward like a rigid body with a velocity V 
which is given by (87). In order that the liquid should be 
continuous at the surface of separation, it is necessary that 

n = or > fjL^plS2aV. 

It can be proved that in cases (ii) and (iii) the value of /Sj is of 
the second order of small quantities, see Appendix. 



Fluted Vibrdtions of a Vortex Ring. 

• 

334. We have shown in § 319, that a vortex of small cross 
section is stable with respect to a deformation of its central line ; 
we shall now investigate the effect of a deformation of its cross 
section, such that the disturbance consists of trains of waves whose 
crests are circles which are parallel to the critical circle. These 
vibrations may be called fluted vibrations. 

Instead of adopting a procedure analogous to that employed in 
§ 288 for investigating the corresponding vibrations of a rectilinear 
vortex, it will be more convenient to use complex quantities and 
throw away the imaginary part*; we shall therefore suppose that 
the cross section of the ring at time t is represented by an 
equation of the form 

A; -6 + 62/9/**^^'^ (88). 

In the beginning of the disturbed motion the /8's will be small 
compared with b, except 0^ whose mean value we have already 
shown to be equal to |6 ; we may therefore in considering the 
variations of 13^ regard the cross section of the ring as an exact 
circle in steady motion; but the value of jS^ thus obtained can 
only be regarded as a first approximation, and a more accurate 
result would be obtained by going to a second approximation. 

^ The employment of complex quantities was suggested to me by Mr A. E. 
H. Love. 
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We shall not however consider in detail this latter pointy but 
proceed at once to determine the value of /3^ on the supposition 
that the cross section is an exact circle in steady motion. 

335. Dropping the suffix n, (88) so far as /9. is concerned may 
be written 

ifc = 5 + 6/8e^*^+'^ (89), 

also let the current function due to the disturbed motion be 

X = (26)-* (C + c)"* AR^ {hlkf^^ c'^^*^ 
outside, and 

X' = (26)-* {C + c)-* BT^ {klhy-^ e'"*""'^ 
inside. The coefficients A and B will be small complex constants 

of the order /8; also by (66), ((7 + c)-* = (2A?)* approximately; also 
since R^y T^ are respectively multiplied by small quantities they 
may approximately be regarded as constants; we may therefore write 

X = ^ (6Mr e'^'"''* (90), 

X' = B (k/by e'"^-^"^ (91). 

336. If p and q are the velocities perpendicular to the 
surfaces rj and ^ measured in the directions shown in the figure 
to § 280, the boundary condition is 

dF rf dF dF\ ^ 
d^+J(?^-l)^j = 0. 

Since J"^ = 2aA:, we obtain from (89) 

ib[2ah\^'\-qnP)e'^^'^''pk^0 (92). 

Outside the ring 

Since q is multiplied by a small quantity, the term dxldrj may 
be neglected ; also from (67) the principal term in (2a'&)"^ dy^/dt) 
is fij^nrak, which at the surface of the ring is approximately equal 
to U the tangential velocity just outside the ring in steady motion; 
V© may therefore in the small terms put q= U. Also 

^ A similar qnestion arises in connection with linked vortices, which Prof. J. J. 
Thomson has investigated by carrying the approximation to the second order. 
This would be very laborious in the present case. 
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Now ^a'^k"^ dyft/d^ is yery nearly equal to the normal velocity 
of the ring in steady motion, and may therefore be neglected (since 
the ring is supposed to be at rest in consequence of its Telocity of 
translation havinj; been reversed) ; we may therefore put 

whence (92) becomes 

A=-2a*bfi{U+2ab\/n) (93). 

If V be the tangential velocity just inside the ring, it can be 
shown in the same manner that 

£ = 2a'5y3(Cr + 2a5\/w) (94). 

337. We must in the next place detennine the velocity 
potential due to the disturbed motion. 

Since the disturbed motion is irrotational and acyclic, its 
velocity potential at any point P is equal to the flow along any 
path joining P with the origin. Let this path be the curve f = 
from 17 = to 17 = 17, and the curve 17 = 17 from f = to f = f . 
Then 

Substituting the value of ^ from (90), we obtain 



\tsr dtjt^o a Sinn 17 



^tsr d^J(=o a sinh 17 

= A ma' (b/ky (1+ 2A; + . . .) e*^, 
whence keeping only the largest terms we obtain, since k is small, 

J* 

Also 
jj-* qd^ = Ana' {b/k)'f 6'"*+*" df 

= - Aia' (b/k)' €'"*+*** + Aia-' (b/k)' e**', 

whence ^ = -^«i-' (6/;fc)"e'"*^'*' (95). 

Similarly it can be shown that 

f = 5«i-' (ifc/6)- e'"*""*' (96). 
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338. Putting for a moment k^b-^-Bk, the pFessure cmtside 
the ring is determined by the equation 

-=const — 6 — i ( t7 + -7T-SA;+ — ^j + terms of 2nd order. 
p ^ ^ \ dfC vr driJ 

Hence if 8p, hp be the increments of the pressure p due to 
the disturbed motion just outside and just inside the vortex,. 

Now from (67) it follows that to a first approximation 

J7=/x/4'7raA, 
therefore d Ujdk = - U'k, 

whence dropping the exponential factor 

8plp = - A\/a -h TPp - n UAI2a*b. 
Substituting the value of A from (93) we obtain 

if therefore we write 0^ and w for 2ab0 and U/2ab respectively, 
we shall obtain 

7iSpl2abp = -/8, {\'' + 2\nw-\-n (w- 1) w*} (97). 

Just inside the vortex the pressure p' is 

whence 

But Jf=-/*74iraW, alao from (76) U' = ft^k/iarab*, therefore 

dU'/dk^U'/k, Ma* = -U'/k; 
also W'^-la'dfldk, 

whence omitting the exponential factor 

ip'l<r = - ^' + U^Zklk + i Wa' dx'Idk - Vx'/ka' 
= BX/a + TPfi + nUBjia^b - U'B/a'b 
= /8 [Cr» +( £/' + 2ab\/n) {2o6X + (n - 2) W]]. 
Putting U'/iah = v, this becomes 

nBp'/2ah<r = fi, {X* + 2 (n - 1) \t> + w (n- 1) t>'} (98). 



92 CIBCULAB VORTICES. 

Since Sp = Sp\ we obtain 

p {\» + 2n\w+n(n'-l) v^} + or {K"" + 2 {n-l)\v + n {n- 1) t;*} =0, 

or writing /for tr/p this becomes 

^' (1 +/) + 2\ {nw +/(n - 1) v} + n (w - 1) (w/^ +>") = 0. . .(99). 

In order that the steady motion should be stable it is necessary 
that both roots of this quadratic should be real. 

Eeferring to § 288 it appears that the period equation (99) is 
exactly the same as equation (21) of that section with the sign of 
\ changed. This however does not aflfect the question of stability ; 
hence the conditions of stability are the same in both cases, as 
might have been expected, since a circular vortex whose cross 
section is small compared with its aperture, approximates to a 
rectilinear vortex. It therefore follows that if there is slipping at 
the surface of the ring, the steady motion must be unstable. 

339. We have shown in § 332 that if the pressure at a great 
distance from the vortex is less than (fi*p + /A'V)/32a*6' a hollow 
space must exist within the ring ; and that if this pressure is just 
below this critical value, the hollow must begin to form at the 
critical circle. The steady motion of a ring in which such a hollow 
exists, when there is an additional circulation inside the ring, 
which is always possible when a hollow exists, has been considered 
by Mr Hicks, and one curious point connected with the investiga- 
tion is, that it seems probable that under certain circumstances 
the hollow might slip out of the ring, so that two rings might be 
formed, one of which consists of a hollow with circulation round it, 
and the other consists of a rotational core with no additional 
circulation; but until the subject has been more fully investigated, 
it cannot be asserted that this state of things could actually take 
place. 

In Mr Hicks' investigation from which the foregoing articles 
are taken, the more general problem of the fluted vibrations of a 
vortex when there is a hollow and an additional internal circula- 
tion is considered. It should however be noticed that his period 
equations (63) and (65)* do not agi'ee with equation (99) of § 338. 
Unless therefore some error exists in the analysis of §§ 334 — 338, 
his results upon this portion of the subject cannot be regarded as 
altogether free from doubt. 

1 Phil. Trans, 1886. 
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340. When a hollow exists in the ring, it is possible for it to 
pulsate as well as to vibrate. The question of pulsations has also 
been considered by Mr Hicks. 



EXAMPLES. 

1. Prove that effect of a circular vortex at a great distance 
from itself, is approximately the same as that of a doublet of 
strength J^ttk?, where m is the strength of the vortex, and c is its 
radius. 

2. The motion of an incompressible fluid in a spherical vessel 
at any instant, is such that each spherical stratum rotates like a 
rigid shell, the rectangular components of its velocity being w^, <o^ 
a>3, these quantities varying from stratum to stratum ; show that 
if each element of fluid is attracted towards the centre with a 
force whose intensity per unit of mass is 

/ . \ / day. d<o^ d(D\ . dV 

where V is any function of the coordinates, the motion of the fluid 
will be steady ; and find the pressure at any point. 

3. If p^ be the period of the quick vibrations when two 
vortices of equal strengths are linked once through each other, and 
jPj when they are linked twice through one another ; show that 

7 1^ 6m 

and prove also that the period of the vibrations gets longer, as 
the complexity of linking increases. 

4. Prove that the current function due to a fine circular 
vortex of radius c and strength m, may be expressed in the form 







J o 



the upper or lower sign being taken according as 2: — / is negative 
or positive. 
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5. A closed vessel bounded by two coaxial circular cylinders 
of radii u and b respectively and of lengths 2^, with plane ends 
perpendicular to the axis^ is filled with liquid in rotational motion, 
the vorticity being uniform, and the planes of the vortex filaments 
parallel to the axis. Show that when the motion is steady, the 
current function is of the form 



^ ^ ^ ^ ^ ^ ^ ~ /. (no) K, ina) 



cos nh ' 



where the suiAmation extends to all values of n given by the 
equation 

7, [na) K, (nb) = /, {nb) K^ (na). 

6. If 0, 0' are the velocities of the liquid surrounding a thin 
circular vortex ring of strength m, at two points in the plane of 
the ring each of which is the inverse of the other with respect to 
the radius of the ring, and whose distances from the centre of the 
ring are R, R\ where R>B! \ prove that 

0^/i^ + ©viJ' = - f *'— ^^ 1 



CHAPTER XV. 

ON THE MOTION OF A LIQUID ELLIPSOID UNDER THE 
INFLUENCE OF ITS OWN ATTRACTION. 

341. In the year 1738 the Academy of Sciences at Paris 
offered a prize for an essay on the subject of the theory of the 
tides. The authors of four essays received prizes, viz. Maclaurin, 
Euler^ Daniel Bernoulli and Cavalleri. The essay of Maclaurin is 
chiefly of importance, owing to his having proved that when a 
mass of liquid is rotating as a rigid body about a fixed axis under 
the influence of its own attraction, a possible form of the free 
surface is a planetary ellipsoid, whose polar axis coincides with the 
axis of rotation. In 1834 Jacobi discovered that under the same 
conditions, another possible form of the free surface is an ellipsoid 
with three unequal axes, whose least axis coincides with the axis 
of rotation. The researches of Dirichlet, Dedekind and Riemann 
have shown, that the ellipsoidal form is a possible form of the free 
surface, when the liquid does not rotate as a rigid body. The 
discussion of these different ellipsoids forms the subject of the 
present chapter. 

342, We shall commence by obtaining the general equations 
of motion of a mass of liquid, which rotates about its centre of 
inertia under the influence of its own attraction, in such a manner 
that its free surface always remains an ellipsoid with variable 
axes. The motion of the liquid is supposed to be rotational, 
but the molecular rotation is assumed to be independent of 
the positions of individual elements of liquid, and it will be 
shown that the consequence of this assumption is, that the com- 
ponent velocities at any point of the liquid are linear functions 
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of the coordinates of that point. We shall first of all show 
that the particular kind of motion under consideration, may be 
generated from rest by means of the following three operations, 
which are supposed to take place instantaneously one after the 
other*. 

(i) Let an ellipsoidal case whose axes are a, b, c be filled with 
liquid and frozen, and then set in rotation with component angular 
velocities ^, 17, ^ about the principal axes. 

(ii) Let the liquid be melted, and let additional angular 
velocities fl^, fl,, il^ be impressed on the case. 

(iii) Let the case be removed, and by means of a suitable 
impulsive pressure applied to the free surface, let the axes be 
made to vary with velocities d, 6, c. 

343. Let X, y, z be the coordinates of an element of liquid 
referred to the principal axes; u, v, w the component velocities 
of the element parallel to the axes ; U, V, W the component 
velocities relative to the axes ; and a>^, 6>,, od^ the angular velocities 
of the axes about themselves. Then 

The kinematical condition to be satisfied at the free surface is 

dF ^dF ^dF ^dF_ 

where F = {xjaf + (y/6)' + {zjcf -1=0, 

and U=u-\- (ojj — wjs, 

TT = w + w^x — fi)jy. 

Equation (1) can be satisfied by assuming 

u^l^x-k- mjj + n^z, 

where l^ym^, &c. are independent of x, y and z. 

Substituting in (1) and equating coeflScients of powers and 
products of Xy y, z to zero, we obtain 

1 Greenhill, Froc. Comb. Phil Soc. vol. iv. p. 4. 
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f, = djay m^ = 6/6, w, = cjc, 
K + o)Jc» + (m3-a),)6» = 0, 

K+a>3)6«+(i, -o)3)a*=0. 

But from the mode of generation f, 17, f are independent of x, 
y, z ; therefore 

2f=m3-n3, 297=71,-^3, 2f=Z,-m,. 

Hence the nine coefficients are completely determined, and we 
finally obtain 



dar a>, (a« - 6') - 2a'g 6,.(c'-a') + 2a'n 



a 



d' + a* 



hy a,.(y-c')-26' ^ a>.(a'-y) + 2i-g 
c^ o>. (c'- g')- 2c'i? a>.(y - c') + 2c'| 



J 



...(2). 



These expressions obviously satisfy the equation of continuity, 
since on account of the constancy of volume 

a/a + 6/6 + cjc = 0. 

344. By § 23 (4) the general equations for the pressure 
referred to moving axes are 

with two similar equations ; and by eliminating the pressure and 
potential, the equations for molecular rotation will be found to be 

with two similar equations. Substituting the values of u, v, w 



from (2) in (4) we shall obtain 

^©-i^-"-(i)-^.".(i)-» 






...(5). 



B. II. 
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If A,, h^, h, are the component angular momenta about the 
axes 

*i = pM'^ - ''^) ^ dy ^"^ 



M 



^^^K6--c*)'a,.+W?} 



M 



*' " 5 (c' + o*) ^^''' ~ "'^* *"* ■*" *''*'**''^ 



M 



'^• = 57TO^)'^"'"*'^''"' + *"**'^^ 



(6), 



where M is the mass of the liquid ; and the dynamical equations 
for rotation are 



(7). 






If we now introduce the six new quantities w, v, w, u\ v\ w 
employed by Riemann, such that 

, 2fecn, , 2can, , 2a6n,f ...(8), 

6* + c" c^ + a" a' + bV 

we obtain 

f = {(6 + c)' u-{h- cf u]l'2bc, &c., &c/ 



f u-{b- c)" -^1/260, &c., &c.| 
+ c)'t*' + (6-c)'t*}, &c., &cj 



(9). 



Substituting these values of f, 77, f, and A^, A,, h^ in (5) and (7), 

and then multiplying (5) by ^Mabc and adding to (7), we obtain 

« 

(b + c)~ + 2u' J (b+c)+(b-c + 2a)vw' +{b-c-2a)vw=0... (10). 

Similarly by subtracting, we obtain 

(6-c)-^ + 2w;^(6-c)+(6+c-2a)w+(6+c + 2a)t;V=0...(ll). 



dt 



dt 



Four other equations can respectively be written down by 
symmetry, and we thus obtain six equations of motion, 
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345. The three remaining equations can be obtained as 
follows. The potential of the liquid at an internal point is 

dX 



where 



H 






^/{a' + \){b* + \){c' + \y 



'^_2dH 
a da 

Now if in equations (3) we transpose the terms p"* dp/dx — X 
&c., to the right-hand sides, and then substitute the values of the 
velocities given by (2), the left-hand side of each equation will be 
a linear function of x, y, z; moreover if we multiply each equation 
by dx, dy, dz and add, the. right hand side of the resulting equation 
will be a perfect differential, and therefore the left hand side must 
be so also. Hence (3) must be of the form 



1 j„ 

- -T- -^ -A-x + oux! + hy + gz — 
p ax 



Idp 
p dz 



+ Cz + gx + fy + yz = 



(12). 



The last three terms of these equations are the component 
accelerations of an element of liquid parallel to the axes ; and since 
there are no external impressed forces, the moments of these 
accelerations about the coordinate axes must be zero, hence 

%m\(gx -\-fy + yz)y-(hx + 0y +fz) z} = 0, 

or /Sm(y«-^) = 0, 

therefore /=0, 

similarly gr = 0, A ■= ; and (12) reduce to 

where a, 15, y are quantities which are independent of x, y, z, and 
which will hereafter be determined. 

7—2 



(13). 
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Integrating we obtain 

;>/p + n + H(^ + «)«^ + (^ + ^)y' + (c^+7)^} = o...(i4). 

Since the external surface is the ellipsoid 

(a;/a)« + (y/6)« + (^/c)»=l. 
we must have 

(il + a)a» = (S + i8)6» = (C + 7)c* = 2(r (15), 

where <r is a function of the time. Hence (14) may be written 

«"-(i-?-^^ w 

In order that the external surface should be a free surface, it is 
necessary that m should vanish, and consequently a must never 
become negative. 

346. Returning to (13) we see that a is the coeflScient of x in 
the expression for the component acceleration parallel to a; of an 
element of liquid, and therefore 

a=^M ;;— {(a-6)M; + (a+6)w;j+ ^— {(c-a>-(c+a)i;'}. 



*8 

a 



+ -»- 
or 



a 



a 



a 



{(a - 6) to - (a + 6) w'} + {(c - a) t; + {c+a)v'}, 



a 



whence by (15), 

j^. (a-c)v"-(a + c)t?'«-(a-.6)t(;»-(a + 6)t£;'» = ?-i^a(l7). 

Two other symmetrical equations can be obtained; hence, 
collecting our results, we have the following nine equations ; 

^—(a-c) v' - (a + c) v'* — (a — b) v/^ — (a + b) w'* = a/a - ^Aa 

^-(6-a)t(;»-(6 + a) «(;'"- (6 -c)w»-(6 + c)M'« = (r/6-ifi6 

ic-(c-6)M»-(c + 5)w'"-(c-a)v»-(c + a)v'" = o-/c-iOc 

(6 -c) u + 2t4 (6 - c) + (6 + c - 2a) vm; + (6 + c + 2a)t;V=0 

(6 + 0)11' + 2u' (6 + c) + (6 - c + 2a) W + (6 - c - 2a) vw=0 [►(18). 

(c -a) V + 2v (c -a) + (c + a - 2b) um + {c + a + 2b)v/u=0 

(c + a) t)' + 2i;' (c + d) + (c - a + 26) ww' + (c - a- 26) w'u=0 

{a-b)^+ 2w(d''b) + (a + b -2c) uv + (a4-6 + 2c)wV=0 

(a + 6) ti;' + 2w' (a + 6) + (a - 6 + 2c) wv' + (a - 6 - 2c) uv=0 

ahc = const. 



'.v. u 
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These equations were first obtained by Riemann*; they furnish 
ten independent relations between the ten unknown quantities 
a, 6, c, Uy u\ V, v', w, w and <r, and are therefore suflScient for the 
complete solution of the problem. 

347. Three first integrals of the above equations can be at once 
obtained. 

Multiplying equations (5) by f/a, 7;/6, f/c, and adding, we 
obtain 

| + p + 5="Const (19), 

which expresses the fact that the vorticity is constant". 
Similarly from (7) we obtain 

Aj' + A^" + A3* = const (20), 

which expresses the fact that the angular momentum is constant. 
The third integral is the equation of energy 

r+ t/'= const (21). 

Since p jjja?dxdydz = ^Ma^, 

and JJJxydxdydz = 0, 

we obtain from (2) 



1} 



^ Ahhandlungen der Kdniglichen OeseUschaft der Wissenschaften zu Gottingen, 
vol. IX. ; see also Proc, Lond. Math, Soc, vol. xvn. p. 255. 

' This equation may be shortly proved thus : — 

Since (, 17, i* are independent of x^ y, z^ the vortex lines must all be parallel to 
some diameter r of the ellipsoid. Let ly m, n be the direction cosines of r, dS an 
element of the plane conjugate to r, and € the angle between r and S, 

The condition that the vorticity should be constant requires that 

const. =s/f(a sin €dS=(oS sin €=<a8pr~\ 

where p is the perpendicular from the centre on to the tangent plane parallel to the 
plane 8. But, since the volume of the ellipsoid is constant, i8[p= const., therefore 
w/r= const., or 

^* V^ f^ 
liC. , ^ + Iq + -2 = const. 

a^ 0* c* 



\ 
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Now' U = y fJfVdxdydz, 

where P = V(«' + ^■) (V + >■) (c* + X), therefore 



Integrating the last term by parts we obtain 

U^^iM^pabcf ^ (23). 



Motion of an Ellipsoid of Itevolution\ 

348. Let us now apply the preceding equations to determine 
the motion when the free surface is an ellipsoid of revolution, 
which is rotating about its polar axis. Let the density of the 
liquid be unity, and let a = b ; and let ca^, o)j, f , rj, fl^, fl^, flj be 
each zero ; then ©3 = f, tt; = w' = Jf 

From the last of equations (5) we obtain 

therefore f/c = fo/Co, 

where the sufl^x denotes the initial values of the quantities. 

Let iJ' = a% and let us introduce two new variables and p, 
such that 

and p^ 5/(27r)* = ?, c/co (27r)* = po0/a, 

where a is the initial value of ft From the firat and third of 
equations (18) we obtain 



e= 



^d ~ ^^^- 



^ Maxwell's Electricity ^ vol. i. art. 85. 
2 Dirichlet, Crelle, vol. lviii. p. 209. 
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Eliminating 6 and o*, and remembering that A^-^C = 2ir, we 
obtain 

i(2«+l).2.(l-,-) + |J, 

K^4)*-f^^(7)"-*(^-''')- 

Putting Fid) = r — . , 

* ^ Jo (1 + ^\) (1+ \/^)* 

and the left-hand side of the last equation can be shown to be equal 
to SirF' (6) ; integrating this equation we obtain 

f 2 + J-,)^ + Stt |(^')* e-F (0)\ = const. = SwK , 

which is the equation of energy. Hence the equations of motion 
finally become 



,(24). 



(2 + ^) ^ + 8^ |(^»)* d - F(d)^ = 6^K 

These are Dirichlet's equations for the motion of an ellipsoid of 
revolution. 



349. Since the remainder of the present investigation depends 
upon the properties of the function F(6), when is positive, it will 
be convenient to trace the curve y = F (x). Now 

^(d) = 2r'(r»«l)"*tan-^(r'-l)*, 0<1; 
and 

F(0) = g-^ (1 - 0-y^ log ^ -^ (^ " ^) 0>l, 

Also when 0=^O,F(0) = O, F'(e)=oo ; when ^ = l,jP(d) = 2, 
F' (0) = 0. When increases from to ly F{0) increases firom 
to 2 which is its maximum value ; and F' (0) is positive and 
diminishes from 00 to 0. 
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When 6 increases from 1 to oo, -P(^) diminishes from 2 to 0; 
also F' (6) is always negative and vanishes when 0=oo . Hence 
the axis of a? is an asymptote. The form of the curve is shown in 
the figure. 




350. Let us first suppose that the motion is irrotational, in 
which case p = p^ = ; also that initially ^ = 0. 

Equations (24) now become 

|-.(2d + ^)=27r+^, 

2(2 + |3)^-^=87ri"(5), 

From the last equation it follows that F(0) must never be less 
than F(a\ throughout the motion. Now if a = 1, the initial form 
of the free surface would be spherical; also since F (0) ia a, 
maximum when = 1, it follows that ^ = a = 1 throughout the 
motion ; hence the free surface always remains spherical 

If a < 1, the initial form of the free surface would be a 
planetary ellipsoid ; also from the figure, it is seen that the 
equation F{0) = F(a) has one real root fi which is greater than 1 ; 
hence will vanish when = 13, and therefore the free surface 
will oscillate through a sphere to an ovary ellipsoid, and back 
again to its original form, the time of a complete oscillation 
being 



d0. 



The motion is of a similar kind when the initial form of the free 
surface is an ovary ellipsoid. 
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351. The general character of the motion is not altered when 
the motion does not commence from rest, provided the initial value 
of 6 does not exceed a certain limit If a be the initial value of 0, 
the last of equations (24) becomes 

(2 + r')^ = (2 + a-^)c? + 87r{^(^) -^(a)} (25). 

- Let (2 + a"*)d*-87ri?'(a) = 87rifc, 

and (25) becomes 

(2 + r«)^ = 87r{J?'(5) + ifc}. 

In order that 6 may vanish it is necessary that k should be 
negative, in which case we may put A = — jP (7) ; hence the ellipsoid 
will oscillate between the values ^ = 7, = y, where 7, y are the 
two real roots of the equation -^(7) = F(0), But if k is positive 
will indefinitely increase or indefinitely diminish with the time 
according as d is positive or negative. In the former case the 
ellipsoid will gradually become elongated to an indefinite extent, and 
in the latter case will become indefinitely flattened. 

In the foregoing cases cr is always positive, and therefore the 
motion can take place without the aid of an external pressure. 

352. We must now consider the case in which there is mole- 
cular rotation. 

Let S be a quantity defined by the equation 

F' (8) = (pjay, 

then since F' (S) is positive, S must lie between and 1 ; also let 

ylr(0)=0F'(S)^F(0y 

The character of the motion depends on the properties of the 
curve y^'^ (ai), which we shall now investigate. 




In the figure let OPR and OS The the positive branches of the 
curves ?/ = F (a?) and y = yfr(x) respectively ; and let OR be the 
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straight line y = xF' (8). The ordinate of the curve y = yjr{x) will 
evidently be equal to QM — PM= - PQ, and will therefore be 
negative so long as x< OT ; also since -^^ (S) = 0, i^ {x) will be 
numerically greatest when x = hy and its value will be negative. 
When X > OT, i^ (x) is positive, and the straight line y = xF' (S) is 
an asymptote to the curve. 

353. Putting (2 +a"«)d» = 89rA?, , 

and remembering that p = poOjUy (24) may be written 



,(26). 



2(2 + i)^-^' + 8^'(d) = 

^2 + ^) ^ + 87n^(^) =89r {t(a) + A} 

From the last equation it follows that during the whole motion 
•^ (a) + fe — •^ {ff) can never become negative. Since ^ (S) is the 
greatest negative value that •^ (jS) can have, there are three cases 
to be considered according as 

(i) t(a) + & = i^(S), 

(ii) > •^ (a) + A; > 1^ (S), 

(iii) i^(a) + &>0. 

Case (i). The equation of condition may be written 

k = ^{h)-^{a) (27). 

Now k is always positive, and the right-hand side of (27) is 
always negative unless a = 8, when it is zero, hence a = 8, A: = 0; also 
since '\}r(S) — ylr {6) must never be negative, it follows that 0=8 
throughout the motion. Now 8 < 1 , therefore the ellipsoid must be 
planetary, and the motion is such that the liquid rotates as a rigid 
body about the axis of the ellipsoid, with angular velocity 

It will hereafter be shown that the maximum value of the 
quantity ff'F' (6) is '2246, and that the equation S'F' (8) = B'F' {0) 
has two real roots, 8, 8', both of which are positive and less than 
unity. Hence for every value of ^j^ir which is less than '2246 
there are two planetary ellipsoids which are possible forms of the 
free surface, and which coincide when ^^j^'rr = '2246 : also since <r 
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is always positive the motion can take place without the aid of 
an external pressure. 

This is Maclaurin's ellipsoid, which will be treated in a different 
manner later on. 

Case (ii). Here '^ (a) + & is a negative quantity which is 
numerically less than '^ (S) ; hence we may put this quantity 
equal to y^ (7), where 7 < & 




In the figure let 0M^% OA'^a, OS' = 8, ON=^d, OM' = y\ 
where QQ' is parallel to Ox, Then 

therefore 7 < a ; also since -^ (a) + A? — -^ {d\ that is ^ (7) - -^ {0\ 
must be always positive, 

PN> QM. 

Now the equation -^ (7) — -^ (0) = has evidently two real 
roots lying between zero and OT, viz. ^=7, = y; hence the 
ellipsoid will oscillate in such a manner that must always lie 
between 7 and 7', and the time of a complete oscillation is 

From the first of equations (26) it follows that the pressure will 
not remain positive, unless 0^F' (B) never becomes greater than 
unity throughout the motion, hence y^F' (S) must never be greater 
than unity. Also since 

r' = 27r(p»'^' = 27r^(8)^ (29}, 
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this condition requires that 5'727r should never be greater than 
unity. 

Since 

(2 + a"')a'/87r = -^ (7) --f («) 

= AA'-QM, 
it follows that we must have 

<i'<(-2^{f (7)-t(«)} (30). 

If the conditions (29) and (30) are not satisfied, an ex- 
ternal pressure will be necessary in order to maintain the 
ellipsoidal form of the free surface. 

Case (iii). In this case -^ (a) + A; is always positive, if there- 
fore we put it equal to yjr (e) where e = OR, we must have 
OR > OT. The last of equations (26) becomes 

(2 -h ^-») ^ = Stt {^ (e) - '^ {6)]. 

The equation -^ (e) — '^ {0) has only one real root, viz. 6 = e, 
and therefore the motion can never be of an oscillatory character. 
If 6 be initially positive, then since -^ {6) is negative so long as 
< OT, and positive when > OT, it follows that the ellipsoid will 
gradually elongate itself to a limiting form determined by the 
equation = €, On the other hand if be initially negative, the 
ellipsoid will ultimately become indefinitely flattened. 

The possibility of this motion taking place without the aid of 
an external pressure, depends upon conditions similar to those of 
the preceding case. 



Steady Motion of an Ellipsoid, 

354. When a mass of liquid is rotating in a state of steady 
motion under the influence of its own attraction, the different 
ellipsoidal forms which its free surface can assume may, as we 
shall proceed to show, be classified as follows. 

(i) Maclaurin's Ellipsoid, in which the free surface is a 
planetary ellipsoid, and the liquid rotates as a rigid body about 
the polar axis of the ellipsoid. If p be the density of the liquid, f 
the angular velocity of the ellipsoid, which in this case is identical 
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with the molecular rotation, it will be shown that ^/4sTrp must not 
be greater than '1123, in order that steady motion may be possible, 
and in this case there are two ellipsoids, which coalesce when 
^/47rp=1123. 

(ii) JacoMs EUipsoid, in which the free surface is an ellipsoid 
with three unequal axes, and the liquid rotates as a rigid body 
about the least axis. In this case ^l^irp must not be greater 
than '0934 in order that the ellipsoid may be a possible form of 
the free surface. Hence if ^j^irp < '0934 there are three ellip- 
soidal forms, viz. two planetary ellipsoids, and an ellipsoid with 
three unequal axes. When ?'/47rp = '0934, Jacobi s ellipsoid 
coalesces with the most oblate of the two planetary ellipsoids; 
and when ^I4nrp lies between '0934 and '1123 the revolutional 
form is the only one possible. 

(iii) Dedekind's Ellipsoid, in which the free surface remains 
stationary in space, but there is an internal motion of the particles 
of liquid, due to molecular rotation ^ parallel to the least axis. In 
this case if a and h are the greatest and mean axes respectively, 
aV^/(a* + &')* '"'P must not be greater than "0934 ; and when the 
former quantity is equal to '0934, we must have a = 6, and 
Dedekind's ellipsoid coalesces with the most oblate of the two 
Maclaurin's ellipsoids. 

(iv) An ellipsoid, which will be called the Irrotational Ellip- 
soid, in which the axis of rotation is the mean axis, and the motion 
is irrotational. In this case the revolutional form is not possible. 

(v) An ellipsoid in which there is molecular rotation f, and 
an independent angular velocity f + H about the axis to which f 
refers. In this case the axis of rotation will be the mean or leaM 
axis according as 






When this inequality becomes an equality, the free surface 
will be an ovary ellipsoid rotating about an equatorial axis. This 
case includes the four preceding cases. 

{vi) Riemxmn^s Ellipsoid, in which the ellipsoid rotates about 
an instantaneous axis lying in a principal plane. This case 
includes all the preceding cases ; if the axis of rotation does not lie 
in a principal plane steady motion is impossible. It is moreover 



110 



MOTION OF A LIQUID ELLIPSOID. 



impossible for steady motion to exist when the axis of rotation is 
the greatest axis. 

The foregoing propositions might be established by employing 
Riemann's general equations of motion, but when the rotation 
takes place about a principal axis, it is simpler to start from first 
principles*, and we shall therefore commence with Case v. 

355. Let c be the axis of rotation, ©3 = fl + f, then from (2) 
we obtain 

n^ ^ h^ /»' — 7i' 

^ = ^^}rp%"fy' ^"^*Tp^^ + f^» w = o...(3i). 

The hydrodynamical equations for the pressure referred to the 
principal axes of the ellipsoid are therefore 

p dx ax ay 



l*+o. .0 

paz 



J 



(32). 



Also 



Substituting these values of w, v, CT, V in (32) we obtain 

l|+[^-2n,n.!:,:4^.n-(^y-f].=o, 

p az 



0; 



the integral of which is 



o?-V 



+ i {n» (^J!)* - C }(^ + y*) = con8t, 

which determines the surfaces of equal pressure. 

1 GreenhiU, Proc, Camb, Phil Soe, vol. m. p. 238 and vol. rv. pp. 4 and 908. 
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The condition that the free surface should be the ellipsoid 
(^/ay+(y/6r+(^/c)' = l,is 



-'•{«*^<° + Oro" + °'(STp)'-f! 



...(33). 



These equations show that Ao^ is greater than J?6" or Oc", and 
hence a must be the greatest axis ; and therefore the greatest axis 
can never be the axis of rotation. 

The axis of rotation will be the mean or least axis according as 

G(? > or < Bb\ 
that is, according as 

is negative or positive, that is, according as 






If the ratio ^/H is such that this inequality becomes an 
equality, we must have 6 = c, and the free surface will be an ovary 
ellipsoid rotating about an equatorial axis. This is the only case 
in which the free surface can be an ovary ellipsoid. 

356. We must now consider the first four cases in detail. 

Case (i). MdclaurirCs ElUpsoid. 

Here a = 6, ft = 0, and (33) becomes 

\^a^^A€?-Go^ (34). 

The free sur&ce is therefore a planetary ellipsoid, and the 
liquid rotates with angular velocity f about the polar axis. 

Now 

A = iirpa^c I — r , 

^0 (a + \)*(c« + X)* 

C = Zirpa^c I i . 

•'o (a» + \) (c" + X)* 

Putting i; = (1 - e*)Ve in (14) and (15) of § 148, we obtain 
A = 27r/)e-» (1 - e')^ {sin"^ e - e (1 - e% 
C = 47r/3e-' {e - (1 - 6*)* sin~* e}, 



■VW^V. I nr -I--— ^ 
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where e is the excentricity, whence (34) becomes 

f 727rp = 6-» (1 - 6*)* {(3 - 2e') sin-^ e - 3e (1 - e»)*} . . .(35). 

The right-hand side of this equation can easily be seen to 
vanish when e = and e = 1, and to be positive for all values of e 
between and 1. Hence as e increases from to 1, the right- 
hand side increases from zero to a certain maximum value, and 
then decreases to zero. It therefore follows that for all values of 
^l^irp which are less than this maximum value, there will be two 
ellipsoidal forms of the free surface, the excentricities of whose 
meridian curves are determined by the two roots of (35) ; when 
i^l^irp is equal to this maximum value, there is only one ellipsoidal 
form ; and when ^^/^irp is greater than this maximum value, the 
ellipsoidal form is impossible. 

The excentricity of the ellipsoid corresponding to the maximum 
value of f/27rp is determined by the equation 

(9 - S^) sin"^ e = c (9 - 2e«) (1 - e*)*. 

In this put e* = X7(l + X') and we obtain 



X (9 + 7X') 



-tan"'X = 0. 



(H-X«)(9+X«) 

In order to find the root of this equation*, denote the left-hand 
side by/(X). Let X = 2*5, then by the aid of the formula 

tan"* 2-5 = tan"* 2 + tan"* ^, 

we obtain /(2*5) = '0025. 

Let X = 2*5 + y, 

then approximately 

y = -/ (2-5)// (2-5), 

also / (2-5) = - -085 nearly ; 

therefore y = -0293, 

X = 2-5293. 

Substituting this value of X in (35), we shall obtain 

^/^wp = -1123, 

which determines the maximum value of the angular velocity. 

The value of the excentricity will be found to be approximately 
equal to '93. 

^ Besant's Hydromechanics^ oh. viii. ; see also Thomson and Tait*s Nat. Phil, 
vol. I, part II. p. 327, where a table is given. 



or 



or 
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367. Case (ii). JmcMs Ellipsoid. 
In (33) put n = 0, and we obtain 

or ?« = (^a» - (7c')/a* = (£6» - Cc^)IV (36). 

In order that the value of f may be real it is necessary that 
Ad^ > BV > Cc^ ; hence a>b>c, and therefore the axis of rotation 
must be the least axis. The free surface is therefore an ellipsoid 
about whose least axis the liquid rotates as a rigid body ; also since 
the volume of the ellipsoid is constant, it follows from (36) that 
when f is given there is only one ellipsoid satisfying the conditions 
of the problem. 

From (36) we have 

a'V (A ^ B) + (a' -V)Gc' = 0, 

r {(o»6» - oV - 6V) \ - cV} P-» d\ = 0. 

J 

If c = the last integral is positive, and if c = a6/(a' + 6')* the 
integral is negative ; hence c must have some value lying between 

and a6/(a» + V)K 

According to Ivory^ the axes must be proportional to 

c, cV(l 4- X'), cV(l + n^X') 
where n is a numerical quantity lying between 1 and 1*9414. 

When a = 6, Jacobi's ellipsoid coalesces with the most oblate of 
the two Maclaurin's ellipsoids. In order to find the excentricity of 
this ellipsoid, put 

(a* + X)* = aev in (37) and integrate, and we shall obtain 

(J+2e«-2eVin-*6 = 6{l-^)*(fH-f6»). 

By trial and error it can be shown that this equation has one 
real root lying between and 1, which is approximately equal to 
*8127, and the corresponding value of ^j^irp is '0934. Hence 
when ^/4t7rp lies between and '0934, there are three possible 
forms of the free surface, viz., the two ellipsoids of revolution and 
an ellipsoid with three unequal axes ; when ^j^irp lies between 
•0934 and '1123 the two revolutional ellipsoids are the only 
ellipsoidal forms possible. 

1 Fhil. Tram, 1888, 
B. II. 8 
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358. Case (iii). DedekincP 8 Ellipsoid. 
In (33) put XI + 5"= 0, and we obtain 

Hence the ellipsoidal boundaiy is stationary, but there is an 
internal motion of the particles, which from (31) is determined by 
the equations 

. _ 26'flg 

Whence oc + /-o-r-wxa = 0, 

(a" + by 

therefore ic = A cos {kt + a), 

and y = — Aa'^b sin (kt + a), 

where k = 2a5n/(a' + 6"). 

Hence if oo^, y^ z^ are the initial co-ordinates of the element of 
liquid whose co-ordinates at time t are x, y, z, we obtain, 

x'=^x^ cos kt -h a6"^ y^ sin hty 

y = — oT^bx^ sin kt + y^ cos kt, 

Z = ^Q. 

In Dedekind's ellipsoid the quantity 2ab^l{a^ + 6")* takes the 
place of ^ in Jacobi's ellipsoid, and it can be shown in the same 
manner that we must have < c < abjia^ + 6')* and that there is 
only one ellipsoid satisfying the conditions. When a = J Dedekind*s 
ellipsoid coalesces with the limiting Jacobian ellipsoid, and there- 
fore when ^*/4i7rp > '0934 Dedekind's ellipsoid is impossible. 

359. Case (iv). The Irrotational Ellipsoid, 
In (33) put ^=0, and we obtain 

n'(a'-h6T _ Aa'-Cc^ ^ Gc'-Bb' 
a'-b' a*(a" + 36») b^iSa^' + b')' 

The motion of the liquid is therefore irrotational, and is the 
same as might be generated from rest by filling an ellipsoidal 
cavity with liquid, and setting it in rotation about the axis c. 
Moreover, in order that fl may be real, we must have Cc^ > Bb*, 
hence ob, and the axis of rotation must be the mean axis. In 
this case the revolutional form is evidently impossible. 
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360. Case (vi). Biemann's Ellipsoid. 

In order to investigate the most general kind of steady motion 
of which a liquid ellipsoid is capable, we must employ the general 
equations of motion. Putting d(fa~^)/d^, &c. equal to zero, we 
obtain from (5) 

n n n i 

Also ©^ = flj + f = fti {/*/(&' + c*) + 1}, &c. &c. 
From (7) we have 

Substituting the values of h^, h^, \ in terms of cd^, 11^ &c., from 
(6) it will be found that (38) are equivalent to the following three 
equations : 

/A»-(2a'-6»-c')^ + (c» + a»)(a' + 6')-4a* = 
^«-.(2y-c«-a')/i4-(a» + 6')(6* + c')-46* = 

These three equations cannot co-exist, hence one of the three 
pairs of quantities Ilj, f &c. must be zero. Hence steady motion is 
impossible unless the instantaneous aads of rotation lies in a principal 
plane. 

361. Let us therefore suppose that flj = f = 0. From the fourth 
and fifth of (18) we obtain, 

v"^ (2a-b-c){2a + b-'C) 
V* "" (2a + 6 + c) (2a - 6 + c) ' 

w'^ _ (2a--b- c) (2a - 6 + c ) 
w' "" (2a + 6 + c) (2a + 6 - c) ' 
Let 



= 8 



(2a + b + c){2a-b + o) (2a-6-c)(2a + 6-c) 



= T 



...(39). 



(2a + b + o)(2a + b-c)~ (2a-b-c)(2a-b + e) 
Substituting in the first three of (18) we obtain 

(4a' - 6' - 3c') iSf + (4o' - 36' - c') T = i^ - W*' • • -(^O)- 

(c»-6')/S = iC-Wc"^ 

8—2 
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Solving these equations we obtain 

2i)(6»-c»)'o I c« + \ aVX)(6' + X)P' ^ ^* 



22)(c--6*)j, I 6' + X a»+\j(c* + X)P' ^ ^' 

where i) = 4a*- a'(6» + c*) + 6V (45). 

P'=P/a6c. 

362. We must now find the relations between a, 6, c in order 
that these equations may give real values of v, v', w, w' and also 
make <r positive. 

In order that (v^/v)' and {w'/wy should be positive, it is 
necessary and sufficient that 

a>i(b + c) or <J(6-c), 

and there are three cases to be considered. 

Case I. a>^{b + c). 

In this case it is easily seen that D and both the integrals on 
the right-hand sides of (43) and (44) are positive, for 

i) = a* {4a' - (b + cf} + be (2a'' + 6c), 

also the integral (43) 

= f {(4a' - c*) \ + a» (4a' + 6' - c") - 6V} ^^^r. . 

Since 2a>b + c, then 4a' >c*; also 

4a» + 6*-c'>(6 + c)» + 6"-c'>26(6 + c), 

therefore a» (4a" + 6' - c») > 2a'6 (b + c)> ^b (b + cf > bV. 

Hence the above integral is positive ; similarly by interchang- 
ing b and c, it is seen that the integral on the right-hand side of 
(44) is also positive. If now a increase from ^ (6 + c) to oo, T 
will be always positive provided 6 > c, but 8 will be positive only 
so long as a < 6 ; hence in this case we must have 

6 > a > i (6 -h c) 



] (46). 

b>c J 



6 must therefore be the greatest axis, but a may be either the 
mean or the least axis. 
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Case II. a < 1(6 — c), a>c. 

Since 2a < 6 — c, 8 must be negative and T positive ; now 

(4a*-6*)X + a»(4a« + c»-6»)-6V 

is always negative, and therefore T can never be positive unless 
D {c^ — a') is positive, which requires that D should be negative 
and therefore 

c« < a' {V - 4a»)/(fe« - a'), 

which is always possible since the right-hand side of this inequality 
< a*. Also since c*+\<a^ + \ and 4a' > c*, the integral on the 
right-hand side of (43) will always be positive and therefore S will 
be negative. 

This case may be further divided into two sub-cases. 

(i). The first condition may be written c < 6 - 2a, which 
requires that b > 2a, whence b must be the greatest axis. Now if 
b>a (V3 + 1), it can easily be shown that 

(6 - 2a)* > a« (6" ~ 4a*)/(6* - a*), 

hence the conditions may be written 

6 > a (V3 + 1) 



' ■*■ '^ 1 (47) 

c < a V(6' - 4a*)/(6'- «•)/ ^ '^• 



(ii). But if o (VS + 1) > 6 > 2a, then 

(6 - 2a)* < o* (6' - 4a')/(6' - o'), 
and the conditions become 

a(V3 + l)>6>2o 



>6>2o"j 
< 6 — 2aJ 



Case III. a < i (6 — c), a < c. 

The second condition requires that 

c« > a' (b' - 4a»)/(6' - a% 

and therefore D and T are both positive. The value of 8 remains 
negative so long as a < ^c, and becomes positive when a = c, and 
therefore the integral becomes positive for some value of a which 
lies between ^c and c. Hence the conditions in this case reduce to 

a<J(6 — c), a<k, 

where lc<k<c. 

Lastly, in order that the motion may be possible without the 
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aid of an external pressure, it is necessary that a should be always 
positive. The value of o- may be expressed in the form 

J 

In the first and third cases D and therefore g is always positive, 
but in the second case where I) is negative a further limitation is 
required. 



On the Stability of an Ellipsoid. 

363. The question of the stability of a liquid ellipsoid has 
been discussed by Sir W. Thomson*, and a very elaborate investiga- 
tion of this question has been made by Poincar^*, to which the 
reader must be referred for complete information on the subject. 
The problem in its most general form is this. A mass of liquid is 
rotating about its centre of inertia in a state of steady motion, 
under the influence of its own attraction, in such a manner that 
the form of the free surface is an ellipsoid, and a disturbance of 
any kind is communicated to the liquid ; it is required to deter- 
mine whether the resulting motion is stable or unstable. 

In the present section, we shall not attempt to deal with the 
problem in its most general form, but the investigation will be 
confined to the consideration of the stability of a liquid ellipsoid 
which in steady motion is rotating about a principal axis, and 
which is subjected to a disturbance such that the free surface 
in the beginning of the disturbed motion is an ellipsoid'. A 
disturbance of this character may be communicated by enclosing 
the liquid ellipsoid in a case which is subjected to an impulsive 
couple about any diameter together with a deformation of its 
surface, and is therefore equivalent to a disturbance produced by 
an impulsive pressure communicated to the free surface of the 
liquid. 

^ Thomson and Tait, vol. i. part n. pp. 329 and 333; Proc, Boy, Soc. Edin. 
vol. XI. p. 610. 

^ Acta Mathematical vol. vii. p. 259. 

' Biemann, GatU Ahhand, vol. ix. ; see also Proc, Lond, Math, Soe. vol. ziz. 
p. 46. The investigation given in the latter paper respecting the stability of 
Maclaurin's ellipsoid is erroneous. 
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364. By (23), the potential energy of an ellipsoidal mass of 
gravitating liquid of mass M and uniform of density p is 

where P = ^ (a" + X) (6' + X) (c* + \), and i) is a constant. Let R 
be the radius of a sphere of equal volume, then 

17= when a = 6 =s c = iJ, 
therefore D = ^MirpE?, 

and U ^^Mirpie -iMirpabcT ^ (49). 

Now U is evidently positive ; hence the integral must be a 
maximum when a = 6 = c = jB, and will become indefinitely small 
when any one of the axes of the ellipsoid becomes infinitely 
small or infinitely large. 

Let 2c be the axis of rotation, and let 

^-A^r-^5^'-^-^<t} (^»^ 

By (22) and (23) E is the variable part of the energy of a mass 
of liquid whose free surface is constrained to maintain a fixed 
ellipsoidal form and which is rotating about the axis c. In steady 
motion g), and f, and therefore E, are certain functions of a, 6, c; 
let Eq be the value of E in steady motion. 

Let a disturbance (which for brevity will be called an ellipsoidal 
disturbance) be communicated to the liquid by means of an im- 
pulsive pressure applied to its free surface, which is such that in 
the beginning of the disturbed motion the free surface is a 
slightly diflferent ellipsoid. Then, if E^ + SE is the energy of the 
disturbed motion, we obtain by (22) and (23), 

46Vf 






c» 



4cW1 
c' + a'J 



+ E'-E^ 



All the terms in square brackets are positive, and in the begin- 
ning of the disturbed motion are small quantities ; hence, i{E>Eo, 
these terms must remain small quantities and the free surface can 
never deviate far from its form in steady motion, and the motion is 
therefore stable. But, i{ E< E^ the terms in square brackets may 
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become a finite positive quantity, and the diflference E — E^ may 
become a finite negative quantity, such that the difference between 
the two sets of terms always remains equal to the infinitesimal 
quantity hE. When this is the case the free surface may deviate far 
from its form in steady motion, and the motion may be unstable. 

Hence, for the particular kind of disturbance which we are 
considering, the condition of stability requires that the energy in 
steady motion should be a minimum. Or, in other words, if the 
steady motion is stable, it must be impossible by any kind of 
ellipsoidal disturbance to abstract energy from the system. 

365. Let the disturbing pressure be divided into two parts 
jPj, j9j, the former of which produces a variation of the axes and no 
change in the angular momentum, whilst the latter produces no 
instantaneous variation of the axes but changes the angular momen- 
tum. The resultant of p^ will consist of a couple (?, and a single 
force, which produces a translation of the whole mass of liquid, 
and which it is unnecessary to consider. If the axis of this 
couple lie in the principal plane, which is perpendicular to the 
axis of rotation in steady motion, the energy will be evidently 
increased by its application; but, if the axis of the couple does not 
lie in this principal plane, the component of the couple about the 
axis of rotation may diminish the energy if it acts in the opposite 
direction to that of rotation, in which case the motion will be 
unstable. 

In Maclaurin's ellipsoid the component of the couple about the 
axis of rotation necessarily vanishes, since p^ always passes through 
the axis of rotation ; the case of Dedekind's ellipsoid, in which the 
free surface is stationary, will be considered later on. 

Hence, so far as the action oip^ is concerned, Jacobi's ellipsoid, 
the irrotational ellipsoid, and the ellipsoids belonging to the general 
class v., including the ovary ellipsoid rotating about an equatorial 
axis, but excluding Dedekind's ellipsoid, are stable whenever the 
couple component about the axis of rotation of the disturbing 
pressure either vanishes or is in the same direction as the rotation; 
but when this is not the case the motion may be unstable. 

In the case of Dedekind's ellipsoid, by (50), 






"^W 



"I"^" 



where 
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^*h*^ Aa*-C<f Bb*-C(* 
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a' + 6' a* V ' 

and the effect of a disturbing couple about the axis of rotation will 
be to increase the energy by the quantity 

10(a' + 6») ' 

whence E>Eo, and therefore the motion so far as this kind of 
disturbance is concerned is stable. 

366. We must now consider the disturbance p^ which produces 
a variation of the axes. From the last two of (18) we obtain 

(a — byw = const. = r, (a + 6)* w' = const. = t (51). 

whence, from (9), 

f t' — T 



Also, from (6) 



2abc 



M 



, A3 = iif(T' + T) 



.(62). 



'^3 = 57TO^)K«'-*'>^--+^«'^"?}' 

Also putting a, 6, c each equal to zero in the first three of (18) 
and taking account of (51) we obtain 



whence 



where 



= JOc-- 



t'" t" 0-1 

(a +6)' (a-6)' ^ a 2a^ ^ 

(a + 6)' {a -by ^ b 26^ ' 



(54). 



Whence (53) becomes 

=-ir-fac^ (55), 

since Aa!" + £6' •\-G(? = 2K 

Whence J?o is a finite negative quantity. 

The constants t, t express the fact that the angular momentum 
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and the vorticity are unchanged during the motion ; also since the 
disturbance p^ does not change the angular momentum or vorticity, 
these constants must have the same values as in steady motion. 

Since the volume of the ellipsoid is constant, the conditions 
that E may be a minimum require that 

dE c dE 
da a dc 

dE_cdE 
db b dc 



= 



= 



(56). 



z= 



(x-yy (x 



On performing the differentiations it will be found that (56) 
lead to (54) ; hence the first conditions are satisfied. 

We must now enquire whether, in the general case, E has a 
minimum value when r and r are unchanged by the disturbance. 

Let z = 5E/M, iJ' = abc, a? = a, y — b, then 

Wy^'^^^K V(^+ x){f + X) (Rya^f + X)- ••(^^)- 

Since a, b, c, are positive, and a is never less than 6, we have to 
examine the form of the surface (57) between the planes y = 0, 
a? — y = 0. 

First suppose r is not zero. 

When x = y, z=<x>. If y has any finite value < or = a?, then, as 
X increases from y to infinity, z diminishes, and the value of Eq in 
steady motion shows that z will vanish and become negative, and 
when X is very large z is very small. Moreover, z can never become 
equal to — oo for any values of x or y, and when x and y are both 
very large z is very small, unless x — y is small. 
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A general idea of the form of the surface may be obtained from 
the accompanying figures. Fig. 1 is the curve of section made by the 
plane y = mXy m<l; and Fig. 2 shows the curves of section made 
by the planes xz and coy. The surface cuts the place of ocy along 
the curve xP, and the sheet underneath this plane gradually bends 
upwards towards the plane. 

It therefore follows that in this case z must have a minimum 
value, which is given by (55). 

367. If T = 0, it follows from (54) either that a = 6, which is 
the case of Maclaurin's ellipsoid, or the axes of the ellipsoid must be 
connected by the equation (Aa^ — C(f)/a = (Bb^ — Cc^)/b. 

We shall now show that Maclaurin's ellipsoid is unstable if the 
excentricity exceeds a certain value. 

In steady motion 

T = 0, T7(a + 6)» = w;' = iS'. 

Let Q = -4a* - C'c^ It = Bb^ — Cc\ then omitting the factor 
27rpabc in A, B and G, the condition that Maclaurin's ellipsoid 
should be stable for an ellipsoidal disturbance, is that E should be 
a minimum in steady motion where 

(a + 0) 
Putting Ea = dEjda &c. we obtain 

^'~ a (a + 6)" ' b (a + 6)" 
1 [dQ cdQ\ Q , Ct" 



^"'a [da a dc) a'''^(a + b)*' 



'ab 



^ 1 /dQ _ c 
~ a \dh b 



do) ' (a + b)*' 



where 6 is to be put equal to a after differentiation. Now 
when a = b,Q = R and E^ = E^^, therefore 

8^ = J {EJa^ + 2EJa^ + E„ W) 

= i (^« + ^ J (&« + S6)' + \i.E^- EJ (Sa - Sby. 

No. a'(^„ + ^J=a(f + f)-2cf + 2(2. 



124 MOTION OF A LIQUID ELLIPSOID. 

On reduction it will be found that the right-hand side is equal 
to 

9e (1 - e*)* (3 - 2e») - (27 - 36e» + Se') sin' e, 
which is positive for all values of e between zero and unity. But 

= e (1 - e^ (3 + 4e*) - (3 + 2e' - 4e*) sin'^e . . . (58) 

on reduction. The right-hand side is positive when e = 0, and 
negative when e = 1, whence Maclaurin's ellipsoid becomes unstable 
when the excentricity exceeds the root of the equation obtained by 
equating the right-hand side of (58) to zero. 

The equation determining the excentricity of the revolutional 
ellipsoid which coincides with the limiting Jacobian ellipsoid has 
been found in § 357, and on comparing it with (58), it will be seen 
that the excentricity of this ellipsoid is somewhat less than the 
ellipsoid which is unstable. 

This result was first obtained by Riemann\ 

In the last edition of Thomson and Tait's Natural Philosophy, 
vol. L part IL p. 333, it is stated that Maclaurin's ellipsoid is 
stable or unstable, according as the excentricity is less or greater 
than the ellipsoid which coalesces with the limiting Jacobian 
ellipsoid ; Le. according as e < or > '8127. Unfortunately no proof 
of this statement is given, but if it is correct, the disturbance 
which produces instability cannot be an ellipsoidal disturbance, 
but must be one of a more general character. 

368. Poincar^' has shown that when a mass of liquid is 
rotating about a fixed axis as a rigid body, the problem of deter- 
mining the small oscillations is reducible to the solution of a single 
equation. 

Let the axis of rotation in steady motion be the axis of z, and 
let the axes of x and y be any two perpendicular axes which are 
rotating with angular velocity g). Then if the disturbed motion be 
referred to the same axes, the equations of motion are 

du _dQ dv __ ^0 ^ _ ^Q 

^ Gott, Abhand, vol. iz. § 9. 
2 Acta Math, vol. vii. p. 366. 



T 
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where d/dt = d/dt + Ud/dx + Vd/dz + Wd/dz, 

U, V, W being the velocities of the liquid relative to the moving 
axes, and V is the potential. Also 

Since the liquid is rotating as a rigid body in steady motion, 
Uy V, and W are all zero, hence in the disturbed motion U, F, W 
are all small quantities ; if therefore we put 

^ = Q + K(^' + n 

the equations of disturbed motion are 

— -26)F = ^ — + 2ft)I7 = ^ dF^*/r 
dt dx ' dt dy* dt dz * 

The equation of continuity is 

dU dV dW ^ 

whence V^'^it = 2© ( -^ ) , 

^ \ay dxj 



dy \dx J dx \dy 

\dx dy) "~ '"' dz 



'dU dr\ , ^dW 



Hence g (V^.) = - 4a.' ^ , 

which is Poincar^'s equation. 

If we assume that the time enters into yfr in the form of the 
factor €****, this becomes 

^ rr dsr 
Putting z = z»J (1 — itay^jr?), this becomes 

da^^'d^'^d^"^' 

The problem is therefore reduced to finding a solution of 
Laplace's equation within the surface which is derived from the 
original surface by writing /V(l — 4a)7w') for z. 
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The solution of this equation subject to the boundary conditions 
will lead to an equation for determining n, which will show 
whether the motion is stable or unstable. 

The oscillations of an elliptic cylinder* and of an elastic 
spherical shell containing liquid", have been worked out by this 
method by Mr Love. 



EXAMPLES. 

1. An infinite cylindrical mass of liquid is rotating about its 
axis with angular velocity ft 4- f, under the influence of its own 
attraction, where f is the molecular rotation. Prove that a possible 
form of the free surface is an elliptic cylinder, and that if a and h 
be the semi-axes of the cross section, 






2. In the last example prove that the paths of the particles of 
liquid relatively to the axes of the cross section are in general 
pericycloids, which (i) when f (a* + 6") = ft (a* — 6") are epicycloids ; 
(ii) when ft -f f = are ellipses; (iii) when ft = or (ft + f) (a* + V) 
= ± 2a6ft are circles. 

3. A spheroidal shell whose equatorial and polar axes are 
2a and 2c, and whose mass may be neglected, is filled with liquid 
and is rotating about its centre of inertia. The motion of the 
liquid at every instant is such that it could be instantaneously 
generated by means of the first two operations explained in § 342. 
Prove that 



"» + ". - -^ + 2c» (a* - c') ' 



{a* - c') 

where L, M, N are constants depending on the initial motion. 

Prove also that ^ can be expressed in terms of the time in 
terms of elliptic functions, except when LM^IP, or c = 3a, when it 
is expressible by means of circular functions. 

^ Quart. Jowm, voL zzni. p. 158. 
^ Proc. Land. Math, Soe. vol. xiz. 
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4. In the case of Jacobi's ellipsoid, prove that the mean 
pressure throughout the liquid is § of the pressure at the centre of 
the ellipsoid ; and that if the equation of the free surface is 
{xjaf 4- (y/6)* + {zjcf = 1, and M is the mass of the liquid, the 
kinetic energy of the system is 

5. In the case of Maclaurin's spheroid, prove that any given 
mass of the liquid may be annihilated without disturbing the 
motion of the rest, provided the annihilated mass is bounded by 
the external surface and either of the two other spheroids, but that 
a similar theorem does not hold for laws of attraction* other than 
that of the inverse square of the distance. 

6. Prove that if a rigid ellipsoidal shell be filled with two 
homogeneous gravitating liquids of dififerent densities, the denser 
liquid will form a nucleus in the shape of an ellipsoid ; and that if 
the shell be made to revolve with constant angular velocity about 
any given fixed axis, a possible form of the nucleus when the 
liquids are in relative equilibrium will be an ellipsoid not co-axial 
with the external surface. 

7. A rigid shell in the form of an ellipsoid of revolution is 
filled with two homogeneous gravitating liquids of different densities 
which do not mix, and the whole system is rotating uniformly in 
relative equilibrium round the axis of the shell. Prove that a 
possible form of the surface of separation is a spheroid, and find the 
equation connecting the excentricity with the angular velocity. 

8. A mass of attracting liquid which is at rest, is enclosed in 
an ellipsoidal case. Prove that if the case be removed the liquid 
will move so as always to preserve the ellipsoidal form. 

In the case of a spheroid, prove that if a be the axis of figure, 

—- r» ^0 is the value of H in one position 

^ (c^ + X)(aH\)* ^ 

of rest, and r is the radius of the sphere whose volume is equal to 
that of the liquid. 

Hence show that if the two extreme values of a be r cosec'^, 
and r sin*^, the relation between and ^ will be 



(ir ^\ sin*^ sin*0, .-. 
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9. In Maclaurin's spheroid, find the ellipticity e in. terms of 
the density p and the angular velocity to when the free surface is 
nearly spherical ; and show that the whole pressure on an equatorial 
plane is approximately equal to (6 — Be) tt^/oV/IS astronomical 
units of force, where a is the equatorial radius. 

10. In Jacobi's ellipsoid prove that gravity on the surface 
is inversely proportional to the perpendicular on to the tangent 
plane, and that the total stress across any central section is pro- 
portional to the area of the section. 

11. If two concentric approximately spherical masses of fluid 
of densities (astronomical) p and p + p', the denser being inside, be 
rotating round an axis with angular velocity ti, and if a, a be the 
mean radii of the outer and inner surfaces, and if the equations of 
the surfaces be r = a (1 + o-), / = a' (1 + a), prove that <r, a are 
given by the equations 

{ip' + p)<t'- ipa = lip + p' ia'/af} <r - y (a'/aYa' =fnV-=(i -cos'^). 

12. Prove that if a thin case in the form of an ellipsoid of 
revolution be filled with liquid which is rotating as if rigid about 
its axis, the motion is unstable, if the length of the polar axis 
lies between one and three times the length of the equatorial axis. 

13. A quantity of liquid of density p is enclosed in a case, 
which may be either an oblate or prolate spheroid, and is rotating 
about its polar axis like a rigid body with angular velocity (f. 
Prove that if the case be removed, it will be impossible for the free 
surface to retain the spheroidal form unless initially ^^/2irp < 1. 
Prove also that if 2c be the length of the polar axis, the free 
surface will cease to be spheroidal, if at any period of the subsequent 
motion 

r >i+ ^ 



2irp Sirpc 

14. A liquid spheroid of small ellipticity e is rotating about 
its axis like a rigid body ; prove that the angular velocity is equal 

to 4 (7re/15/. 

16. Assuming that Saturn is a spheroid of small ellipticity e, 
and that it was originally liquid, investigate the equation 

SmA;* __ Qfk* 
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for determining the ellipticity, due partly to its own rotation «, 
and partly to the disturbance caused by its ring, which is supposed 
to be a flat concentric circular disc, of uniform thickness and 
density and lying in the plane of the equator : where M is the 
mass of Saturn, k its mean radius ; m the mass of the ring, c ±h 
its bounding radii, and c is large compared with k. 

Prove also that the value of gravity at co-latitude 6, is to 
equatorial gravity in the ratio 

1 -h € cos*^ : 1. 

16. Prove that Dedekind's ellipsoid may be derived froin 
Jacobi's ellipsoid by supposing the liquid enclosed in a case, and 
then imparting to the case an equal and opposite angular velocity ; 
and show that the impulsive couple which must be applied to the 
case, is equal to 

iiff(a'-67/(a' + 60. 

17. In the irrotational ellipsoid, prove that if the liquid be 
suddenly solidified, the loss of energy is equal to 

where fl is the angular velocity of the free surface before solidifi- 
cation. 

18. Obtain the equations for determining the small oscillations 
of the ellipsoids included in case v, when the position of the axis 
of rotation is unaffected by the disturbance which is supposed to be 
ellipsoidal ; and prove that in the case of Maclaurin's ellipsoid, the 
period T of oscillation is determined by the equation 

{Wir -E^ + E^] {(1 + 2c'/a') Wir -E„- EJ = 0, 

where E is the variable part of the whole energy, and 

E^ = d^E/da\ &c. 



B. II. 9 



CHAPTER XVL 

ON THE STEADY MOTION OF TWO MASSES OP ROTATING 

LIQUID. 

369. When a mass of liquid is rotating as a rigid body about 
a fixed axis under the influence of its own attraction, the condition 
that the motion should be steady and that the free surface should 
preserve an invariable form, is obtained directly from the considera- 
tion that the reversed effective forces together with the forces 
arising from the mutual attractions of the different portions of 
liquid, must form a system in statical equilibrium. 

Let the axis of rotation be the axis otz; V,p, <o, p the attraction* 
potential, pressure, angular velocity and the density of the liquid. 
The equation for determining the hydrostatic pressure p gives 



dp^p 



(dV , \ , (dV . \ , dV. 



\dx I \dy 

whence if p be constant, we obtain 

p\p + const. = F + Jtt>* (a?* + y"). 

At the free surface |? == 0, whence the equation of the free 
surface is 

F+it(»»(a;* + yO = const (1). 

370. The value of F cannot be determined without knowing 
the form of the free surface. If any particular form of the free 
surface be assumed, and the resulting value of F is substituted in 
(1), it usually happens that it is impossible to satisfy (1) ; hence 
the problem in its most general form is one which cannot be solved 

* Since V is the attraction potential, dV/dx = force in the direction of x. 
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by any direct method. It is however sometimes possible to obtain 
an approximate solution, in which the free surface differs slightly 
from some surface whose form is known; and we shall therefore 
proceed to investigate the steady motion of two approximately 
spherical masses of liquid which revolve like rigid bodies about a 
fixed axis. 

The present investigation is taken from a paper by Prof 
G. H. Darwin \ 

371. We must first find the potential of a homogeneous mass 
of gravitating matter of unit density whose free surface is approxi- 
mately spherical. 

Let the equation of the bounding surface be 

r = a(l + 22,FJ (2), 

where Y^ is a spherical surface harmonic of degree n, and a^ is a 
small quantity whose squares and products may be neglected. 

If F, V be the potentials at an external and internal point 
respectively, we may assume 

V = iTraVr + X'An ifllrT' F. (3). 

r = - |,rr» + 2>: (r/a)" r. (4), 

for these values evidently satisfy the equations V*F=0 and 
V*F' + 4}7r = respectively. The conditions to be satisfied at the 
surface of the solid are 

F= F' H-const (5), 

dV/dr = dr/dr ....(6). 

Since the A'8 and A''s are small quantities of the order a, we 
may in the small terms put r = a, but in the first term we must 
give to r its full value from (2). 

Substituting in (6) we obtain 

fTra" 2a.F. - 2 (n + 1) A J, |7ro' 2a,F, + t,A,Y,, 

whence equating coefficients of F„ we obtain 

4i7ra\ = (w + 1) ^„ + nAJ. 

Similarly from (5) we obtain, 

A^ = AJ. 

^ ** On the Figures of EJquilibrium of Rotating Masses of Fluid," PhiL Trans. 
1887, p. 397. 

9—2 
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Whence 



aT 



V = -^r- + 47ra' 2, ^ * \ -) (7), 



^ * 2n + 1 Va/ 



.(8). 



372. Let us now suppose that there are two masses of liquid 
whose free surfaces are approximately spheres, and whose centres 
are o and 0, 




Let there be two sets of rectangular axes whose origins are o 
and respectively, and let the axis of 2: be measured from to 0, 
and that of Z from to 0. Let Oo=^c\ a, A the radii of the 
spheres whose centres are and respectively. Let P^ be an 
associated function whose origin is and whose axis is OZ, and 
let |}^ be a similar function when the origin is at and the axis is 
oz. Let the axis of rotation be a line parallel to ox drawn through 
some point on Oo whose distances from and are D and d 
respectively. If fi be the potential of the centrifugal forces, we 
have 

fl = ifi>"(y' + ^ + ^-2d4 

Now if r, cos"^ /a, ^ be polar <;oordinates referred to as origin, 

p, 0*) = ^. p, (m) = h (3/** - 1), p: 0*) = 3 (1 - /i'), 

whence 

n = ia,» (rf« - 2drp^ + ^r'p^ + |r« - ^r ^ cos 2<^). 

Let us now put w^ = r^p^, jtv^ = r^'p^ cos 2^, so that w^, jiv^ are 
solid harmonics of positive degree, and we obtain 

Xl = |a)»(d«-2di(;, + iw, + K-i,wJ (9). 

Similarly the value of fl referred to the other origin is 

fi=4a>«(D'-2Z)Tr, + iTr, + fiJ'-i.F.) (10). 



^^■Wi^^ c 'f - ' c 
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373. It will hereafter be necessary to employ the transference 
formulae given in Chapter XL § 227. Writing tt - ^ for ^ in these 
formulae, and remembering that P; {cos (tt - ^)} = (-)"""* P^ (cos 0), 
and multiplying both sides of each equation by cos m^, the 
formulae become 

(n-m)!-^-- = J^ ^^i.^-^l'^ (11), 

374. Let F, t; be the potentials at an external point of the 
solids 0, respectively ; and let F, v be divided into three parts 
Fj, F„ F3 and i;,, v^, 1/3 respectively. By (1), the condition that the 
free surfaces of the two masses of liquid should be equipotential 
surfaces, is that the equation 

Fj + Fj + F, + V, + v, + V3 + n = const (13), 

should be satisfied at each of the free surfaces. Since the free 
surfaces are approximately spherical, each of the three v's will be 
of the form (7), and each of the three F's will be of a similar form 
with A and R written for a and r. Expressing the series (7) in 
terms of solid harmonics of positive degree instead of surface 
harmonics, it follows that (13) will be satisfied provided the 
following conditions are fulfilled. 

(i) Fj must consist of a series of zonal solid harmonics of the 
form (7) referred to the origin 0, and v^ must consist of a similar 
series referred to the origin 0, such that when the expression 
Fj + Vj^ is transformed by means of (11) and (12) into two separate 
series of zonal solid harmonics referred to the two origins and 
respectively, the coefficients of all the harmonics must vanish 
except those of W^ and w^, 

(ii) F, + Vg must consist of two similar series of harmonics, 
such that when F, + v^ is transformed into two separate series of 
zonal solid harmonics referred to and respectively, all the 
coefficients must vanish except those of W^, TF^, w^, w^y and the 
coefficients of TT,, w^ in. F, + v^ and the coefficients of W^, w^ in 
F, + Fj + i/j + v^ must be determined so as to annul the terms 
involving these quantities in ft. 

(iii) Fg + Vg must consist of two series of tesseral solid har- 
monics ^W^y jUi)^, such that when Fg + Vg is transformed into two 
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separate series referred to and o respectively, all the coefficients 
raust vanish except those of ^TTj, ^w,, which must be determined so 
as to annul the terms involving these quantities in fl. 

The terms iZ' and r' in 11 need not be considered, for since the 
corresponding forces are symmetrical about each origin, they pro- 
duce no departure from sphericity. 

When we have determined the three quantities V^ -f v^, F, + r,, 
Fg + v, and the form of the boundary corresponding to each, the 
final result will be obtained by addition. 

375. We shall now consider the potential V^ + v^. 
Let the equations of the two surfaces be 



where the A's and ITs are unknown coefficients whose values are to 
be determined Putting T = A*/c*, 7 = a7c', it appears from (7) 
and (8) that 

".'»"-o-'-i^:5^(«-)*(r?--<'«'- 

Putting 7/1 = in (12), and transferring to o by the resulting 
formula, we obtain 



• 3c 






c V c / »=a n — 1 t=o kl nl \cj a* * 
the value of v, + F, is 



*™'(")-^":?:[^©'(? 






J fk ^ 



+ 



»(r:-:ir^i'S^-] (->■ 



This quantity is to vanish when r has the value given by (14) 
for all values of k except k=l. Since the squares and products 
of small quantities are to be neglected, we may put r = a in the 



P^i^^a^WKgy mwe" • J-i. m 
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term in square brackets, but in the first term we must give to 
a/r its full value ; whence equating the coefficient of tOi to zero 
we obtain 

Therefore /^*= 1 + i ©'j ^"^f^'S^. (19). 

and by symmetry 

^-'^»ai:^n^»- » 

For the purpose of obtaining an approximate solution it will 
be sufficient to calculate the values of the ^s and h'a as far as c* 
only ; we shall therefore require only the first terms of the two 
series, and we thus obtain 

,..iH.,g)'(i±M±i) ,21), 

ff..l^,(|)'(*±i)f-±i) (82). 

Returning now to (18) we must determine the portion of the 
potential which involves harmonics of the first degree. From (16) 
it is seen that at the surface of o, v^ contributes nothing ; whence 
by (17) the portion of the potential is 

..-^•[i.4(lT:-±-lr-ir.]». cm 

and when the origin is at 0, 

376. We must now consider the potential F, + v, due to the 
rotational terms, which are equal to ^w'TF, or Jw'Wj according as 
the origin is at or o. 

By Chapter XV., Ex. 14, if a spheroid of small ellipticity e is 
rotating with angular velocity w, then 6 = 15tt)7l67r ; let us there- 
fore assume for the equations of the two masses of liquid 

a-^'-^'^^[a).l2;^[l) ^«"^^* ^^'^^ 
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By (7) the potential due to the inequality ler'^w^ in (25) is 
equal to ■^irea'^wjr^, whence proceeding as before, the potential t;/ 
due to the whole sphere a and its inequalities is 

and the potential F,' due to the whole sphere A and its inequalities 
can be at once written down by symmetry. By (12) the value of 
Fj' when transferred to o is 

Substituting the value of ajr from (25) in the first term of 
(27), we find that the value at the surface of the portion involving 
€, added to the second term of (27) 

This annuls the term ^co^w^ in the rotation potential; hence 
the value at a of the potential due to the inequalities of the two 
spheres minus the above mentioned term and the outstanding 
potentials of the first degree is, 

F . r ^ 47rJl^"r (2n + l)?,^/;, 27rA'^^-> l^ w^ 
» * 3c nt^ (2n-2)c" "^ c n=2»i-ic„ 

27r€il" »=« 
27rJl 



+ 



/otN8n=oo ft=« (fcH-n)! P'^ ^ ^ 

Wn=2 *=2 *1 ^i *-l^*C~' 



whence 
2n + l 






or 

Similarly 



4 = fo-e(-) (.-M)(.4-2) + t(-)^J FTT! ra^- 
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whence neglecting higher powers than c"' we obtain 

K^^[f)\n + l){n + 2) (29), 

i.= 1^ (")* (« + !)(" + 2) (30). 

The outstanding potentials of the first degree are 

u^ = ^7r€A'wJc\ and J7, = ^irea' WJ& (31). 

377. Let us write Q,, q^ for ^TTj, ^w^\ and we have lastly to 
find the potential due to the rotational terms — ^©'j, and — ^ ©'Q, 
in £1. 

Let the equation of the free surfaces be 

By (7) the potential due to the inequality —^qjr^ in (32) is 
— 2irea^qJ\br^ \ whence the potential v^ of the mass o and its 
inequalities is 

Whence at the surface, the value of the potential of the 
inequalities is 

and since f Treg, - ■h'^eq^ = i^'n-eg', = iV®*?«> 

the term — ^Jr^ in (32) annuls the rotational term iV®'?8 ^^ ^« 
The value referred to of the potential of the inequalities of A 



IS 






*=2 

and the value of this at the surface of o is 

n=oo 



F, = - T^Treil'c-* 2 c-j, 



_n 
ns2 



c 



* t=2 ifc-1 „r2 A;-2! A; + 2!c" ^'*''^' 
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whence equating coeflScients from (34), (36) and (36) we obtain 

2n. + l 
2w 



+ 1 3m, , /J.\* 



^« 



^\cj k^2 *?-2! W + 2I &-1 
Whence 

= ^ncj-^noJ.S fc^2!n4-2! fe^^*' 
Similarly 

^* = tV^ (o) + 1 (7) , S — 2TT+2 ! i^ "'^ 

Whence neglecting (a/cf and (j1/c)* we obtain 

»«. = A« (^/oy. M, = T^e Wc)' (37). 

378. In order to determine the angular velocity, we must 
equate to zero the sum of the harmonic terms of the first degree in 
ft in (23) and (31) ; we thus obtain 

- (D^d + iirAyc"" + ^weA'/c' = 0, 

or - ft)«d + iTrAyc" + iAW/c' = 0. 

Similarly - (o*D + fTra'/c' + |aV/c* = 0. 

Adding and remembering that Z) + d = c, we obtain 

a>« {1 - 1 (A' + a^cf} = iir {A' + a')l(^, 

and since we neglect powers above (a/c)° we obtain 

a>« = Jtt (^» + aO/c* (38). 

379. The object of the problem which we are considering is, 
to obtain the equations of the free surfaces of the two masses of 
liquid ; this will be efifected by adding the inequalities in equations 
(14), (25) and (32) to unity, and substituting the values of A„, ?„, 
and m^ from (21), (29) and (37). 

This will give us the equation of the boundary of the mass 0. 

Similarly by adding equations (15), (26) and (33) and substi- 
tuting the values of H^, i^, and M^ from (22), (30) and (37), we 
shall obtain the form of the free surface of the mass 0. We shall 
thus obtain 

I = l.i.(^.-,,/^.(^)-{,(|)>..j(^)-^..i(2)-5 
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which expressed in terms of surface harmonics is 

Similarly 
| = l+i.(2P.-P.»coa2<^) + (^)'|fP. + i(^)p.+j(^yP,|(40). 

380. Prof. Darwin has entered into an elaborate series of 
numerical calculations for the purpose of ascertaining the forms of 
the two figures when they are in close proximity with one another ; 
and has computed and drawn the figures which are shown in the 
accompanying diagrams. 

Figures 1 and 2 show the form of the sections of the figures 
through and perpendicular to the axis of rotation when the masses 
are equal and nearly in contact, the constants being chosen so that 
A=a, c/a = 2*646, (o*/4i7r = '038, and h the moment of momentum 
oc -472. It will be observed that the section through the axis of 
rotation is considerably more elongated than the section perpen- 
dicular to that axis. 

Figures 3 and 4 are particularly interesting. Here the masses 
are equal and c/a = 2*449, ft)747r = '0494, h x '482, and the masses 
partially overlap. Although two portions of matter cannot actually 
overlap so as to occupy the same portion of space, yet the continuity 
of figures of equilibrium leads to the conclusion that the two 
masses in this case constitute a single mass of liquid. The probable 
form of the free surface is shown by the dotted line connecting 
the two masses. 

It will be observed that both the angular velocity and the 
moment of momentum of the system is greater in this case than in 
the preceding; it is therefore to be inferred that for a properly 
chosen moment of momentum, there exists a dumb-bell figure 
of equilibrium^ and that when the ratio of the square of the 
angular velocity to the density is less than a certain quantity 
which lies between 47r x '0494 and 47r x '038, a single figure of 
equilibrium becomes impossible and the mass divides into two. 

Figures 5 and 6 show the forms of the surfaces when the 
masses are unequal, the ratio of the larger mass to the smaller 
being 27. The free surfaces consist of two detached masses, and it 
is remarkable that the smaller mass has a very distinct, furrow, 
which indicates a tendency for it to break up into two separate 
masses. 
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381. Poincar^ has shown by a difficult analytical process that 
when Jacobi's ellipsoid becomes moderately elongated, instability 
sets in by a furrowing of the ellipsoid along a line which lies in a 
plane perpendicular to the longest axis; and it is to be noticed 
that this furrow is not symmetrical with respect to the two ends. 
Assuming ^he correctness of this result, it would appear that there 
is a tendency to form a dumb-bell figure with two unequal bulbs. 



MISCELLANEOUS EXAMPLES. 

1 . A vessel in the form of a regular polyhedron is filled with 
fluid, and revolves with given angular velocity around a vertical 
axis passing through its centre of gravity ; if P denote the whole 
pressure on the surface of the vessel, 8 the whole surface, and 11 
the pressure at the centre of gravity, prove that P — II^S is 
constant for every vertical axis. 

2. Prove that the relative stream lines for liquid bounded by 

the hyperbolic cylinders x{x — y) = a', y{osi'y) = b^ are the quartic 

curves, 

{x (a? — y) — a'} {y (x + y) — 6*} = const. 

3. A right circular cylinder whose section is r/a = 1 +/(^) 
where both f(6) and /' (6) are very small, is surrounded by an 
infinite liquid. If the cylinder have an angular velocity a> about 
its axis, prove that the velocity potential at any point of the 

liquid is 

aW [^ f{a) sin (a — 6) da 



Jo ^ — 



TT Jo ^ — '^o,''' cos (a - d; -f a' * 

4. A circular cylinder of radius a moves along the axis of x 

with velocity — 1. Prove that the direction of motion of a particle 

of the fluid with respect to still water, is a tangent to the circle 

drawn through the particle and touching the axis of x at the point 

where the axis of the cylinder at the instant cuts this axis ; and 

also that if p is the radius of cui'vature of the path of the particle 

relative to still water 

aJ" = 4fp{y- ib), 
where 6 is a constant. 

5. The resolved attractions of a body symmetrical about the 
axis of z are / (z, cr) and F (z, vr) respectively perpendicular and 
parallel to that axis. The equation of a solid of revolution is 
vTf(z,w) = atj^ + by where a and b are constants. Prove that if 
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this solid be made to move parallel to its axis in an infinite liquid, 
the stream lines are given by equating the left-hand side of this 
equation to a constant, and the velocity potential is F{z,'gf) 
multiplied by a constant. 

When the moving solid is formed by two spheres intersecting 
at an angle fr/n, find the velocity potential and current function 
by choosing as the attracting body a series of 2n — 1 particles, 
situated on the line joining the centres so that each is the image 
of the two adjacent particles, having their masses proportional to 
the cubes of their distances from any point on the intersection of 
the spheres, and being alternately attractive and repulsive. 

6. Fluid moves irrotationally within an ellipsoidal cavity 
whose semi-axes are a, 6, c in a vessel which turns freely about the 
axis of c. Show ttat the locus of points at wjiich the pressure is 
the same as that at the centre is two planes, and that the pressure 
at any other point exceeds the pressure at the centre, by a quantity 
proportional to the product of its distances from these planes. 
Show also that each particle of fluid returns to the same place in 
the vessel after a time T (a* -h b*)/2aby where T is the time of a 
complete revolution of the vessel. 

Find the place from which a drop of fluid may be removed 
without disturbing the motion. 

Let an internal ellipsoid be described touching the cavity at the 
extremities of the axis of rotation, and having all its sections 
perpendicular to this axis similar to those of the cavity. If the 
mass of fluid within this ellipsoid be suddenly solidified and 
rigidly connected with the rotating vessel, find what change in the 
motion is produced. 

7. Liquid is contained in a thin rigid ellipsoidal case, which is 
held in any position in contact with a smooth horizontal plane ; if 
it is released, prove that the pressure on the table is instantaneously 
reduced in the ratio 1 : 1 4- P, where 

and p is the central perpendicular on the plane at striking, and 
I, m, n are its direction cosines referred to the principal axes of the 
ellipsoid. 

Prove also that if it is dropped on to the plane, and has no 
rotation at striking, the kinetic energy is reduced by the impact in 
the ration P : 1 + P. 



CHAPTER XVII. 

ON LIQUID WAVES. 

382. The different kinds of liquid waves may be classified as 
follows^ : 

I. Oscillatory Waves, which are the class of waves most 
commonly met with, and which consist of an elevation together 
with a companion hollow. They always appear in groups, and 
may either be stationary elevations or depressions, as in the case of 
a stream of running water, or may be propagated along the surface 
as at sea. 

II. The Wave of Translation or Solitary Wave, which consists 
of a single wave travelling along the surface of the liquid. Its 
form may either be that of a solitary elevation or a solitary hollow, 
the former being called the positive wave, and the latter the 
negative wave. There is however an important difference between 
the two waves, since the positive wave possesses considerable 
permanence of form, being capable of propagation to great distances 
without suffering much degradation ; whilst the negative wave is 
incapable of travelling any considerable distance without being 
broken up. 

III. Capillary Waves, which are mainly produced by the 
surface tension of the liquid, and whose effect is insensible except 
near the surface of the liquid. 

IV. Sound Waves, which in the case of liquids are due to the 
very slight changes which the density of a liquid under pressure 
experiences. They are insensible to sight, and the consideration 
of their properties belongs to the theory of sound rather than to 
hydrodynamics. 

^ Scott Bussell, Brit. Assoc. Rep. on Waves ^ 1642 — 3. 
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The mathematical difficulties of the subject are so great, that 
no complete solution of any problem has as yet been obtained 
except the trochoidal waves considered in § 388, which were first 
discovered by Gerstner* in 1802, and afterwards independently by 
Rankine* in 1862; and we are therefore compelled to resort to 
approximate methods, which depend upon the assumption that the 
motion is sufficiently slow for it to be permissible to neglect the 
terms involving the squares and products of the velocities. The 
problem thus consists of (i) the determination of a velocity 
potential which satisfies Laplace's equation ; (ii) the determination 
of the boundary conditions to be satisfied at the fixed boundaries of 
the liquid ; (iii) the determination of the conditions to be satisfied in 
order that the free surface should be a surface of constant pressure, 
or in the case of two liquids which are in contact, that there 
should be no discontinuity of pressure at the surface of separation. 



Section I. 

Oscillatory Waves. 

383. We shall first consider the waves propagated in a liquid 
of uniform depth h under the action of gravity. 

Let the plane of the undisturbed surface be the plane of xy^ let 
the axis of x be measured in the direction of propagation of the 
waves, and let the axis of z be measured vertically upwards. 

Since the motion is supposed to be irrotational, the velocity 
potential satisfies the equation 

^0 = (1). 

At the bottom of the liquid where z = -h, 

d<f>/dz = (2). 

The pressure is determined by the equation 

|)/p + 5f^ + ^ + i5' = const (3), 

where q is the resultant velocity. At the free surface dp/dt = 0, or 

dt dx dy dz ^ 

^ Theorie der Wellen, Ahlmnd. Kon. B'nhmischen Gesel. Wiss, 1802. 
2 Phil. Trans. 1863. 

B. II. 10 



146 WAVES. 

Also if fj be the elevation of the free surface above the undis- 
turbed surface, we must have 

r) = d(f)/dZy when z = rf (5). 

So far our equations have been exact; we shall now assume 
that the motion is so slow that the squares and products of the 
velocities may be neglected. Substituting the value of p from (3) 
in (4) and neglecting small quantities of the second order we 
obtain 

(P(b dd> ^ 

when z = 0. Since we are dealing with wave motion, <^ must be 
an harmonic function of the time, whence if I be the length of the 
simple equivalent pendulum 

and therefore ld<l>/dz =^ <f), when z = (6). 



Waves in Rectangular Canals. 

384. When the motion is in two dimensions, we may suppose 
that the liquid is bounded by two parallel planes, which are at 
right angles to the crests of the waves. Hence the motion will be 
the same as that of waves propagated along a canal whose cross 
section is a rectangle. 

Let X be the length of the waves, Uthe velocity of propagation, 
h the depth of the canal. Since the motion is in two dimensions, 
we may assume 

<l>=f(z) cos (mx — nt), 

where m = 27r/X., n = 27r?7/\, n^ = g/l. Substituting this value of <^ 
in (1) we obtain 

the solution of which is 

/= P cosh mz + Q sinh mz. 

Equations (2) and (6) require that 

P sinh mh = Q cosh mh 
P = mlQ, 
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whence <f> = A cosh m(z-hh) cos (mw — nt) 

ml = coth mh, 
and IP = n^/m* = g/niH 

= g\/2'7r,tsinh27rh/\ (7), 

which determines the velocity of propagation. 

Putting 47rA/\ « /*, we obtain 

-J- log CT' = — It"* + cosech /it, 
cLfx 

which is positive or negative, /jl being supposed positive, according 
as 

fi > or < sinh /* > or < (/i + pb^S 1 -f ), 

and is therefore negjative. Hence U decreases as /ju and therefore 
m increases, and therefore (7) cannot be satisfied for a given value 
of U by more than one value of m. Hence there is only one wave 
length which corresponds to a given velocity of propagation ; also 
the velocity of propagation diminishes as the wave length increases. 

385. When h/\ is small, tanh 2Trh/\ — 27rh/\, and 

lP=gh (8), 

which determines the velocity of propagation of long waves in 
shallow water. 

When h/X is large tanh 2'7rh/\ = 1, and 

U'=^g\/2w (9), 

which determines the velocity of propagation of deep sea waves. 

386. At the free surface z = r), where 17 is the elevation ; 
whence substituting the value of <^ in (5; and suitably choosing 
the origin we obtain 

rj = — Amn"^ sinh mh sin (mx — nt). 

Let (x, z) be the coordinates of an element of liquid when 
undisturbed, (f, f) its horizontal and vertical displacements, also 
let a;' = a; + ^, / = -2^ + f ; then 

1^ = d<f>/dx' = — Am cosh m (/ + h) sin (ma?' — nt) 

f = d(f>/dz' = Am sinh m (z' + h) cos (mx — nt) . 

10—2 
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Since the displacement is small we may put x^x\ z^z' as a 
first approximation, and we obtain 

f = — a cosh m (2: + A) cos {mx — ni) 

f = — a sinh vfiiz-vK) sin {mx — n<), 

where Am/n = a; whence the elements of liquid describe the 
ellipse 

^/cosh'm (z + h) + f"/sinh'm {z + h) = a\ 

387. When the depth of the liquid is very great we may put 
A = 00 , and the hyperbolic functions must be replaced by expo- 
nential ones ; we shall thus obtain 

<f> = Ae^ cos (mx — Tvt) 

17 = — Amn"^ sin {mx — nt)y 

and the elements of Uquid will describe the circles 

f* + ?• = {Amlnf e^. 

We shall consider the problem of deep sea waves at greater 
length in § 408. 



Oeratner's Trochoidal Waves. 

388. It was shown by Gerstner in 1802 and was rediscovered 
by Rankine, that there exists a certain form of trochoidal waves, 
which can be expressed in finite terms without resorting to methods 
of approximation. 

Let the motion of the liquid be given by the equations 

a? = a + A:"* €"** sin A; (a + ct) 



>+''*H (10). 

— 2r = 6 + fc"* e"** cos k(a-\- ct) ) 



where k and c are absolute constants, and a and b are functions of 
the initial coordinates of the element of liquid whose coordinates 
at time t are {x, y). 

The conditions of continuity require that the area of any 
elementary rectangle bounded by the curves a, b, a + 8a, b 4- S6, 
should be constant throughout the motion, this requires that 

d (a?, z) _ 
d (a, 6) "" ' 
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where A Ib a quantity which is independent of x, z or t From 
(10) we obtain 

d(a, 6) 
hence the conditions of continuity are satisfied. 
The Lagrangian equations of motion are 

rf / / . X ..dx .,dz 

d / I . V .,dx .,dz 

which by (10) become 

j7 ipip + 9^) = *c* €"** sill A (a + ct), 

jr (jp/p+gz) = Ac" €-** COS & (a + c«) - Ac" €"**; 
whence 
2>/p — 5^ {& + A'* €'** cos A? (a + c<)} = — c" c"** cos A: (a + c^ 

At the free surface p must be independent of t, whence 

g = kc\ 

The wave length \ = 27r/A?, and c is the velocity of propagation ; 

hence c= (grX/27r)*, and is therefore equal to the velocity of propa- 
gation previously found for deep sea waves. 

The pressure is given by the equation 

plp = gb + ^'€"^ + C 

= c^kb + i€-n + C, 

and therefore retains the same value at every point moving with 
the liquid. If therefore we put 6 = /8 at the free surface, we 
obtain 

pIp = c- {& (6 - iS) + i (€-«* - €-2W)}, 

which makes the pressure vanish at the free surface. The quantity 
6 increases with — z, and therefore the wave disturbance decreases 
with the depth of the liquid. 

The velocities of the liquid are 

ti = flp = c€"** cos fc (a + ct) 

w = z = C€"** sin k {a + ct). 



150 WAVES. 

from which it can be shown that a velocity potential does not 
exist. In fact 

(dw du\ d (x, z) 

fe - d^ j d(^) = ^-"^ - «'*^- + ^-^^ - "'^^ 

where the sufl&xes denote partial differentiation ; whence if cd be 
the molecular relation 

The motion is therefore rotational, and therefore waves of this 
description could not be generated in a frictionless liquid which is 
under the action of natural forces. 



Waves at the Surface of Separation of Two Liquids, 

389. Let us first suppose that two liquids of diflferent densities 
(such as water and mercury) are resting upon one another, which 
are in repose except for the disturbance produced by the wave 
motion, and which are confined between two planes parallel to 
their surface of separation. Let p, p be the densities of the lower 
and upper liquids respectively, A, A' their depths, and let the origin 
be taken in the surface of separation when in repose. 

In the lower liquid let 

<^ = J. cosh m (<8r + A) cos {mx — nt) (11), 

and in the upper let 

if> =A' cosh m (-er — K) cos (mx --nt) (12), 

also let rj = a sin (mx — nt), 

be the equation of the surface of separation. At this surface, the 
condition that the two liquids should remain in contact requires 
that 

dr}jdt = d^jdz = dfp'/dz, when z = 0. 

Whence —na = mA sinh mh = — mA' sinh mh'. 

If 5p, Bp' be the increments of the pressure due to the wave 
motion just below and just above the surface of separation, then 

Bp + gpT) + pd<f>ldt - 0, 

and Bp' + gpr) + pd^'jdt = 0, 
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and since Sp = Bp\ we obtain 

^r (p - /)') ^ = - pd<l>/dt + pd(\>ldt 

= n(—Ap cosh mh + A 'p cosh mh') sin (mx — nt) 

— (p coth mh + p coth mA') n^rf/m, 
whence 

' m(p coth mh + />' coth mh') * 

where m = 27r/\. 

390. When X is small compared with h and h\ then mA, mh' 
are large, and coth mh and coth mA' may be replaced by unity ; we 
thus obtain 

lP = g{p-pym(p + p'). 

If p > p, U* is negative and therefore n is imaginary ; hence if 
the upper liquid is denser than the lower the motion cannot be 
represented by a periodic term in t, and is therefore unstable. 

If the density of the upper liquid is small compared with that 
of the lower, we have approximately 

Cr«=5rm-(l-2,>7p). 

If the liquid is water in contact with air, pjp = 00122, hence 
if the air is treated as an incompressible fluid 

tr* = -99756 x^TTi-^ 

391. Secondly, let us suppose that the upper liquid is moving 
with velocity F', and the lower with velocity F; then we may put 

<f>=^Vx + A cosh m{z'\-h) cos {m>x — n() 
^' = V'x + A' cosh m (2: — K) cos {mx — nt). 
Let the equation of the surface of separation be 

J'= 1; — a sin {mx — nt) = 0. 

Then in both liquids F must be a bounding surface, and there- 
fore when z = Q, 

dF d6dF dFd<t> ^ 
at ax ax dr} az 

dF d^dF dFd^^ 
dt dx dx dr) dz 

Whence an—mVa + mA sinh mh = 

an — mVa — mA' sinh mK =■ 0. 
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Hence if U=njm be the velocity of propagatioQ, 

A sinh mh = a(F— U) 
-4'sinh mA' = -a(F-Cr). 

If 8p, hp be the increments of pressure at the surface of 
separation due to the wave motion, 

Zpip -^-gv^ d^jdt + J { F— Am cosh mh cos (ma? — nt)Y = i F", 
SpVp' + 5^^ + d<^7^^ + i { F - il'm cosh mK cos (ma; - n^}" = i F'. 

Therefore since hp = Bp\ 

cig(p — p) = Amp (F— U) cosh mA - A'mp{V — V) cosh mh' 
or fir (/) - p') = mp ( F- fr)* coth mh + mp' ( F - Uf coth wiA', 
which determines U. 



Waves in Canals with Sloping Sides. 

392. In all the preceding sections the motion considered has 
been in two dimensions, and the results are therefore applicable 
either to straight crested waves in an unlimited ocean, «r to waves 
in a canal whose cross section is a rectangle. We shall now 
consider some cases of three-dimensional motion. 

We shall first discuss the case of waves propagated along a 
straight canal of uniform section, whose sides are two planes 
inclined at an angle Jtt to the horizon. 

Let h be the greatest depth of the canal, and let the origin be 
taken in the line of intersection of the two sides. The equations 
of the two sides of the canal are y ±z = Of and the boundary 
conditions are 

d<f>ldy — d<f>/dz = 0. when y — z^O 

d<f>/dy + d<l>/dz = when y + z^O. 

The equation of continuity and the boundary conditions will 
be satisfied if 

<f> = A cosh my cosh mz cos \/2 (ma? — nt). 
At the free surface where z=^h, we must have 

Id^/dz = <l>, 
for all values of x and y, whence 

ml = coth mh, 
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and therefore IP — n*/m* — g/lm* = gm~^ tanh mh, 

= {gXJTT^J^) tanh irh»J2jX, 
The free surface is determined by the equation 

drjjdt = d<f>/dz = mA sinh mh cosh my cos V2 (ma? — nt), 
whence ^ = — (mA/n^2) sinh mA cosh my sin ^2 [mx — n^). 
These results are due to Prof. Kelland. 

The equation of continuity and the boundary conditions will 
also be satisfied by assuming 

<f) = B sinh my sinh mz sin ^2 (mx — nt), 

in which case we should have 

IP = (ff\l7r^2) coth ttA V2/X, 

rj = {mAln»J2) cosh mh sinh my cos V2 (m^ — n^). 

393. Kelland* also obtained the solution for progressive waves 
whose crests are perpendicular to a shore whose inclination to the 
horizon is Jtt, and which .are moving parallel to the shore. This 
solution has been generalized by Prof. Stokes' for a shore sloping 
at any angle a. 

Let the origin be taken in the line of intersection of the shore 

with the undisturbed surface; then the equation of the shore 

will be 

y sin a + ^ cos a = 0, 

and the boundary condition is 

d0 . d6 

-j^ sm a + -j^ cos a = 0, 

ay az 

which is satisfied if 

<^ = -4 exp {— m (y cos a- z sin at)] cos (ma? — nt). 
Whence mZ sin a = 1, 

and IP = (grX /27r) sin a. 

394. If we attempt to determine the solution for progressive 
waves along a canal whose sides slope at an angle ^tt to the 
horizon, by assuming that <^ = -P(y, z) cos tj^ {mx-^nt), it will be 
found that the period equation has only one real root, viz. mA = 0, 

1 Trans, Ray. Soc. Edin. vol. xv. p. 121. 
* Brit, Assoc. Rep. Hydrodynamics, 1846. 
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repeated four times. Hence it follows that progressive waves in a 
canal of this form are unstable ; we must therefore assume 

<^ = ^ cosh \/2 {mx — 72^). 

The boundary conditions are 

d^jdy = d^jdzy when y = zs]^, 

d^ldy ="- d^ldz, when y = — z»J^. 

These equations together with the equation of continuity will 
be satisfied by assuming 

^ = sinm (-2^ — a) cos my + sin ^m {(V3~ l)-3^~2a} cos^m (\/3 + 1) y 

— sin \m {(^3 + 1) -s^ + 2a} cos \m (\/3 — 1) y. 

Substituting this value of 4> in (6) and putting m(h — a) = y, 
we obtain the following equations : 

ml = tan 7 = (V3 + 1) tan {7 - H^ - \/3) mh] 

= (V3 - 1) tan ji (3 + \/3) mh - 7}. 

From these equations we find that tan 7 is an harmonic mean 
between tan ^ (3 — v/3) mh and tan J (3 + V3) mA, which determines 
7 and therefore a in terms of mh ; and on eliminating 7 we shall 
find that the period equation is 

(2 - V3) cos (3 + V3) mh+{2 + ^/Z) cos (3 - V3) mh - cos 2wAV3=3, 

which is an equation with an infinite number of real roots. 

Since wave motion is stable when the sides of the canal are 
inclined at an angle ^tt to the horizon, and unstable when they 
are inclined at an angle Jtt, it follows that there must be some 
inclination lying between Jtt and ^tt which forms the limit 
between stability and instability. The value of this angle has not 
apparently been determined. 



Standing Waves across a CanaL 

395. If liquid is contained in a straight canal whose sides are 
inclined at any angle a to the horizon, and if the free surface is 
either displaced in such a manner that its equation is r) = F{y\ 
where y is measured across the canal, and the liquid is then left to 
itself; or if a velocity f {y) is communicated to every point of the 
free surface, after which the liquid is left to itself; the subsequent 
motion of the liquid, if periodic, will consist of oscillations composed 
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of waves whose crests are parallel to the sides of the canal. Such 
oscillations are called standing waves, and the theory of them has 
been investigated by Kirchhoflf^ and Greenhill'. 

When the sides of the canal are inclined at an angle Jth to the 
horizon, the boundary conditions are 

d<l>/dy'-d(l>/dz = when y — z = 0] . . 

d<f>/dy -h d<f>/dz = when y-\'Z = 0) 

We can at once obtain an algebraic solution, by supposing that 
the free surface is initially plane. 

Let 17 = ay, 17 = initially. The equation of continuity and (13) 
are satisfied if 

<f> = Ay z ^in nt. 

From (6) we obtain l = h; also 

if = d<f>/dz = Ay sin ?i#. 
Whence ^ = — An'^y cos nt^ 

and therefore ^ = — anyz sin nt 

The value of the current function -^ is 

-^ = \an {y^ — ^*) sin nt, 
which shows that the stream lines art^ rectangular hyperbolas. 

396. The equation of continuity and (13) are also satisfied if 
<f>^^A {cos m (y + 4-2^) ±cosm(y — t^) +co8m(2 + 4y) 

± cos miz — ty)} (cos (yr sin) nt. 
Taking the upper sign, and putting wA =p, we obtain from (6) 
ml (cos my sinh p — cosh my sin p) = cos my cosh p + cosh my cos p. 
Since this equation is true for all values of y, we must have 

mZ = coth/) = — cotj9 (14). 

Similarly if we had taken the lower sign, we should have 
obtained 

mZ = tanh|) = tanj9 (15). 

Both the period equations (14) and (15) are included in the 
single equation 

cos 2p cosh 2p = 1, 

1 Ueber Stehende Schwinzungen einer schweren Flussigkeit, Ge$am, Abhand, 
vol. II. 

* Amer. Jour, of Math. vol. ix. p. 62. 
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which is the period equation for the lateral vibrations of a bar. 
This equation is discussed in Lord Rayleigh's Theory of Sound, 
vol. I. p. 219, and it is there shown that it has an infinite number 
of real roota 

397. In order to find the solution for standing waves parallel 
to a shore which slopes at an angle ^tt, let 

<f> = A {€'»(«-*y) + €--"*^y-«') } (cos or sin) nt, 

the origin being in the line of intersection of the undisturbed 
surface with the shore, and y being measured from the shore. 

This value of satisfies the boundary condition 

d<l>/dy + d(l>/dz = when z=^ — y. 

If we take the real part of this expression alone, it will be 
found impossible to satisfy (6), but if we add together the real and 
imaginary parts we obtain 

</> = 4 {€"" (cos my — sin my + €~^ (cos mz + sin mz) ] (cos or sin) nt, 

and (6) gives ml = 1. 

Whence lP=g\j2ir. 

398. The corresponding solutions for standing waves across a 
canal whose sides are inclined at an angle ^tt to the horizon, 
have also been obtained by Kirchhoff. In this case we can obtain 
an algebraic solution by supposing that the initial form of the 
free surface is the parabolic cylinder 

where h is the depth of the liquid, and the origin is a point in the 
intersection of the sides. 

The equation of continuity is satisfied if 

if> = A^ sin nt, 

where 4> = ^ - ^fz + 2k\ 

and the corresponding current function is 

* = y ( ^3 - y) (^V3 + y), 

which vanishes when y = ± zisj^, so that the boundary conditions 
are satisfied. 

At the free surface ^ = A, and 
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and therefore i = A. Also 

ij^SA (A* - f) sin nt, 

therefore 17 = — SArT^ (A' — y*) cos nt, 

which shows that the initial form of the free surface is a parabolic 
cylinder. 

For the solution in the general case, we must refer the reader 
to Prof. Greenhill's article on Waves*. 



Waves in a Cylinder*. 

399. The equation of continuity referred to cylindrical co- 
ordinates «r, 0, z is 

If h be the depth of the liquid, the surface conditions are 

d<f>/dz = when z = --h (17), 

ldif>ldz = <f> when ^ = (18). 

In order to satisfy (16), assume 

if>^AF {vr) sin nO cosh {kz + /8) cos pt 
Substituting in (16) we obtain 

|:?+i^_!^f+jfc»^=o (19). 

whence -^ = «'« (^) • 

If a be the radius of the cylinder, d^jdra^O when r = a, 
whence 

J'^(ia) = (20), 

and the diflferent values of k are the roots of (20), which can be 
shown to be all real. 

The value of n will depend upon the particular problem under 
consideration. If the motion is symmetrical about the origin, 
n = ; if on the other hand the liquid is contained within a sector 
of angle 2a where a < Jtt, and if the line bisecting the angle of the 

^ American Journal of Mathematical vol. ix. p. 62. 

2 Lord Rayleigh, " On Waves," Phil. Mag, April, 1876. 
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sector is taken as the initial line, we must have d^jdO = when 
d = + a, whence n = (2m + 1) 7r/22 where m is a positive integer. 

From (17) we obtain ^^kh\ and from (18) we find 

kl = coth M, 
whence p* = gk tan h kh, 

400. Let us now suppose that the liquid is initially at rest, 
and that the free surface is displaced so that its initial form is 

ff = m cos 0. 
Then 

(f> = ^AJ^ (km) cos cosh k(z + h) sin pt, 
and 

d(f>ldz = dr^ldt = ^kAJ^ (km) sinh kh cos sin pt, 

and 77 = — 'Ekp'^AJj^ (Jem) sinh M cos 5 cos pf (21). 

Initially ri = m cos 0y therefore 

«r = — 2i/)"'J. sinh kh J^ [km), 

and putting Akp"^ sinli kh — — B, we obtain 

tsr = 25/, (ibr), 

17 = XBJ^ (kur) cos ^ cos pt 

Let /j = J, (&'«■), then, if the accents denote differentiation 
with respect to «r, 

mV;' + w//-f (JfcW -1)J, = 0, 

t^V/'+tir/; + (A;'*m*- 1)7^ = 0, 
whence 

(jfc'» - ib'^) rml/.dm + a (7/ J, ^ 7//). = 0. 

Since 7', (k'a) and J'j (A:a) = 0, the integral must vanish if k 
and k' are different ; to find the value of the integral when A: = A;', 
let k' = k+ 8k, then 

2kSkr vrJ^' (fasr) dvr + a (j, ^f - J/ ^\ Bk = 0, 
therefore I nrJ^^ {kisT) dnr = — ^ «^i*^i' • 



Hence 



Ba*J^j;'l2k' = ["* lir V, (itiT) dtsr. 
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But w ^ («r j;) + (Pw' - 1 ) J^, = 0, 

ra fa 

whence I (fcW — 1) /^dsr — aJ^ + I J^dt^ = 0, 

^0 •'0 

and therefore 



5=- 2 ''^ 



oJ," (&"a''-l)J,(Jfca)' 

, _, 2aJ, (ku) cos 6 cos «t 

and ^^^-(jfc V-DJ.CArar ' 

which determines the form of the free surface at any subsequent 
time. 



Waves in Hyperboloids and Cones. 

401. If we put 

<f> = zm^ sin nO cos pt (22), 

(16) is satisfied ; also at the free surface where z = h, 

hdif>/dz = (f) 
so that 1 = h. 

Let us suppose that the vessel which contains liquid having 
this motion is one of revolution ; in order to determine its shape, 
we have along a meridian section 

aw az 

or nzdz = wdw 

by (22); whence integrating 

nz^ = tsr* + C. 

The containing vessel is therefore a hyperboloid of revolution, 
including as a particular case a cone of semi-vertical angle tan~* A/n. 



Long Waves in Shallow Water. 

402. In the theory of long waves it is assumed that the length 
of the waves is so great in proportion to the depth of the water, 
that the vertical component of the velocity can be neglected, and 
the horizontal component is uniform across each section of the 
canal. In § 385 we saw that if the depth is small compared with 
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the w?ive length then U* =gh, provided the square of the velocity 
is neglected. We shall now examine this result in connection with 
the above-mentioned assumption. 

Let the motion be made steady by impressing on the whole 
liquid a velocity equal and opposite to the velocity of propagation 
of the waves. Let 17 be the elevation of the liquid above the 
undisturbed surface; U, u the velocities corresponding to h and 
A + 1; respectively. The equation of continuity gives 

whence IT-u^-^^lP (2kv 4- v'W + vY- 

If Sp be the excess of pressure due to the wave motion 






When 7)/h is very small the quantity in brackets is U*/h — g ; 
whence if 17* = ghy the change of pressure at a height h + rj vanishes 
to a first approximation and therefore a free surface is possible. 

If the condition U^ = gh is satisfied, the change of pressure to 
a second approximation is 

which shows that the pressure is defective at all parts of the wave 
at which rj differs from zero. Unless therefore rf can he neglected^ 
it is impossible to satisfy the condition of a free surface for a 
stationary long wave ; — in other words, it is impossible for a long 
wave of finite height to be propagated in still water withoiit change 
of type. If however rj be everywhere positive a better result can 
be obtained with a somewhat increased value of U; and if nj be 
everywhere negative, with a diminished value. We therefore infer 
that positive waves travel with a somewhat higher, and negative 
waves with a somewhat lower velocity than that due to half the 
undisturbed depth*. 

403. The theory of long waves in a canal may be investigated 
analytically as follows'. 

Let the origin be in the bottom of the liquid, h the undisturbed 
depth, rj the elevation ; and let x be the abscissa of an element of 
liquid when undisturbed, f the horizontal displacement. The 

1 Lord Rayleigh, "On Waves," Phil. Mag. April, 1876. 
* Airy, •' Tides and Waves," Encyc. Met. 
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quantity of liquid originally between the planes x and x-\-dx is 
hdx ; at the end of an interval i, the breadth of this stratum is 
da? (1 + d^/dx), and its height is h + rj, whence the equation of 
continuity is 

il+d^/dx)(h + ff) = h (23). 

Let us now investigate the motion of a column of liquid 
contained between the planes whose original distance was dx ; and 
let us suppose that in addition to gravity, small horizontal and 
vertical disturbing forces X and Fact. Since the vertical accelera- 
tion is neglected, the pressure will be equal to the hydrostatic 
pressure due to a column of liquid of height A + 17, whence 

P=gp(h + v-'y) + pl ^Ydy (24). 

Jy 

The equation of motion of the stratum is 

P^Tf = -^^^^''^-^^P^ (25). 

Now from (24), 

dp dv , xrdv , f^-^^'dY, .^^. 

£ = 3P^^pY-^-^p\^ ^dy (26); 

also in most problems to which the theory applies the last two 
terms on the right-hand side of (26) are very much smaller than 
the first, and may therefore be neglected, whence (25) becomes 

Substituting the value of 17 from (23) we obtain 

f=^*3('4T-' («)• 

For a first approximation, we may neglect squares and products 
of small quantities, and (23) and (27) respectively become 

rj/h = -d^/dx (28), 

£^=^^S+^ <2^)- 

If X = 0, the form of (29) shows that the velocity of propaga- 
tion is equal to (gh)K 



B. ir. 11 
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Stationary Waves in Flowing Water^. 

404. Let us suppose that water is flowing uniformly along a 
straight canal with vertical sides, and that between two points A 
and B there are small inequalities, and that beyond these points 
the bottom is perfectly level. Let a be the depth, u the velocity, 
p the mean pressure beyond A ; b the depth, v the velocity, and q 
the mean pressure beyond B : also let / be the difference of levels 
of the bottom at A and B, 

The total energy of the liquid per unit of the canaFs length 
and breadth, at points beyond B is 

^v^b+gj ydy-\-w=:^(v^+gb)b + w, 

J 

where w is the wave energy, and the density of the liquid is taken 
as unity. At very great distances beyond B the wave motion will 
have subsided and w will be zero. 

The equation of continuity is 

au^bv = M (30). 

The dynamical equation is found from the consideration that 
the diflference between the work done by the pressure p upon the 
volume of water entering at A, and the work done by the pressure 
q a,t B upon an equal volume of water passing away at J5, is equal 
to the diflference between the energy which passes away at B, and 
the energy which enters at A. Whence 

ra+f 

pan - qbv = {^v^b + \gV + w)v- {\u^a -i- g j ydy) % 

which by (30) becomes, 

p-q^hv^ + lgb-^wlb-ie-^gif+la) (31). 

Now p and q are the mean pressures, and therefore since the 
pressure at the free surface is zero, 

P = h9(^> 2'=h9b + ^'A 
where w' denotes a quantity depending on the wave disturbance ; 
whence (31) becomes 

^M^ (a» - b')/a'b^ -g(a-b+f)-\- (w - w')/b = (32). 

If we put 

^ Sir W. Thomson, Phil. Mag. (5) vol. xxn. p. 353. 
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D will denote a mean depth intermediate between a and 6, and 
approximately equal to their arithmetic mean when their diflfer- 
ence is small in comparison with either; and V will similarly 
denote a corresponding mean velocity of flow. We thus obtain 
from (32) 

If 6 — a were exactly equal to/, and there were no disturbance 
of the water beyond jB, the mean level of the water would be the 
same at great distances beyond A and B ; but if this is not the 
case, there will be a rise or fall of level, determined by the formula 

Let us now suppose that between A and B there are various 
small inequalities; each of these inequalities will produce small 
waves whose nature is determined by the form of the functions w, 
V)\ hence w and w will both be small quantities and the sign of 
y will be independent of that of w — w'. Now / is positive or 
negative according as the bottom at A is higher or lower than the 
bottom at B, Hence if V^< gD the upper surface of the water 
rises when the bottom falls, and falls when the bottom rises ; and 
the converse is the case when F* >gD. 



Theory of Oroup Velocity, 

405. When a group of waves advances into still water, it is 
observed that the velocity of the group is less than that of the 
individual waves of which it is composed. This phenomenon was 
first explained by Prof. Stokes*, who regarded the group as formed 
by the superposition of two infinite trains of waves of equal 
amplitudes and nearly equal wave lengths, advancing in the same 
direction. 

Let the two trains of waves be represented by cosk{yt--x) 
and cos U (V't — x) ; their resultant is equal to 

cosk (Vt" oo) + cosk' (rt-co) = 2 cos i{(k'r-kV)t-'ik'^k)x] 

X cos i {(k'V +kr)t- Qc' + k) x]. 

^ Smith's Prize Examination^ 1876 ; and Lord Bayleigh, " On Progressive 
Waves " ; Proc, Lond, Math. Soc, vol. ix. 

11—2 
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If k' — k, V'—V be small, this represents a train of waves 
whose amplitude varies slowly from one point to another between 
the limits and 2, forming a series of groups separated from one 
another by regions comparatively free from disturbance. The 
position at time t of the middle of the group which was initially at 
the origin is given by 

{k'r-kV)t-(k'^k)x^O, 

which shows that the velocity of propagation U of the group is 

U=-(kT'-kr)/{k'-k). 

In the limit when the number of waves in each group is 
indefinitely great we have k' = k+ Bky F' = V+SV, whence 

406. In the preceding investigation we have supposed that 
the pressure at the free surface is either constant or zero ; we shall 
now find the forced waves' produced by a surface pressure which 
is equal to 

^ + 1 af + b^ I "^°'"*- 

Let a? + f , 2? + f be the coordinates at time < of a particle whose 
initial position is (x, z)\ also let P denote the time integral of the 
velocity potential. Then 

Since the motion is small, 

2, = C?-5r(^+?)-g, 

_ dP cPP 

^C-gz-g — --^ (33). 

the density being taken as unity. The equation of continuity is 



also if 17 be the elevation 



s-f-« <^). 



'-s «■ 



* Sir W. Thomson, Fhil, Mag, (5) xzni. p. 113. 
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A solution of (34) is evidently 

yjt(t)^{b'-z + ix)'^ exp { - gf/4i (b-z+ ac)] (36). 

Changing i into — i, adding and dividing by V2 we obtain 
yjr (t) = r"^ {r — 2r + 6)* cos jft" a?/4r* +(r + z-b)^ sin gf x/ir^} 

X exp { - gf (b - z)/4!r^] . . .(37), 
where r* = (6 — zY + x\ 

It is known from the theory of the Conduction of Heat that 
(36) and therefore (37) is a solution of the equation* 

/i^t=» <-^^ 

whence if 

X{t)=l ylr{T)dT, 

•'0 

X (t) is also a solution of (38). Let us now assume that 

P = '' I ;^ (^ — t) sin o)T dr = — I ;^ (t) sin o) (^ — t) dr, 

Jo J 

then since x (^) "^ ^> 

= — I -^/r (^ — t) sin cDTdr, 

Jo 

also since 

^ (0) = (r - ^ + 6)Vr, 

-T7^- = — r"^ (r — ^ + 6)* sin wt— I yjr' (t — t) sin ©tcJt, 

= - r"* (r — 2^ + 6)* sin ©^ — I ;^" (< — t) sin (wtcJt. 

We thus obtain 
dP d'P _i, ,,1 . , 



d? ■ d^ 



-.£sinco(^~T)|^^ + flrg|dT, 
= — r"* (r — 5 + 6)* sin o)^. 



This will be proved in Chapter XXIII. 
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Whence at the surface where z = 0,we obtain firom (33) 






The velocity potential is 

^=— = —1 sin fi> (^ — t) ^/r (t) c?T (39). 

and the value of f is 

^ dP 1 jrf<^ ^ ( r-^ + 6)^ . ) , . ^, 

407. Sir W. Thomson has worked out the value of the eleva- 
tion f) on the assumption that 6 = 0. This assumption undoubtedly 
makes the pressure infinite at the origin excepting for values of t 
which are equal to 2m7r/ft>, but as we shall only investigate the 
value of ff at great distances from the origin, the solution we shall 
obtain will be sufficiently accurate to represent the motion at 
such points. 

Putting 6=0, z = 0, we obtain 

ylr (t) = (2/x)^ sin (ffe/4>ce + Jtt). 

Let g/ifoa = A;', then the preceding equation becomes 

yfr (t) = (2/w)^ sin (kV + ^tt), 
whence if 

<r = At, 

<f> = -2 (2/^)* I sin 6) (^ - a/k) sin (<r' + ^Tr) d(r, 

Jo 

= (%y r [cos {(a- - ^a/ky - io>Vr+ tot + lir} 

Jo 

- cos {{a + h^/ky - Icd'/k^ -a)t + Jtt}] do-, 

= (2/5r)* cos (V - Jg>V + ®< + i-Tr) d\, 

J -W* 



- (2/^)* / 



kt+i<a/k 

cos(\"-Jft)*A;'--ft)^4-i7r)d\ (41). 



Let a? be very large, and let t be bo large that kt — ^<o/k is a 
large positive quantity. Then k is small and the second integral 
vanishes, whilst the limits of the first are x and — x , whence 
remembering that 

I (sin or cos) X^d\ = (Jtt) , 
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we obtain 

<f> — (27r/g)^ cos {(o^xjg — (ot)y 
and 

77 = ft) (27r/gr")* (sin (o)' xjg — tot) — (g/2Tra)^ x)^ sin cat], 

= ft) (27r/^')* sin (0)^5^ - ©0 (42), 

approximately, since the first term is large compared with the 
second. 

Hence 

\ = 27rgl(o\ U = g/a}== {gXl^irf. 

We therefore see that at great distances from the origin, where 
the pressure is approximately constant, the waves are approxim- 
ately the same as a procession oifree waves. 

On the other hand if x is large and t so small that hi — \fii\k is 
a large negative quantity, both integrals vanish ; and wave motion 
does not exist. Hence as the time advances wave motion gradually 
commences from nothing until it becomes the regular procession 
of waves represented by (42) and so continues for ever afterwards. 

When X is large, the value of ^ at the time t = '^^(oxjg, is 



= (%)* f 

J 



cos (\* — Jft)'A;' + ft)< + ^tt) d\ 

= {irj^g'f cos {oo^xlg — (ot), 

and therefore ^ has attained half its final value. The point x 
where this condition is fulfilled at time t may be called the mid- 
front of the procession. It travels with the velocity ^gjco or half 
the wave velocity. 



Deep Sea Waves. 

408. In § 387 we determined the motion of deep sea waves 
upon the assumption that the motion is slow enough to allow the 
squares and products of the velocities to be neglected. A higher 
degree of accuracy might be obtained by substituting the solution 
we have already obtained in the terms of the second order, and 
proceeding by the usual method of successive approximation. This 
mode of proceeding is however somewhat laborious, and we shall 
therefore employ a different method which is due to Prof. Stokes \ 

* Math, and Phys. Papers^ vol. i. p. 314. 
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Since <}> and yjr are conjugate functions of x and z, we have 

dx/d<j> = dz/dylr, and dz/d^jr = — dz/d<f) ; 
whence if 

tey / dx\^ ^ fdzV fdz\^ 
4<f>) "^ \d^) \d<f>) ^ U^ j ' 

and if we change the independent variables from x and z to (f> and 
yfr, we obtain 

Sdf^jdx = dz/d'^, Sd<f>/dz = —dx/dyjr, 

whence u^ + w* = S~^, 

and pIp -\-g{z- C/m) + (25)"' = 0, 

where C and m are constants. 

Let us convert the wave motion into steady motion by impress- 
ing on the whole liquid a velocity — Z7, where U is the velocity of 
propagation of the waves. If there were no wave motion we 
should have </» = — Ux, whence we may assume 

x = -<f>IU + mrX {B/"^"^ + A^ e"**^^/^) (sin or cos) rm<i>IU, 

z = -ylrjU+ m-% {B/^^^^ - Ay"^"^^^) (cos (yr sin) rm<f>IU, 

where r is a positive integer. If \ be the wave length, the value 
of X when ^ is changed into ^ — ^irUjm must be x-\-\\ whence 
m = 27r/\. Also if i|r = be the equation of the free surface and 
the origin of x and (jy be taken in the trough of the wave, z must 
be a maximum when <f> = 7rU/m; whence the cosine terms in x, 
and the sine terms in z must disappear. Since z is measured 
upwards and Uz=—yfr in the undisturbed motion, -^ must increase 
with the depth of the liquid, whence the B*s vanish. If therefore 
we write for shortness (jy and yjr for m(f>/U and mylr/U, the values 
of X and z may finally be written 



x = — <f)/m + m"* Sj A^€ ^ sin r<f>') 
2: = — yfr/m — m~^ %^ A ^e"^ cosr^ J 

where the A's have to be determined. At the free surface p and 
'yfr are zero, whence 

(z^G/m)8 + (2g)-' = 0. 

Substituting the values of z and 8 obtained from (43), we find 

{C + 2^, cos r(}>) [1 - 22r^,cos r(f> + Xr^A^^ 2trsA,A^ cos (r - s) ^] 

- Cr»m/2^ = 0...(44), 



(46). 
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where in the term in the square brackets, each different combina- 
tion of the letters r and 8 is to be taken once. 

This equation may be arranged in the form 

5^, + 5jCos<^ + £30032^ + ... =0, 

and since it has to be satisfied independently of <^, we must have 

5, = 0, 5j = 0, i?, = 0&c (46). 

Let -4j = 6 ; then we shall make the assumption which will be 
justified by the result, that A^ is a quantity of the order 6*", and 
we shall endeavour to obtain an approximate solution as far as the 
terms involving 6*. Equations (45) written out at full length as far 
as the terms of the order 6* become, 

+ 6^^^,' + Sil^M, - bA^A^ = 
(- 4J, + 6^,43) + ^,-^^» + 3il,M,- 4.1,^ = 
C (- 6^, + SA^A^) + ^3 - 3^,^, + 4^,*^3 + 2A^A; 

- bA^A^ = 

- 8Cil, + J^ - 4^1,^3 - 2^/ = 

- lOGA^ + A - ^^xK - ^^«^8 = 

In order to obtain a first approximation, we must reject all the 
terms except those of the lowest order in each equation, and we 
shall obtain 

C^TPml^g, C^h A,^^h\ A,^\h\ A=-|6*, A.^^i^h^ 

whence lP=^g/m=g\/27r as before. 

Let us now put 

where x, y, z are at least of the orders 6, 6', 6* respectively. Sub- 
stituting in the second, third and fourth of (46), and retaining 
terms of one order higher, we shall obtain 

whence -A^^V-V^V", A^ = \V'-V>^h\ 

Lastly substituting these values of A^^ A^ in the second of (46) 
we obtain 
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and hence the final equations are 

U'^gm'\l + b' + lb*), 

mx = ^(f> + 6€~^ sin <^ - (6* + ^b*) e"*"^ sin2<^ + (f 6'+||6') e'^"^ sin 3</) 

- f 6*e""*^ sin 4<^ + ^Ve'^"^ sin 5<^, 
^^ = _ ^ - te"'^ cos ^ + (6* + J6*) e"^'^ cos 2<^ - (|6« +||6'^) e""^"^ cos3<^ 

+ §6'e"*'^ cos 4<^ - ^^b'e"^"^ cos 5f 

In order to obtain the equation of the free surface, we must 
put -^ = in the preceding equations, and we find 

wi^ = - </> + 6sin </> - (6» + i6*) sin 2<^ + (f6» + ||6')sin 3<f> 

- §6* sin 4^ + W^' sin 5</>. . .(47), 
m^ = - 6 cos <^ + (6« + ^6*) cos 2<^ - (f 6" + 1|6') cos 3<^ 

+ 16* cos 4^ - J^' cos 5(f>. . .(48), 

and the equation of the wave profile is determined by eliminating 
(j) between (47) and (48). 

The elimination is most easily eflfected by Lagrange's theorem, 
and gives 

- ma: -h i^' + 6* = (6 + 16') cos mx - (^6* + ^ 6*) cos 2mx + 16' cos Smx 

— J6* cos 4imx, 
to the fourth order. Let 6 + §6' = a, then to the fourth order 

and shifting the origin so as to get rid of the constant term, the 
equation of the wave profile may finally be written 

7nz = — a cos mx + ( Ja* + i|a*) cos 2i7ix — fa' cos Smx + Ja* cos 4imx. 

Now the equations of a trochoid are given by the equations 

niw = a0 + iS sin ^, —mz = fi cos ^ + 7. 

In order that x may have the same period in the trochoid as in 
the wave profile, we must have a = 1. We then obtain by deve- 
lopment of the fourth order, and choosing 7 so as to make the 
constant term vanish 

'-mz = (l3 — f /8') cos mx — ( J^* — J^) cos 2m^ + f/S" cos Smx 

— J/8* cos 4mix, 
and putting /3 — f^S" = a, we obtain to the fourth order 
mz = — a cos mx + (^a* + ^a*) cos 2mx — |a' cos Smx + Ja* cos 4ma?. 
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Hence if z„y z^ denote the ordi nates of the wave and trochoid 
respectively 

z^ — z^ — \o^m^ cos ^mx. 

Hence to the third order the form of the wave profile is a 
trochoid, but if we proceed to the fourth order we see that the 
wave lies a little above the trochoid at the crest and trough, and a 
little below it at the shoulders. 

Prof. Stokes has also applied the same method to investigate 
the form of the waves propagated in a liquid of finite depth, but 
the results are naturally more complicated, and we must therefore 
refer the reader to his Collected Papers \ 

409. Professor Stokes has also shown* that in addition to the 
wave motion, the liquid has a slow motion of translation in the 
direction of the wave, which rapidly diminishes with the depth of 
the liquid. Lord Rayleigh' has given an elegant geometrical proof 
that this motion is a consequence of the absence of molecular 
rotation, and is independent of the condition of constant pressure 
at the free surface. 




Let AB be the surface from crest to hollow, and CD a 
neighbouring stream line. Let us suppose the motion is made 
steady by reversing the velocity of propagation, and draw two 
stream lines A'B\ G'ly at such a depth that the steady motion of 
the liquid is uniform, and so that the flow across A'C is equal to 
the flow across AC, Then we have to show that a particle at A 
will take longer to reach JS, than a particle at A' takes to arrive at 
B', Now if a denotes the small breadth of the tube of flow AD, 
and V the velocity, the total stream is av and is constant and 



1 Vol. I. p. 320. 

2 Math, and Phys. Papers^ vol. i. p. 207. 

3 Phil. Mag. April, 1876. 
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equal to K suppose. The time occupied by a particle in travelling 
from J. to £ is therefore 

t = /y-^ ds = K-^fads = K-' area AD. 
Hence if f is the time from A' to B\ 

t' = K-' area A'D\ 
and since K is the same in both cases, 

t : f :: area AD : area A'D\ 
and it remains to show that area AD> area A'D\ 

Let us draw a series of equipotential lines <^ and <f> + d^, such 
that the small spaces between them and AB, CD are squares. 

Then PQ — d<f>/v, PP'=d^lv and therefore d<^^dy^: also 
pq = d0/v', pp' = dyfr'/v', but since the flux across AC, and A'C are 
the same, d'^' = dyfr = d^, whence pq = p^^' and therefore the equi- 
potential lines divide A'D^ into squares. Now if a line be divided 
into a given number of parts, the sum of the squares of all the 
parts will be a minimum when the parts are all equal*. Hence 
the space AD is greater than if the squares described on AB were 
all equal, and therefore a fortiori greater than the space A'D' 
which consists of the sum of the squares of equal parts of a shorter 
line. 

Hence it follows that when a particle starting from A' has 
arrived at R, another particle starting at the same moment from A 
will fall short of jB. Thus in a progressive wave, the water near the 
surface has on the whole a motion of translation in the direction in 
which the waves advance. 

^ This may be proved as follows. Let 

where X is the length of the line ; x and y the lengths of any two parts ; u^ and /i 
the sum of the squares, and the sum of the remaining parts respectively, then 

\^^U^=2xy + 2fjL{x+y)-u^ 

= i(x + y)^-i(x^y)^ + 2fi(x-\-y)-u^ 

Hence \^- U will be a maximum, and therefore IP will be a minimum when 
x=y. 
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Section II. 

The Solitary Wave. 

410. The theory of irrotational waves of permanent type 
depends upon the assumption, that it is possible for an infinite 
train of similar waves to follow one another without suffering 
degradation of form. The experiments described by the late Mr 
Scott Russell* indicate that it is possible for a single wave to be 
propagated along the surface of a liquid, and such a wave is called 
by him a solitary wave. He states that the length of the wave is 
about six or eight times the depth of the liquid, and therefore 
partakes of the character of a long wave; but that it possesses 
several peculiarities, the principal of which are that a positive 
wave or elevation is capable of being propagated to a considerable 
distance without breaking up, whilst a negative wave or depression 
is incapable of being propagated to any considerable distance with- 
out becoming dissipated. 

The mathematical theory of the solitary wave has been in 
former times the subject of considerable controversy; it was 
discussed by Earnshaw' in 1845, but his theory has not been 
regarded as satisfactory. A satisfactory approximate theory was 
given by Boussinesq' in 1871, and a very similar one was dis- 
covered independently by Lord Rayleigh* in 1876. We shall now 
proceed to consider the theory of the latter. 

411. We shall suppose that the motion is in two dimensions, 
and that the bottom of the liquid is horizontal. Let the origin be 
taken in the bottom of the liquid, and let the axis of x be 
measured in the direction of propagation of the wave, whilst the 
axis of y is measured vertically upwards. Let I be the depth of 
the liquid when undisturbed, V the height of the crest above the 
bottom of the liquid. 

^ Brit. Assoc. Rep. on Waves^ 1844. 

* Trans. Camb. Phil. Soc. vol. vin. p. 326. 
' Comptes Rendtts, vol. Lxn. 

* Phil. Mag. Ap. 1876 ; See also Airy, Tides and Waves ; Stokes, Brit. Assoc. 
Rep. on Hydrodynamics, 1845. 
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Since the motion is irrotational, the current function yjr satisfies 
Laplace's equation, and we may therefore put 

where f (x) = F (x). Since the motion is steady, the pressure is 
determined by the equation 

Putting A —p/p = ^, this becomes 

v:' + v^='nT-2gy (50). 

At the free surface ct must be constant; if therefore we can 
determine y as a function of x, such that w shall be constant at the 
free surface, this relation will determine its form. 

Since u^'\-v' = {l+ y'*) u^ where y = dy/dx, (50) may be written 
Now 

The function / is the value of u at the bottom of the liquid 
and is very nearly constant, and therefore f{x) varies very slowly ; 
hence the dififerential coefficients of f{x) are small quantities. 
Also if the curvature of the wave profile is small, y\ y" ... will also 
be small quantities, and we may therefore eliminate /between (49) 
and (51) by successive approximation. Since -^ is constant at the 
free surface, we have writing ^ = '^ly^ 

/= R, f" = K- ; 
whence to the second order 

/" = E" + i/iZ'^ - J (j,"y + y") R' + yyR'", 

f^ = iZ'^ + &c. 

neglecting terms of the fifth order. Substituting in (61) we 
obtain 

t[i-i/©"-A/©"+iy'{{2/"y+2/'*)g)"-22/>@"]+..." 

/^f-2gf 
"V l+y" • 



% = iir-(^y^^2gy^^ry'^). 
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If we neglect terms of the fourth and higher orders, this 
equation becomes, 

^' (1 + y") {1 + J (y/ - 2y'*) Y = vyy'- 2gf, 

or t' (1 - iy" + W) = V - ^9Tt- 

The above equation may be put into the form 

da? 

Multiplying by 2dy^dx and integrating we obtain 

^{dyldxy^Cy + {mf^gy')l^^'^l (52). 

Let u^ be the velocity of the liquid in the undisturbed parts of 
the stream, then 

'5r = < + 25rZ (53), 

and '^=1 ujdy = u^l (54). 

Jo 

whence (52) becomes 

J (dy/dxy = 1 + Oy + j/» («.* + 2gl)/u;P - gfKP (56). 

In this equation g and I are given, whilst C and u^ are at our 
disposal; hence the cubic expression on the right hand side of 
(55) may be made to vanish when y = l and y = I', If we substi- 
tute these values of y and equate the right hand side of (55) to 
zero^ we shall obtain 

< = gl' (56), 

-Cl=2 + gl/u* = 2 + lll'. 

Substituting these values of u, and C, (55) becomes, 

(dy/cfor)' + 3 (y - 0' (y - O/W = (57). 

From this equation it appears that there is only one maximum 
or minimum value of y besides I ; and since y — ? is necessarily 
negative, the surface condition cannot be satisfied to this order of 
approximation by a solitary wave of depression. 

Differentiating (59) we obtain 

d^y/da^' = f (y - (2Z' + I - 3y)/lH\ 

which shows that the points of zero curvature occur when y = l 
and y = J (2Z' + l)=^l + ^{P — l). Hence the curvature changes 
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sign at two-thirds of the height of the wave above the undisturbed 
level, and at this point only. 

If we put r — 1 = ^, y — l^v ^^^ integrate (57), we shall 
obtain 

^ = /3 sech \x (3)8/PO*> 

the constant being chosen so that a7 = Owhen7; = i8. This equation 
determines the form of the wave profile, and it therefore follows 
that when the depth of the liquid and the velocity of propagation 
are given, there is only one solitary wave. On either side of the 
greatest elevation the height diminishes indefinitely, but does not 
absolutely vanish ; hence there is no definite wave length. 

If we regard the wave as ending where the height is one tenth 
of the maximum, we obtain 

^/Z = 2.1V(l + V/3). 

The shortest wave length is when ^ = 1 and then 

2ar/Z = 5-96. 

If i8 = JZ ; 2x11 = 8-4 ; and if /S = \h 2x11 = 12-6. These results 
agree with Scott Eusseirs observations. 

The form of the wave is shown in the figure, and its velocity of 




propagation is given by (56), which is the value deduced by Scott 
Russell from his experiments. 

Another of Scott Russell's observations is now readily accounted 
for : — ^He found that the wave broke when its elevation above the 
general level became equal, or nearly so, to the depth of the 
undisturbed liquid. If V be the velocity of the liquid at the crest 
of the wave we obtain from (50) 

T' = «r - 2gr, 
= g(2l- n, 

by (53) and (55) ; which requires that 1>V — I. When therefore 
the wave is on the point of breaking, the water at the crest is 
moving with the velocity of the wave. 
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Section III. 

Capillary Waves. 

412. We must now consider the third class of waves, which 
are principally due to capillary forces. 

Let T be the surface tension of the liquid ; Sp the excess 
of pressure in the liquid just below the free surface ; then 

Sp/p + 5^77 + <^ = 0. 

But if r, r' denote the radii of curvature of two vertical sections 
in and perpendicular to the direction of propagation of the waves 

since the curvature is supposed to be small at the free surface ; 
whence 

Differentiating with respect to t, and remembering that 
i) = d<f>ldzy and that V'^ = 0, the above equation becomes* 

'S^ia^-* « 

where I is the length of the simple equivalent pendulum, 

413. We shall now apply the preceding result to determine 
the capillary waves propagated along a canal of depth A. 

Assuming as usual that 

^ = -4 cosh m (-0 + A) cos (wM? — n^) , 

and substituting in (58), we obtain 

rrd sinh mh -f Tlrr?g'^p'^ sinh mh = cosh mh. 

Whence ?7' = w'/m* = g (m"* + Tm/gp) tanh mh, 

= (gXj^ir + 27rT/p\) tanh 2Trh/\ (59). 

Equation (59) determines the wave length corresponding to a 
given velocity of propagation. 

^ Eolacek. Fortschritte der Mathematics 1878. 
B. n. 12 
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Let us now suppose that the depth of the liquid is so great 
that tanh 2irh/\ may be replaced by unity. Equation (59) becomes 

gp\'-27rpU^X + 4i7r'T^0 (60), 

whence X = irUyg ± irg-' V( U* - ^Tg/p). 

In order that wave motion may be possible both values of \ 
must be real, which requires that 

U=or>(4iTg/p)K 

Hence the minimum value of U is {^Tgjpf, and the corre- 
sponding value of \ is 2,Tr\/{Tlgp), 

Sir W. Thomson defines a ripple to be a wave whose length is 
less than the preceding critical value of X*. 

414. In § 389 we have considered the propagation of waves at 
the surface of separation of two liquids which are moving with 
different velocities. We shall now consider the production of 
ripples by wind blowing over the surface of still water. 

Let V be the velocity of the wind, which is supposed to be 
parallel to the undisturbed surface of the water, <r the density of 
air referred to water. 

Since the changes of density of the air are very small in the 
neighbourhood of the water, the air may approximately be regarded 
as an incompressible fluid, whence if the accented letters refer to 
the water, the kinematical conditions at the boundary give 

<^ = Fa; + a{U- V) €"""cos {mx-nt\ 

<^' = — aUe"^ cos {mx — nt)y 

where U is the velocity of propagation of the waves in the water, 
and 77 = a sin {mx — nt) is the equation of its free surface. 

The dynamical condition at the free surface is 

hp--hp = T^ (61). 

Now 

SW^H-^^ + <^ + i{^-«^(^-^)sin(wA'-nOr-iF'^ = 0, 

or hp'{-aa'{g+n{U- V)-mV{U- F)} sin (wa: - 7?^) = 0. 

Similarly 

hp •¥ [g — Un) a sin {mx — nt) = 0, 

^ Phil. Mag. (4), vol. xlii. 
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whence (61) becomes 

^(cr-l)+<7m(Cr- F)' + mJ7'-rw*»=0 (62) 

Let W be the velocity of propagation of waves in water when 
there is no wind, then 

Tr= A(^--> + f' (63). 

V wi (1 + 0-) ^ ' 

or r7w'-m(l+(7)F' + ^(l-<r) = 0. 

The condition that the roots of this quadratic in m should be 
real is that 

W'^oT>^jTg{l-a) (64). 

which determines the minimum value of W, This value of W is 

less than {^Tgfy which shows that when water is in contact with 
air, it is possible for ripples to travel over its surface. 

Substituting the value of W from (63) in (62) we obtain 

(1 + <r) U^ - 2aVU -^ <tV^ - (\ +cr) Tr» = 0, 

whence U=^ ± /\w'- ,/^ J (65). 

We shall now discuss this equation. 

Case (i). V< W^{1 -^ a)/a. 

In this case both values of U are real, and one of them is 
positive and the other negative ; hence waves can travel either 
with or against the wind. Moreover since the positive value is 
numerically greater than the negative value, waves travel faster 
with the wind, than against the wind ; also the velocity of waves 
travelling against the wind is always less than W. 

Case(ii). V> WJ(l-\-a)l(T. 

In this case both values of U if real, are positive ; hence waves 
cannot travel against the wind. 



Case (iii). When V<2Wy the velocity of waves travelling 
with the wind is > TT; when F>2Trthis velocity is <W; and 
when V=2Wy the velocity of waves travelling with the wind is 
undisturbed. 

Case (iv). If F> Tr(l + o-) <7~^ both values of f^are imaginary 
which shows that the motion is unstable. 

12—2 
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Waves in Ice of Uniform Thickness Resting on Water, 

415. If the upper surface of water be covered with ice and if 
any disturbance be given to the water, the elasticity of the ice will 
cause waves consisting of lateral vibrations to be propagated along 
it. 

Let L be the flexural rigidity of ice, a the mass of a section of 
unit of area, the equation of motion of the ice is 

<rf = -Z0+^ (66). 

Let E be Young's modulus of elasticity, e the thickness of the 
ice, then neglecting the slight difference between the density of 
water and ice, we have 

L = ^e^E, a = ep. 

Let the velocity potential of the water be 

<f> = A cosh m(z -{-h) cos (mo) — nt), 

then ? = — Amn"^ sinh mh sin (mx — nt)^ 

and Bp + ffp^-^ p-^n cosh mh sin (mx — nt) = 0. 

Substituting in (66) we obtain 

(e + m~^ coth mh) IP = ^rr^E + grp/m', 

^ir'e'EI\'p4.g\l2^ 
27re/\ + coth (27rA/\) * 

It may be stated that ice was the first substance for which an 
experimental determination of E was attempted (see Young's 
Lectures on Natural Philosophy). 

Further examples of waves in water covered with ice will be 
found in Prof. Greenhill's Article on Waves. 

In addition to the papers referred to in the text, the reader 
may consult the following authorities. 

Cauchy, Mim. des Savants itrangers, vol. i. 1827. 

Poisson, Mim. de VInstitute, vol. i. 1816. 

Green, Trans, Camb, Phil, Soc, 1838. 

Eelland, Trans. Roy. Soc. Edin. vols. xiv. and zv. 

Lord Bayleigh, " On Progressive Waves," Proc, Lond, Math. Soc, vol. ix. 

Lord Bayleigh, "The Form of Standing Waves on the Surface of Bunning 
Water," Ibid, vol. xv. 
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Lord Bayleigh, " On the Vibrations of a Cylindrical Vessel containing Liquid," 
Phil. Mag. June, 1883. 

Sir W. Thomson, " On Stationary Waves in Flowing Water," Phil. Mag, (6), 
vol. zxn. pp. 853, 445, 517 ; and vol. xzin. p. 52. 

Sir W. Thomson, *' On the Front and Beat of a Free Procession of Waves," 
Jbid. vol. xziii. p. 113. 

Sir W. Thomson, '*0n the Waves produced by a Single Impulse in Water 
of any Depth," Ihid. p. 262. 

Greenhill, ** On Wave Motion in Hydrodynamics," American Journal of Mathe- 
matics, vol. IX. 

An account of the principal memoirs on wave motion is given by Saint- Venant, 
in an artide, "De la Houle et du Glapotis," Annates des Ponts et ChaussieSy 
May, 1888. 



EXAMPLES. 

1. A liquid of infinite depth is bounded by a fixed plane 
perpendicular to the direction of propagation of the waves. Prove 
that each element of liquid will vibrate in a straight line, and 
draw a figure representing the free surface and the direction of 
motion of the elements, when the crest of the wave reaches the 
fixed plane. 

2. Prove that the velocity of propagation of long waves in a 
semi-circular canal of radius a and whose banks are vertical, is 

4 (TT^ra)*. 

3. If two series of waves of equal amplitude and nearly equal 
wave length travel in the same direction, so as to form alternate 
lulls and roughness, prove that in deep water these are propagated 
with half the velocity of the waves ; and that as the ratio of the 
depth to the wave length decreases from oo to 0, the ratio of the 
two velocities of propagation increases from J to 1. 

4. If a small system of rectilinear waves move parallel to and 
over another large rectilinear system, prove that the path of a 
particle of water is an epicycloid or hypocycloid, according as the 
two systems are moving in the same or opposite directions. 

5. If a cylinder is bounded by r = a, and ^ ~ 0, = f tt, prove 
that if n is the least number of oscillations per second in a liquid 
of depth h in the cylinder, 

<I> = A (kr)"^ {{kr)'^ sin kr — cos kr] cos ^0 cosh kz cos 27mt 
where (3 — 2kW) tan ka = Ska, n^ = gk tanh kh/W\ 
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6. A fine tube made of a thin slightly elastic substance is 
filled with liquid ; prove that the velocity of propagation of a 

disturbance in the liquid is {Xdjapf, where a is the internal 
diameter of the tube, its thickness, \ the coefficient of elasticity 
of the material of which it is made, and p the density of the liquid. 

7. A circular canal of radius a and of breadth very small 
compared with a, has its sides vertical and contains liquid of 
depth d. An isosceles right-angled prism whose length is equal 
to the breadth of the canal, floats immersed to a depth h in the 
liquid with its parallel edges coinciding with the radii of the canal, 
and its hypothenuse horizontal. If the prism be suddenly removed 
without disturbing the liquid, show that the velocity potential of 
the resulting motion is 

ghtl^ira + 2 {^gfa^jim^ , 2* sin" n6/2a . (sin 2nd/ a)~^ 

X cosh 71 (^ + d)/a . cos nd sin {gna"^ tanh nd/dy t 

8. A horizontal rectangular box is completely filled with 
three liquids which do not mix, whose densities reckoned down- 
wards are o-^, o-^, o-g, and whose depths when in equilibrium are 
Zj, Zj,, Zg respectively. Show that if long waves are propagated at 
their common surfaces, the velocity of propagation V must satisfy 
the equation 

9. A given mass of air is at rest in a circular cylinder of 
radius c under the action of a constant force to the axis ; show 
that if the force suddenly cease to act, the velocity potential at 
any subsequent time varies as 

S la r /T \ sin kat 
IcJ^^ {kc) 

where a is the velocity of sound in air, and the summation extends 
to all values of k satisfying J^ (kc) = 0, and the square of the 
condensation is neglected. 

10. Prove that liquid of density p flowing with mean velocity 

U through an elastic tube of radius a, will throw the surface into 

slight stationary corrugations, of which the number per unit of 

lensfth is , , 

^ (2paU'-X)^/(27raT)K 

where X is the modulus of elasticity of the substance of the tube, 
and T its total tension. 
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11. The radius of a solid sphere surrounded by an unlimited 
mass of air is given by jR (1 + a sin nat), where a is the velocity of 
sound in air. Show that the mean energy per unit of mass of air 
at a distance r from the centre of the sphere due to the motion of 
the latter is 

i nVa»i? (1 + 2nV)/r* (1 + n^R'), 

12. A stream of uniform depth and uniform width 2a flows 
slowly through a bridge consisting of two equal arches resting on 
a rectangular pier of width 26, the bridge being so broad that the 
liquid flows under it with uniform velocity U. Show that after 
the stream has passed the bridge, the velocity potential of the 
motion will be 

(a — b) Uxja + 2 Uajir^ . 2^ n"' c"^"^^* sin nirb/a cos niry/a, 

the axis of x being in the forward direction of the stream, and the 
origin at the middle point of the pier. 

13. Prove that the velocity potential 

<f} = A(X + 27ry/\) sin 27r {vt - a))/\ 

satisfies the equation of continuity in a mass of water, provided 
the ratio y/X is so small for all possible values of y that its square 
may be neglected. Hence prove that if the water in a canal of 
uniform breadth and uniform depth k, be acted upon in addition 
to gravity by the horizontal force Ha'^ sin 2 (mt — xja) where H 
and ni are small and a is large, the equation of the free surface 
may be of the form 

y = k-\- H-7-7 nr; cos 2 (mt — x/a). ■ 

^ 2(gk-mV) ^ ' ^ 

14. Prove that in order that indefinite plane waves may be 
transmitted without alteration with uniform velocity a in a 
homogeneous fluid medium, the pressure and density must be 
connected by the equation 

where p^, p„ are the pressure and density in the undisturbed part 
of the fluid. 
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15. Two liquids of density p, p completely fill a shallow pipe; 
prove that the velocity of propagation of long waves is 

where Ay A' are the areas of the vertical sections of the two 
liquids when undisturbed, and h is the breadth of the surface of 
separation. 

16. If the upper liquid were moving with mean velocity U\ 
and there is a surface tension T, prov-e that the wave length is 
determined by the equation 

^Ttt^Ix^ = b(j> IP/ A + p' IT'/ A') -g{p- p'). 

• ^ '••^ *^ 

17. A rectangular pipe whose faces are horizontal and vertical 

planes, is completely filled with n + 1 liquids ; show that the 
velocities of propagation of waves of length \ at the surfaces of 
separation of the strata are given hy the equation 
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= 0, 



where 



A^ - 27rt;7X {p^^ coth 2irh^J\ + p^ coth ^irhJX) - g {p^^, - pj B„^ 
= 2'7rv^/\ cosech 27rhJX 

and h^ is the equilibrium thickness of the stratum p„. 

In particular if p^ = ma; and h^ = may then the 2n values of 
V are included in the formula 

^ =» ± ^(5^^)* sec ^m7r/(n + 1), 

where m is supposed to assume the values 1, 2, 3 ..., n, and X the 
wave length is supposed very large compared with na, 

18. If there be an infinite film in a horizontal plane, separating 
two heavy liquids of considerable depths, which are flowing in the 
same directions with velocities F, V respectively between two 
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horizontal planes, prove that the velocity of propagation of waves 
of length \ in the direction of the stream, is given by 

where o-, o-' are the densities of the upper and lower liquids 
respectively, and T is the tension of the film. 

19. If the bottom of a horizontal canal of depth h be con- 
strained to execute a simple harmonic motion, such that the vertical 
displacement at a distance x from a given line across the canal and 
perpendicular to its length, be given by k cos m (x — vt), k being 
small ; show that when the motion is steady, the form of the free 
surface is given by 

kv^ 
y = h+ -g — —r cos m(x — vt). 

20. A mass M of liquid is at rest under the action of its 
surface tension T, Show that if it be thrown into small vibrations 
of the type of a zonal harmonic of order n, the time of a small 
vibration will be 

f SirM Y 

'n(n^l)(n + 2)T/ 

21. Prove that upon a shore sloping at an angle Jtt below the 
horizon, a possible state of fluid motion is represented by the 
velocity potential 

4> = Asm niTt {e""" sin ax - ^v/Se"*'^^'^*^^^ cos ^a {z V3 - x) 

+ €*^^"-^^'Uinia(^V3 + «)} 
and that the corresponding current function is 

i|r = J[ sin nirt {e""' cos oo? - V3 e"*^ ^*+*^*^ sin J a (^ V3 - a?) 

-'€^^'-*^'^cosia(^V3 + ^). 

Prove also that if the motion is small and takes place under 

the action of gravity, 

go, =» n v. 

22. A shallow trough is filled with oil and water, the depth 
of the water being k and its density <r, and that of the oil being 
h and its density p. Prove that the velocity of propagation v of 
long waves is 

vVg = i (^ + *) + i (e^ - ^f + ^hkpla]K 

(Note that there may be slipping between the oil and water,) 
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23. If water is flowing with velocity proportional to the 
distance from the bottom, V being the velocity of the stream at 
its surface, prove that the velocity of propagation U of waves in 
the direction of the stream is given by 

where W is the velocity of propagation of waves in still water. 

24. Suppose that an expanse of liquid is originally still, and 
plane aerial vibrations of wave length X and velocity v in air of 
density p\ to impinge on the surface at an angle l3 ; prove that 
when the motion of the system has become periodic, we may 
represent the displacement of the incident and reflected waves (5f 
air, and the displacement of the surface by 

(i) a sin [m (x sin y8 + 2^ cos 0)-nt — a], 

(ii) a sin [m {x sin /3 — <3^ cos ff) — nt-h a}, 

(iii) b cos (mx sin j3 — nt)y 

respectively, where m = 27r/\, n = ^irvjX : prove also that a the 
change of phase is given by 

p' cot a = f -^^ sin* /8 + £-— J cos /3 - p cot y8 coth (27rh\~^ sin /8), 

where T is the surface tension. 

ft 

25. Prove that with cylindrical coordinates m, 0, z, a possible 
state of liquid motion inside a right circular cone of vertical angle 
2a is given by the velocity potential 

<f> = Az'ut'^ cos nO cos 27rp^, 

where n = tan' a, and that if the axis of the cone be vertical and 
h be the mean depth of the liquid, the frequency p of such wave 
motion supposed of small displacement, is given by 

4}7r^p*h = g. 

26. Two liquids of densities p, p' each of which half fills a pipe 
of which the cross section is a square with a vertical diagonal of 
length 2h, are slightly disturbed. Neglecting the disturbing effect 
of the boundary in the neighbourhood of the surface of separation, 
prove that the velocity of propagation of progressive waves along 
the pipe is given by the equation 

U^ = J ^-^fO (tanh or coth) vih. 

2m (p + p) ^ 
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27. A soap bubble of finite thickness in free space with air 
inside it, is performing small oscillations radially under the action 
of its surface tension T and the pressure of the contained air. 
Prove that the length I of the simple equivalent pendulum for 
vibrations so slow that the contained air may be supposed to obey 
Boyle's law, is given by the equation 

^MaVg = SlirT {V + ab + a') {W + aft + a») {V + aft - a'), 

where a and h are the internal and external radii of the shell and 
M its mass. 

28. Prove that in the case of standing waves across a canal of 
triangular section, whose sides slope at an angle ^tt to the horizon, 
the equation bf continuity and the boundary conditions are satisfied 
by taking 

<^ r= cos ^ {gjVf {sinh m (^ — a) cos mx — sinh ^ {x»J^ + ^ + 2a) 

X cos |m {x — z»J2!) + sinh \m (xiJS — z — 2a) cos \m {x + z»J^^ 

the axis of x being measured across the canal, and the origin being 
taken in the line of intersection of the sides. 

Prove also that if h be the depth of the canal, m!, a and mh 
are determined by the equations 

ml = tanh m (A — a), 1 — m*Z* = m ^3 cot mh\/^, 

and one or other of the equations 

cosh 3mA = — cos mh^J^ + 2 sec mA\/3, 

3 cosh Zmh = — cos mh»J^ — 2 sec mh\/S. 



CHAPTER XVIII. 

STABLE AND UNSTABLE MOTION \ 

416. Id Chapters XIIL and XIV. we came across several 
instances in which vortex sheets and motions involving surfaces of 
discontinuity are unstable ; and there is a considerable amount of 
evidence which supports the conclusion that when no forces are in 
action, all motions involving vortex sheets are unstable. No 
general proof of this proposition appears as yet to have been given ; 
and it is important to observe that it certainly is not universally 
true when the liquid is acted upon by any external forces. This 
may at once be shown by considering the waves propagated at the 
surface of separation of two liquids, which when undisturbed are 
moving with. velocities F, V. 

Putting k, Jcf for m coth mh and m coth mh\ we have shown in 
§ 391 that the velocity of propagation is given by the equation 

kp (F- u)'+k'p'{r- uy=g{p-p'). 

The condition of stability is that the roots of this quadratic in 
U should be real, and is therefore 

g (kp + k'p') (p - p') - kk'pp' (F- F)« > 0. 

It therefore follows that ii p> p\ that is if the lower liquid is 
denser than the upper liquid, the motion may be stable ; but if no 
forces are in action so that ^ = 0, the motion will be unstable. 

^ This chapter is taken from the following three papers by Lord Bayleigh, 
** On the Instability of Jets," Proc. Lond. Math. Soc. vol. z. 
•'On the Stability or Instability of certain Fluid Motions,'* Proc, Lond. Math. 
Soc.f vols. XI. and xix. 
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417. If no forces are in action and both liquids are of 
unlimited extent so that A = A' = oo , the equation for determining 
IT becomes 

/>(F-[7)«+p'(r-cr)'=o (1). 

The initial form of the surface of separation is 77 = a sin ma?, 
where m is a real quantity, and its form at any subsequent time is 
determii^ed by the equation 17 = a sin {mx — nt). 

The roots of (1) are 

hence U and therefore n is a complex quantity. Putting 

and rejecting the imaginary part, the equation of the surface of 
separation becomes 

17 = 6 sin m (a? — at) cosh "in^t, 

which indicates that the motion is unstable. The rejected 
imaginary part shows that if the initial form of this surface was 
17 = 6 cos mXy its equation at any subsequent time would be 

77 = 6 cos m{x — at) cosh m^t. 
There are three cases worthy of notice. 

(i) If /o = p\ F= — V, so that the densities of the two liquids 
are equal, and their undisturbed velocities are equal and opposite, 
a = 0, ^ = F, whence 

97 = 6 cosh m Vt sin mx. 

(ii) Let p = p\ 7^ = 0, then a = iF, /3=±iF, and 

7j = b cosh Jm Fit sin mix — ^Vt), 

hence the waves travel in the direction of the stream, and with 
half its velocity. 

(iii) Let p=p, V=V, In this case the roots are equal, but 
the general solution may be obtained by putting F= F(l +7) 
where 7 ultimately vanishes; we thus obtain 

17 = 6 sin m (a? — Vt) cosh ^Vyt — ib cos m{x— Vt) sinh \Vfyt, 

Putting Jt6F7 = c, and proceeding to the limit we obtain 

77 = 6 sin m (a? — Vt) — ct cos m (x — Vt). 
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If 17 = 0, when ^ = 0, we must have mAV= — c, whence 
^ = 6 sin m (a? — Vt) + bmVt cos m{x— Vt). 

The peculiarity of this solution is, that previously to displace- 
ment there is no real surface of separation at all. Hence if we have 
a thin surface such as a flag, whose inertia may be neglected, 
dividing the air, it appears from the last equation that (neglecting 
changes in the density of the air) the motion of the flag will be 
unstable, and that it will flap. 

418. We shall now investigate the motion of a jet of density p 
and width 2Z, which is flowing with velocity F, and is surrounded 
by fluid of density p which is at rest. 

In solving problems of this class, it is often convenient to 
employ complex expressions, and in our final results to reject the 
imaginary parts ; we shall therefore suppose that both the surfaces 
of separation are represented by an equation of the form 

7} = ae 4- fr. 

This is equivalent to supposing that the disturbance is such 
that the sinuosities of the two surfaces of the jet are parallel. 

Let the velocity potential of the jet be 

^ = (^ cosh mz + B sinh mz) e'^"'''^ + Vx, 

and that of the surrounding liquid on the upper side be 

f / ri tmx-\-int—im+fnl 

The kinematical conditions at the surfaces of separation give 

-4=0, B = La{n + m V)/m cosh ml, G= — ma/m. 

The dynamical condition of equality of pressure gives 

pB (n + m V) sinh ml — pGn = 0, 

whence p {n + mVy tanh ml + n^p = 0. 

The values of n determined by this equation are always 
complex unless p is zero. When p'^p ^ 

_ — rwFtanh ml ± tmF (tanh ml)^ 
1 + tanh ml 

When ml is small, we have approximately 

rj = e.e*^'"^'^^^ cos m{Vmlt - ^). 
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419. The motion of a straight cylindrical jet, whose cross 
section is a circle, and which is surrounded by liquid which is at 
rest, has also been investigated by Lord Rayleigh, and the results 
are similar to those already obtained for a two-dimensional jet. If 
z be measured along the axis of the jet, the displacement of any 
point on its surface can be shown to be 

«r = ae*'*^'^ cos m ( Fit — z\ 

where /u.' = mV {log 8/ma + tt"* F (J)}. 

420. It is a matter of observation, that when a jet of water 
issues continuously from a small orifice, the continuity of the 
liquid ceases at a certain distance from the orifice, and the jet 
becomes disintegrated into drops. The preceding investigations 
partially explain this phenomenon, since the jet is necessarily 
surrounded by air, and we have shown that the motion in such a 
case must be unstable. It must however be admitted that the 
results obtained are only rough approximations, since we have 
supposed (i) that the air by which the jet is surrounded is incom- 
pressible and at rest, (ii) that the liquid of which the jet is 
composed is free from viscosity, (iii) we have neglected the 
existence of capillarity at its surface. When we consider the 
motion of a viscous liquid, it will be shown that a surface of 
discontinuity, if it ever could be formed, would instantly disappear, 
and that molecular rotation would be propagated on either side of 
the surface according to the law of propagation of heat. Hence 
our results are necessarily imperfect. We shall return to this 
point hereafter ; and shall now proceed to investigate the effect of 
surface tension on a cylindrical jet moving in vacuo. 

421. Taking the axis of z along the axis of the cylinder, let 
us suppose that the surface of the jet at time t is 

r = a -h a cos kz, 

where a is a small function of the time, and k = 27r/\. 

Let a- be the area of the surface of the jet included between 
unit of length ; then 

a = 27rX"* I {a + OL cos 27rz/X + ^ax^K* sin' 27rz/X) dz 

J 

= 7ra(2 + i/€V) (2) 

approximately. In this expression a is not absolutely constant; 
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its value is determined from the fact that the vohime V included 
between unit length is constant, whence 

F = 7ra»+i7ra« (3). 

Now (2) may be written 

<r = 27ra + ^irol^ja + ^a* (/cV — l)/a. 

Substituting the value of a from (3) in the first two terms we 

ff 

obtain 

(7 = 2 (ttF)* + i-Tra* (/cV - l)/a. 

If <r^ be the value of a- for the undisturbed motion, we have 

cr - (T, = i-Tra* (itV - l)/a (4). 

If Tj denote the surface tension, the potential energy per unit 
of length from the position of equilibrium is 

F=-i7r!r,a»(l-/cV)/a (5). 

Since the motion is symmetrical with respect to the axis of Zy 
Laplace's equation is 

dz* dt^ r dr ' 
and since <^ must vary as cos kz, the proper solution is 

if) = AI^ (fcr) cos KZ. 

The coeflBcient A is determined from the fact that the normal 
velocity at the surface of the jet is equal to d cos kz, whence 

A k1\ (ko) = d, 



and therefore 



. d/^ (kv) 

d> = r, , — ^ COS KZ, 

kI {ko) 



Taking the density of the liquid to be unity, the kinetic 
energy per unit of length is 



r= (2\r r 2^a<^ id<l>/dr)^dz 

Jo 



^ Kal\ (ko) ' 

whence by (5) the equation of motion is 
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Differentiating with respect to t, and then putting a ^Ae^^, we 
obtain 

, _ T, (1 - #cV) Kal\ (fca) 
^ ~ a'I,{Ka) 

I( /ea>l, qis imaginary, and the motion is stable ; hence from 
(4) it follows that if the surface is greater after displacement than 
before, the motion is stable; but if otherwise the motion is 
unstable. Writing xa = x, the instability will be greatest when X 
has such a value that g is a maximum. 

Since 

8 4 ,8 

the value of ^a^jT^ will be found to be 

1 VI «\li ^ ^* ^^^ 19a?^ 1 

t^ (1 -a? ) |1 - 23 + g, g - 21073 + 2".3.5"^*j ' 



7 . 25 91 

2*. 3 2^« "^2". 3. 5 



or |p--|a?* + ^a/>-g;;a;^H- »„";. . a:^^+... 



Differentiating we obtain 

' ^ , . 7. 4 100 e 91 o ,, 

If all the terms but the first three be neglected, the quadratic 
gives 0:;^= '4914; and if this value be substituted in the next two 
terms, the equation becomes 

•98928 - f a?' + ^^x' = 0, 

whence a? = '4858. 

The corresponding value of X is given by 

X = 4-508 X 2a, 

which gives the ratio of the wave length to the diameter, for the 
kind of disturbance which leads most rapidly to the disintegration 
of the cylindrical mass. The corresponding number obtained by 
Plateau from some experiments by Savart is 4*38, but as his 
estimate involves a knowledge of the coefficient of contraction of a 
jet escaping through a small hole in a thin plate, it is probably 
liable to a greater error than its deviation from 4*51. 

Further information on the subject of jets in connection with 
hydraulic machinery, will be found in Prof. W. C. Unwin's article 
on HydraulicSf in the Encyclopaedia Britannica. 

B. II. 13 
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Stability of Steady Motion between Two Parallel Planes^, 

422. Let the liquid be bounded by two parallel planes, and be 
moving with velocity U parallel to those planes ; also let the axis 
of X lie in one of the planes, and be parallel to the direction of U, 
If the motion is steady, U must be a function of y alone, and the 
vorticity ?= — ^dU/dy, 

Let a disturbance of any kind be communicated to the liquid, 
subject only to the condition that the resulting motion is in two 
dimensions; and let U + u, v, f+f be the component velocities 
and vorticity during the disturbed motion. Then 

dt dx dy 

du ^ _ /x ^ w _ ^^ _ ^ 
dx dy * dx dy' 

If we assume that x and t enter into u, v, f in the form of the 
factor exp (int + ikx), the preceding equations may be written 

L(n + kU)^'=^iv(rU/dy\ ifcu + dv/dy = 0, 2^ = ikv-du/dy. 

Eliminating u and f ' we obtain, 

'n „\ fd^v j^\ dJ'U ,^. 

Jc^^JW'-^V-df''', ^^^• 






423. We must now determine the boundary conditions. 

At the surfaces of the bounding planes we must have t; = 0. 
It may also happen that the vorticity in steady motion suddenly 
changes as we cross some plane, and we must therefore find the 
conditions to be satisfied at the surface of separation. Denoting 
by A the diflference between the values of the quantities on either 
side of this surface, the kinematical condition is 

At; = (7). 

The dynamical condition which is the analytical expression for 
the fact that there must be no discontinuity of pressure, may be 
obtained by integrating (6) across the surface ; we thus obtain 



(!-'') 



.dv . dU ^ ,_. 



^ Lord Bayleigh, Proc. Lond. Math. Soc. vols. zi. and xiz. 
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424. We shall now apply these equations to determine the 
conditions of stability of a mass of liquid bounded by the planes 
y=0, y = a-|-6 + c, and which consists of three layers of thickness 
a, 6, c, the vorticity being constant but different throughout each 
layer. 

Let U=0 along Ox, and let U^, U^ be the values of J7at the 
planes y = a, y = a + 6. Since f is constant, d^Ujd^ = 0, hence if 
njk -\-U \s not zero, (6) becomes 

df 

the solution of which is 

v = A cosh ky + B sinh ky. 

Since v = when y — 0, we must have at the first layer 

i; = i;^ = sinh % (9), 

in the second 

V = -y^ = v^ 4- jyr sinh k(y — a) (10), 

and in the third 

v = Vg = Vjj + -Ma ^^^^ k{y — a'-h) • • (H)' 

The condition that v = when y = a + 6 + c, gives 

M^ sinh kc + M^ sinh A; (6 + c) + sinh A; (a + 6 + c) = . . . (1 2). 

If we denote the values of AdU/dy at the two surfaces by A^ 
and A, respectively, the condition (8) gives 

(n + A;?7,)ilf;-A,sinhJfca = 0.... (13), 

(n + kU^) Jf, - A, {M^ sinh kb + sinh k(a + b)} = 0. . .(14). 

Eliminating M^, M^ between (12), (13) and (14), we shall find 
that n satisfies the quadratic 

^w' + 5n+a = 0.. (15), 

where 

A = sinh A? (a + 6 H- c) 

B^kiJI^^-U^ sinh i (a + 6 + c) + A^ sinhA:asinhi(6+ c) 

+ A, sinh fee sinh A: (a + 6) ....(16). 
(7 = 1^ U^ C7, sinh fe (a + 6 + c) + fe U^\ sinh kc sinhi(a+6) 
+ k CTj A^ sinh ka sinh i (6 + c) + A^ A, sinh ka sinh kb sinh fee 

13—2 
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The condition that the roots of (15) should be real, is that 
ff — ^AC should be positive. Now, 

ff - 4^(7= [lc(U^- £/,) sinh i (a + 6 + c) + A, sinh ka sinh fc (6 4- c) 
— A, sinh kc sinh k{a + 6)}* + ^W sinh'ia sinh' Ac (17). 

If therefore A^, A^ have the same sign, so that the curve 
expressing [7 as a function of y is of one curvature throughout, the 
roots are real and therefore the disturbed motion is stable. 

425. Let us now suppose that the breadths of the layers a and 
c are equal, and that their vorticities are equal and opposite, and 
that the layer h is without vorticity ; also let V be the velocity of 
the middle layer. If we suppose the velocity of the liquid to be 
zero at the walls, which we may do without loss of generality, we 
shall have 

tr,= tr.= F, A, = A, = - F/a, 
whence 5* - 4-4 (7 = 4A* sinh*A;a, 

indicating stability. Also 

ly^ Ffsinh ka sinh k{a-\- b) ± sinh*A;a} 

a sinh k (2a + b) ' 

which determines the relation between n and k. 

426. In the next place let us suppose that the velocities are 
equal and opposite on either side of the middle layer ; then the 
velocities in steady motion, in the first, second and third layers 
will be respectively 

v^ = A(y^a)+r, t;,= F(l-2y/6 + 2a/6), t;3 = ^(y-a-6)- F, 

also if the velocities at the bounding planes are equal and opposite 
we must have A =E, We thus obtain 

Cr, = -Cr.= F, A, = -A. = /.F, 

where /i = -il/F- 26"*. From (16) it follows that 5 = 0, and 
(15) may be written 

n" __ {fi sinh x sinh y -hk sinh (x + y)}' — A:' sinh'a? 
WV* k^ sinh y sinh {2x + y) ' 

where x = ka,y = kb. 

From this expression it is easily seen that n' is positive if /jl is 
positive ; but if /i is negative the motion will be unstable unless 
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the numerator of the above iraction is positive. Writing — v for 
fly this requires that 

[k (coth X + co£h \y) — v] [k (coth x -h tanh iy) — vj > 0. . .(1 8). 

If we suppose that k is very small this becomes 

(a-* + 26"' - v) (a' - i;) > 0. 

Hence if i/ < a"' the motion is stable, but if a* + 26"' >v> a""*, 
the motion is unstable. 

When v = a"* + 26"* the motion is on the border line between 
stability and instability, but it is really unstable ; for proceeding 
to a second approximation the first factor of (18) becomes 

a"' + 26-' - Jifc'a - JA;*6 - 1;, 

which shows that the motion is unstable. Now if U be the 

velocity of the liquid in contact with the plane y = 0, J7= F— Aa, 

whence 

^ = _ (F-ITj/Fa- 26-\ 

Hence the final condition of complete stability is that 

2Cr6>Fa. 

Steady Motion between Two Concentric Cylinders^. 

427. We shall now prove that if liquid is in motion between 
two rigid concentric circular cylinders, the steady motion is stable 
provided the vorticity either continually increases or continually 
decreases in passing outward from the axis. 

In steady motion let F be the velocity and <o the vorticity, 
then F and g) are functions of r alone. Let t*, F+v be the 
velocities along and perpendicular to the radius vector during the 
disturbed motion, a> + S' the vorticity. 

These quantities satisfy the following equations : 

2"=^+? ("). 

dt dm Vdi; ^ 
Jf^^'Tr^TW^'' « 

d iru) dv 

dv V li du ^^ 

dr + r'-rd-e-^^ (^2). 

* Lord Rayleigh, Proc, Lond, Math. Soc, vol. xi. ; see also Sir W. Thomson, On 
Maximum and Minimum Energy in Vortex Motion, PhiL Mag, June 1887. 
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Equation (19) is the equation connecting the velocity and vorticity 
in steady motion, and (20), (21) determine the changes in the 
velocity and vorticity due to the disturbance. • 

Let us assume that u, v, fare each of the form F(r) exp (iIcO -f mt) 
where A; is a real quantity but n may be complex. We have to 
determine the conditions that n may be real. From (20) and (22) 
we obtain 

\ r J \dr r r J dr ^ ' 
and from (21) 

ar 
Putting ru=p and eliminating v, we obtain 

fV' 4. Y.\ (^ -1. 1 ^ _ ^^ _2pda^ 
\k r ) \dr^ rdr r* ) " r dr' 

Let n/k = e + if,p^a+ij3, where e,f, a, fi are real, then 

/ d* 1 ^ k^ . p\ _ 9 ^ (a -f- 1/3) 
Ur»"^rJr'^rV^''"^''^^~ d^(e + t/)r+F' 

Whence equating the real and imaginary parts we obtain 

d'a 1 da J(^a 2 , .,- , . ^^ d(o 

where Z)*=(F+re)* + ry*. Multiplying the first equation by 
r^ and the second by ra and subtracting we obtain 

/^ cPa d:"^ - da d/3 2/r . , ^.dto 

Let a and h be the radii of the cylindrical boundaries, then 
since a and ^ are each zero at the boundaries, we obtain on 
integrating between the limits a and 6, 

di 



2//;^K+«f-o. 



If doo/dr does not change sign between the limits, every 
element of this integral has the same sign, and therefore the 
integral cannot vanish unless /= ; when this is the case n is real 
and therefore the steady motion is stable. 



CHAPTER XIX. 



THE THEORY OF THE TIDES. 



428. The phenomenon of the tides is produced, as is well 
known, by the disturbing attractions of the sun and moon upon the 
ocean. This appears to have been first recognised by Kepler, but 
the subject was not investigated mathematically until the year 
1687, when Newton* applied the law of gravitation to the explana- 
tion of the tides. He supposed that the ocean covers the whole 
earth, and that it assumes at each instant a figure of equilibrium 
under the combined attractions of the earth, sun and moon. In 
1738 Daniel Bernoulli* extended and improved Newton's theory, 
and the theory of the former is usually known as the Equilibrium 
Tkeoiy, This theory although it serves to explain many of the 
principal features of the tides, cannot be considered satisfactory ; 
for the problem is essentially a dynamical one, and consists in 
finding the forced oscillations of an ocean which is disturbed by the 
attractions of the sun and moon. The solution of the dynamical 
problem was first eflFected by the genius of Laplace*, upon the 
assumptions that the ocean covers the whole earth, and that its 
depth is equal to ? (1 — 5 cos' 0), where is the co-latitude, and I 
and q are constants. The original investigation of Laplace is 
however unnecessarily complicated by the use of spherical harmonic 
analysis ; it was subsequently presented in a simpler form by Airy*, 
but the investigation of the latter contains a criticism on Laplace's 
method of dealing with a certain continued fraction, which occurs 

1 Principiat Book i. Prop. 66, Cor. 19 ; Book m. Props. 26 and 27. 

2 Acad, des Sciences^ Paris, 1738. 
' MScanique CSlestet Book iv. 

* '* Tides and Waves," Encyc. Met. Sec. in. 
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in the evaluation of the semi-diurnal tide in an ocean of uniform 
depth, which is now generally considered to be erroneous. Laplace's 
procedure was justified by Sir W. Thomson*, and the controverted 
point has been fully worked out and explained by Prof. G. H. 
Darwin ^ and it is from the papers of the latter that the following 
investigation of Laplace's theory is taken. A third theory, known 
as the Canal Theory, which is due to Airy", consists in investigating 
the tides in a canal coinciding with a small circle upon the earth, 
which are produced by a disturbing body revolving about the earth 
in an orbit, whose projection upon the earth's surface is a different 
small circle. 

In the present chapter we shall discuss these three theories*. 



The Equilibrium Theory. 

429. In the equilibrium theory, the earth is supposed to 
consist of a solid spherical nucleus, whose density is either uniform 
or which is composed of spherical strata of uniform density. The 
solid nucleus is supposed to be covered with water, which is 
disturbed by the attractions of the sun and moon; and it is 
required to find the form of the free surface of the water, on the 
supposition that at every instant it assumes the form of a surface 
of equilibrium under the combined attractions of the earth, sun 
and moon. 

Since the disturbing attractions of the sun and moon are both 
small in comparison with that of the earth, we may consider the 
effects of each luminary separately, and the combined effect of 
both will be obtained by adding the effects due to each. 

Whether the disturbing body 'is the sun or moon, the earth 
may be supposed to be reduced to rest by including amongst the 
forces which act upon the ocean, the reversed acceleration of the 

1 Phil, Mag, 1876. 

2 "Tides," Encyc, Brit,; Proc, Eoy, Soc, 1886. 
' *• Tides and Waves," Encyc, Met. Sec. vi. 

^ For further information, see 

Bihliographie de VAstronomief by Honzeaa and Lancaster, Brussels, 1882 
which contains a complete list of works upon the subject down to 1881 ; 
Thomson and Tait, yoI. i. part n. ; 
Reports on Tides to the BHtish Association; 
Thomson, Phil Mag. 1880. 
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centre of the earth towards the disturbing body. This reversed 
acceleration is equal to the mass of the disturbing body divided by 
the square of its distance from the centre of the earth. We shall 
also suppose that the rotation of the earth is annulled, and that 
the disturbing body revolves round the earth. 




Let E be the centre of the earth, P its pole, Q any point of the 
ocean. Let M be the moon, EM = D, ER = r, MEQ = € ; also let 
V be the attraction potential of all the forces which act on the 
ocean, and let v be the potential of the earth and the ocean. 

Resolving the force upon an element of liquid at Q along EQ, 
we obtain 

dV 



dr 



-MQ'^'^^^'^^^^^'^d?^]?^'^^^' 

__ M{D cos € — r) dv M 

"" (y + i)« - 22)r cos e)* dr'^^^^^^' 



whence 



F= 



M 



Mr 



T + V— -j^ COS 6 + -4... (1), 



(r-' + 2)*- 2 Z)r cos ey 

Since the right-hand side of (1) is a potential function, it is 
unnecessarv to add a function of e, and therefore A is an absolute 
constant. Expanding and neglecting spherical harmonics of a 
higher degree than the second, we obtain 

Let a be the radius of the free surface of the ocean when 
undisturbed, a + t its value when disturbed, so that £ is the 
height of the tide. Then t may be expanded in a series of spherical 
harmonics whose axis is EM; and since the value of V must be 
constant at the surface of the ocean, it follows that cannot contain 
any harmonics of the first degree. Also since the depth of the 
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ocean is small in comparison with the radius of the earth, it 
follows from (7) of § 371 that if we neglect harmonics of a higher 
degree than the second, 

V = E/r + irraa {ajrf t, 

where -& is the mass of the earth, and a is the density of the ocean. 
Hence if p be the density of the earth, the condition that V should 
be constant at the surface of the ocean is that 

and since E/a* = g, we obtain 

1/a'P.. 

t = 



2)»(l-3<T/5p)5-- 

This equation determines the height of the tide upon the 
equilibrium theory, and shows that the form of the free surface at 
any period is a prolate spheroid, whose longest axis coincides with 
the line joining the centre of the earth with the disturbing body. 

Since the density of the ocean is small in comparison with that 
of the earth, the quantity a/p is usually neglected, in which case 
we obtain 

gt^Ma'PJiy' (2). 

430. Before proceeding to discuss this equation, it should be 
noticed that owing to the fact that the earth is not entirely 
covered with water, the value of t requires correction. A descrip- 
tion of the necessary corrections, together with tables containing 
the results of observations at various porta, will be found in 
Thomson and Tait's Natural Philosophy, Vol. I., Part il., §§ 808 — 
810 and § 848. 

431. Let X be the latitude and I the west longitude of Q; 
also let h be the westward hour angle of the moon from Greenwich, 
8 the moon's declination. Then since the angle QPR = h — l, we 
obtain from the spherical triangle QPR, 

cos 6 = sin \ sin S + cos \ cos 8 cos (h — I), 
therefore 

P, (cos 6) = i (3 cos> - 1) 

= J(3 sin'3 — 1) (3 sin'^X— 1)+ 3sin\cos\sinScosScos(A-Z) 

+ 1 cos'^ cos'S cos 2 (A - (3). 
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A similar equation holds good when the sun is the disturbing 
body ; whence writing^ 8, D\ S, K for the mass, distance, declination 
and hour angle of the sun, the height of the tide due to the 
combined action of the sun and moon is 

£ = g(l-3sin'X)|j3(fcos«8-l)+j3(fcos»S'-l) 

+ -^sin 2\ \jy^ sin 2S cos (A - Z) + ^^ sin 23' cos (A' -Z) 

3a» ,, {M ,. . „ ,. . fif 
-f -7- cos \ { 
4g 



^3 co8*8 COS 2 (A — Z) + -^3 cos'S' cos 2 (A'— Z) 
We shall now proceed to discuss this equation*. 



...(4). 



432. Tides of Long Period, The first line of this expression 
does not depend upon h — l or A' — Z, and is therefore independent 
of the hour of the day. It depends solely upon the latitude of the 
place of observation, and upon the quantities jD, jD', S, S'. The 
quantities D, 8 depend upon the elements of the moon's orbit 
round the earth, and it will be observed that the value of the first 
term due to the moon's action does not depend upon the sign of S, 
and therefore has the same value whether the moon's declination 
is north or south. Also since the moon approximately takes 
fourteen days to describe a semi-circle, the eflfect of the first term 
is to produce sl fortnightly tide. 

The second term of the first line is due to the action of the 
sun; it depends upon the elements of the earth's orbit round 
the sun, and produces a semi-annual tide. Both these tides are 
known as tides of long period, and are called by Laplace, " Les 
oscillations de la premiere espece." They vanish in latitude 
+ cosec V3. 

433. The Diurnal Tides. The second line of (4) consists of 
two terms each of which depends upon the hour angle of the 
disturbing body. The first term goes through all its changes 
each time the moon's hour angle increases by 360*^; and the 
second term goes through its period when the sun's hour angle 
increases by the same amount. These terms constitute the 
diurnal tides, and are called by Laplace, "Les oscillations de la 
seconde espiceJ' 

^ Airy, Tides and Waves. 
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Since K ^-l^h — l-^K — h, the second line of (4) may be 
written 



-7- sm 2\ 
4ig 



\ p sin 2S 4- 2)8 s^^ 2S' cos (A' - h) \ cos (A - 1) 

Sf "1 

- ^j sin 28' sin (A' - h) sin (A - Z) , 



= ^ sin 2X 1^^ sin» 2S + ^, sin« 28' 



25fJ|f "I 

^7^ sin 2S sin 28' cos (A' - A) cos (A - Z + E), 






, ^ „ >Sf2)'~»sin2S'sin(A'-A) 

where tan ^ = -, , i^.— v— ^^ — ^^^-. _. . ^^ ..-i — - 



MD'' sin 28 + 8U'^ sin 28' cos {h' - h) ' 

This tide always vanishes at the equator where \ = 0, and also 
at the poles where \ = 90^ and its greatest value is in latitude 45^ 

For any particular point on a meridian, the tide will be highest 
when h — !-{-£ = 0, or €-\-E = 0, Hence if e is positive, that is if 
the moon is west of the place of observation, E is negative, and 
therefore if 8' is positive A' — A is negative. Also tan E and there- 
fore E is always a small quantity, hence just before new moon and 
full moon high tide occurs shortly after the moon has passed the 
meridian. But if E is positive € is negative, and therefore just 
after new moon and full moon high tide occurs before the moon 
passes the place of observation. 

Let us now examine how this tide depends on 8. Since 8/D'^ 
is small in comparison with M/D^, it follows that tan E is positive 
if 8, 8', h' — h are positive. Now suppose that the moon crosses the 
equator, then 8 will change sign, and E will change rapidly from a 
small angle through ^ and then to an angle not much less than tt. 
Hence e will rapidly change to tt — e, and high water instead of 
occurring when the moon is near the meridian of the place of 
observation, will take place when the moon is near the meridian 
passing through the antipodes. 

434. The Semi'diumal Tides, The third line of (4) consists 
of two terms each of which depends upon twice the hour angle of 
the disturbing body, and goes through all its changes every time 
the hour angle increases by 180^ These terms constitute the 
semi'diumal tides, and are called by Laplace " Les oscillations de la 
troisieme espece,** 



B—aM.l. l.l-'. JOB^ 
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This term may be expressed in the form 
4^ cos*\ j-pe cos*8 + -p,e cos*8 . 

+ ^^3 COS'S COS'S' cos 2 (A' - A) [ cos {2Qi -h) + 1), 

, ^_ 5i)^-^ cos'y sin 2 (// - A) 

wnere tan i^ - j|f jj-» cos^S + Si) "• cos'S' cos 2 (A' - h) ' 

For diflferent latitudes this tide has its greatest value at the 
equator where X = 0, and vanishes at the poles where X = 90°. 
For different positions of the moon it is a maximum when 
h' -h = or TT, that is at full moon and new moon ; and it is a 
minimum when h' — h = ^ or f7r, that is when the moon is in 
quadratures. 

The time of high water at any place is found by putting 
h'-h = -^F or € = -^F; hence when ^Tr>h'-h>0 and when 
f TT > A' — A > TT, 6 is negative, and therefore between new moon 
and quarter moon, and between full moon and three-quarter moon 
high tide occurs before the moon has passed the place of observa- 
tion ; and the contrary is the case between quarter moon and full 
moon and between three-quarter moon and new moon. 



Laplace's Theory^, 

435. The celebrated theory of the tides which is due to 
Laplace, deals with the problem by means of dynamical principles. 
The problem to be solved, consists in finding a solution of the 
general equations of motion applicable to the case of the forced 
oscillations of a frictionless liquid, which completely covers a solid 
spherical nucleus, and whose equilibrium is disturbed by the attrac- 
tion of a distant body. The depth of the ocean is supposed to be 
very small in comparison with the radius of the earth, and the 
height of the waves small in comparison with their lengths, in 
other words the waves are assumed to be long waves in shallow 
water, and the equations determining the oscillations of the ocean 
are obtained ; but the mathematical diflSculties of integrating them 
are so great, that Laplace was compelled to assume that the depth 
of the ocean is proportional to 1 — g^ cos*^, where is the co-latitude 

^ M4canique Cileate^ Livres i. and iv. 
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and J is a constant ; and in the case of the semi-diurnal tides it is 
necessary to suppose that q is zero or unity. 

The method of procedure adopted in the present section is 
somewhat diflferent from Laplace's, and is taken from Prof. G. 
H. Darwin's* investigations, which were suggested by Sir W. 
Thomson's papers in the Philosophical Magazine^ 

436. We must first find a suitable form of the equation of 
continuity. 

Let a be the radius of the earth, 7 the depth of the ocean, 
the co-latitude, and <^ the longitude of any point P on its surface 
when undisturbed. Let + u, <l> + v, a + y + ^he the co-ordinates 
of the same point during the disturbed state. Let Q be a point 
near P, whose undisturbed co-ordinates are a + y, d-^-SB, <!>-{- S(f>, 




Let Ppy Qq be the meridians, and Pq, Qp the parallels of 
latitude passing through P and Q ; and consider a small column of 
liquid which is bounded by the bottom of the ocean, the free 
surface, and the four planes drawn through E the centre of the 
earth and the arcs Pp, pQ, Qq, qP respectively. 

The volume of this column of liquid when the ocean is 

undisturbed is 

a^sin^S^S^ (5). 

The volume of this element when the ocean is disturbed, will 
be found by changing and <^ into + u, <I> + Vy and hence 7 must 
be changed into y'\'fi + vdyld0-^vdryld(l>; whence the volume is 
equal to 

1 Proc, Ray. Soc. 1886; and Encyc, Brit, Art. •* Tides.'* 
a Phil. Mag, 1875. 
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equating (5) and (6) and neglecting squares and products of small 
quantities we obtain, 

i*'-^*'-^*n^^'-o (')■ 

437. In order to obtain the equations of motion of the ocean, 
we shall reduce the centre of the earth to rest, and we must there- 
fore include amongst the impressed forces which act upon individual 
particles of liquid, the reversed acceleration of the centre of the 
earth. This reversed acceleration is equal to the attraction of 
the sun and moon upon a unit particle situated at the centre of 
the earth. We must also suppose the sun to be revolving round 
the earth. 

If therefore r, 0\ <f)' are the co-ordinates of an element of the 
ocean in its disturbed position ; w\ u\ v' the component velocities 
of this element relative to the centre of the earth in the directions 
in which r, 0\ <f> increase, the relative accelerations are 

u — v6^ + wd^ in the direction of ff, 

v-w'e^ + ud^ „ „ „ if}, 

w'-u'0^ + v0^ „ „ „ r. 

If n be the angular velocity of the earth's rotation 

u=r0\ v' = r (<^' + n) sin ^, w' = r, 

0^ = ^{(P' + n)sin0', 0^ = &, ^3 = (^' + w) cos ^, 

and the preceding expressions for the component accelerations 
become 

^^(r^')-.r(f + w)'sin^cos^-|-r^, 

J {r (<^' + n) sin 0'} + r (</>' -h n) sin ^ + r0' ((j/ + n) cos ff, 

r-r^»-^(<^' + n)«sin»^. 

But 0^ = + % (l>' = <f> + v, where 0^ <f) are the co-latitude and 
longitude of the element in its undisturbed position ; also since the 
vertical motion is slow in comparison with the horizontal motion 
(since the oscillations are long waves), we may neglect r, r, and 
the above expressions become 

— r (n* -h 2nv) sin"^ in the direction of r, 

ril -r (n* -h 2nv) sin cos „ „ „ 0, 

rv sin + 2mu cos „ ,. „ (f). 
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Hence the equations of motion are 

- 3^ = -y- + r (n" + 2nv) sin^O 
p dr ar 

- -^ = ,^ — r'u + r* (n* + 2nv) sin 5 cos ^ 

~ :7? = jt — ^^ sin'^ — 2r*nu sin cos 
p a<p (i<p 



(8), 



where V is the attraction potential of the forces. 

According to the theory of long waves explained in Chapter 
XVII., the pressure is assumed to be equal to the hydrostatic 
pressure which would exist if liquid had no motion, and were 
imder the action of forces which would preserve the form of its 
free surface unaltered. It therefore follows from § 369, or directly 
from (8) by putting «, il, v, v equal to zero and multiplying by dr, 
d0, d<f> and integrating, that 

p/p = F* H- JwV sin*^ + const., 

where V is the potential of the fictitious forces which would produce 
an equilibrium tide of height \^, By (1) and (2) it follows that 
the variable part of this potential is ff^r^ja^ + Ejr, whence 

pip = g^r^ja^ + Ejr + ^n V sin*^ + const. 

Now V is the potential of a system of forces which would 
produce an equilibrium tide of height 0, whence 

V = gtr^/a* + E/r + const., 

and therefore 

jp/p - F = gr (5 - e) r'/a* + JnV sin'tf + const. 

Substituting this value of p/p — F in the last two of (8) and 
putting au = f , av = i;, so that ^, rf sin are the co-latitudinal and 
longitudinal displacements, and remembering that in the small 
terms we may put r = a, we obtain 



^-2n^sin^cos^^ l^Qf-t) 



9 



ijsiB^42n?cos^ = --?^^-^(J-e) 



and (7) becomes 



(9). 



Ja sin ^ + j^^ (7f sin ^) + ^T (t^ sin ^) = (10). 

The solution of these equations determines the oscillations of 
the ocean. 
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438. The value of t is given by (4), and from this value it 
appears that t consists of three sets of terms. The first set which 
in the equilibrium theory gives rise to tides of long period vary very 
slowly, and it is known from physical astronomy that these terms 
can be expanded in a series of terms of the type A cos (2nft + a) ; 
the second and third set respectively involve (f> and 2(f> ; it there- 
fore follows that t can be expanded in a series of terms of the 
type e cos (2nft -{- k<l> + a), where 6 is a function of the co-latitude 
alone and of the elements of the orbit of the disturbing body. 

It also follows from (4) that the tides of long period do not 
depend on the longitude, hence k = 0, 

e = E(i^cos'd) I 

t = E (:^ - cos'd) COS (2nft -\- a)\ ^ ^' 

In the lunar fortnightly tide/=^'g approximately. 

In the diurnal tides /= | approximately, k = l, 

e = E^in.6 cos 6 

e = ^sin5cosScos(n^ + <^ + a) ,... (12). 

In the semi-diurnal tides, /= 1 approximately, fc = 2, 

e=^E 8in»^ 

£ = ^ sin'd cos (2n^ + 2<^ + a) (13). 

In each of the three preceding equations, the quantity E \& b. 
function of the elements of the orbit of the disturbing body. 

We shall therefore assume that, 

t = e cos {2nft + k(f> -\-a) 
b = A cos (2nft -{■ k<f)-\- a) 
f = a? cos (2nft ^ k<f>-ha) 
97 = y sin {2nft + i0 + a) 

where e, h, x, y are functions of the co-latitude alone; and we 
shall also suppose that 7 is a function of the co-latitude alone. 

JiOt m = n^ajg, u = h— e. 

Substituting from (14) in (9) and (10) we obtain 



(14), 



^/« + y/sin^cos^ = A| 
y/'sin^-h^/cos^ = - ^"^ 



^ (15), 



4m sin 
B. n. 14 
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ha -h kyy + cosec ^ ^^ (70? sin 5) = (16). 

» 

Solving (16) for x and y, we obtain 
4my8.n<l(/'-co8V) = - -^^- .--^ 



.(17). 



Whence substituting the preceding values of a?, y and u in (17), 
we obtain 

d (y (sin ^ du/d0 + ^*~* u cos Sy 



sin0d0\ /*-cosV 

fcy (y^^ cos dujdd + A:w cosec 0) 
sin^(/*~co8»i?) ' 

-»-4ma(M + e) = (18> 

This is equivalent to Laplace's equation^ for determining the 
tidal oscillations if an ocean, whose depth 7 is a function of the 
latitude alone. 

Tides of Long Period, 

439. Laplace in considering these tides does not employ (18), 
but endeavours to show that on account of the friction of the ocean 
against its bed, the values of these tides will be the same as the 
corresponding values furnished by the equilibrium theory ; and he 
assumes that the effect of this friction upon any element of the 
liquid, can be represented by a force proportional to the velocity of 
that element. One objection to this hypothesis is that it is in 
complete disagreement with the theory of the motion of a viscous 
liquid, which, as we shall see in the next chapter, shows that the 
effect of friction is to introduce terms of the form vV*u, vV*v, vV^w 
into the general equations of motion, where r is a constant depend- 
ing on the viscosity of the liquid*. 

Another objection, which has been urged by Prof. Darwin, is as 
follows". "In systems where resistances are proportional to the 

* Mieanique Cileste^ Livre iv. § 3, (4). 

^ The problem of Waves in a slightly viscous liquid will be considered in 
Chapter XXIII. 

» Proc, Roy, 80c. 1886. 
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velocity, it is usual to specify the resistance by a modulus of decay, 
viz., that period in which a velocity is reduced by friction to ^* or 
1 -r- 2*783 of its initial value, and the friction contemplated by 
Laplace is such that the modulus of decay is short compared with 
the semi-period of oscillation. The quickest of the tides of long 
period is the fortnightly tide, hence for the applicability of 
Laplace's conclusion, the modulus of decay must be short compared 
with a week. Now it seems practically certain that the friction 
of the ocean bed would not materially affect the velocity of a slow 
ocean current in a day or two. Hence we cannot accept Laplace's 
hypothesis as to the effect of friction." 

Laplace's argument is as follows. He supposes that tKe co- 
latitudinal and longitudinal Components of the resistance are 

• • • 

represented by the terms ff, i^Ssind, Now the terms f, rj 
depend upon/", and may be neglected if/ is small ; hence (9) and 
(10) become 

fi-2nvsiD^cos^ = -'^ !jS(6-t)» 

Sff sin + 2wf cos ^ = 0, 

Ja sin ^ + ^ (7f sin 0) = 0, 

since none of the quantities depend upon <f>. Prom the first two 
we obtain 

Substituting in this the value of f from (14) we obtain 

whence if / is small compared with S^ the left-hand side may be 
neglected and we obtain J — e = 0. 

440. We shall now give Prof Darwin's solution of this pro- 
blem*. 

It is assumed that the ocean is of uniform depth ; hence 
putting /8 = 4ma/7, fi = cos ; and remembering that k = 0, 
e = E(^ — fi^\ (18) becomes 



d 



\l-fjL^ du] 



» Proc Roy. Soc. 1886. 

14—2 
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The symmetry of the motion requires that u should be an even 
function of /a, hence at the equator where /x = 0, we must have 
du/d/jL = 0. 

Let us assume 
Then 

+ ...(2n + l)(5^,-5„.,)M*" + (20). 

Again 

whence u = C- \fB^* + \{B^ -/»£,)/*'+ 



+ ^(5«.-.-/*5*.0/*'" + (21), 

where (7 is a constant. Substituting from (20) and (21) in (19), 
and equating coefficients we obtain 

5.-J?,(l-f^+i/3^ = 

(22). 



^21.4.1 ^..-il^ 2n(2n + l)j 2n(2n + l) 

Hence all the constants G, 5,, B^... are expressible in terms of 
5,, which is apparently indeterminate. 

If we put 

^^l3B_, = ^m or 5, = -2^, 

the last of equations (22) will hold for all values of n from 1 to x . 
Writing this equation in the form 

^. = 1 _ _/!^_ +_^_^ 

B^_, 2» (2n + 1) ^ 2n (2n + 1) B^^ ' 

we see at once that when n is laige B^B^_^ either tends to 
become infinitely small or it does not. 
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If this ratio does not become infinitely small, it follows that the 
successive jB's tend to become equal to one another, and so also 
do the coefficients B^^^ "/"^jw+i ^ ^^^ expression for du/dfi. We 
may therefore put 



du J. M 



dfi • 1-/A"' 

where L and M are finite quantities which do not vanish for any 
value of fi, hence 

du ^ ,^ ,. J M 



= -Z(l-/i«)*- 



de ^ ^^ (i-/i*)** 

Substituting this value of dujdO in the first of (17), and 
putting A? = 0, it follows that at the pole where /a = 1, a? and 
therefore f' are infinite. Hence the hypothesis that B^^JB^^^ 
does not tend to become infinitely small, makes the velocity infinite 
at either pole, which is obviously contrary to the facts of the case ; 
and we therefore conclude that B^^JB^^^ does tend to become 
infinitely small. 



Writing the last of (22) in the form 

ys 

• (23), 



B^,^ 2/i(2n + l) 



2n(2n+l) A 



i»-i 



it follows that this ratio may be written in the form of the 
continued fraction 



/9 



B^,_ 2n (2» + 1) 



/3 



(2ra + 2) (2ra + 3) 



B~,^ ra r 7^ 



+ 

&;c. 



■*-• 1 - ^ .l*^ .. 1 - 



2«(2w + l) (2re + 2) (2n + 3) 



This continued fraction gives the value which this ratio must 
have when the water covers the whole globe. 

Let iV, denote the value of the continued fraction, then 
remembering that B_^ = — 2E, we have 

B, = 2EN^, B, N^^ 2EN^N,. 

B, = - 2EN;N^N, &c., 
G=-^E+2ENJ^. 
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We therefore obtain 

or h/E = 2NJ^ -(l+fN,)^,' + ^N,(l+ fN,) m* 

- IN,N,{1 + fN,) ^' + (24). 

The height i> of the tide is equal to h cos {2nft + a) and the 
height of the equilibrium tide is £ = JS? (J — fi^) cos (2nft + a). 

In the paper from which this investigation is taken, Prof. 
Darwin has made some numerical calculations for determining the 
values of th^ fortnightly tide when the depth of the ocean is 3000 
and 1200 fathoms respectively; and he find9 th^t in the case of 
the oceans upon the earth, this tide is smaller than half its 
equilibrium value, but with a deeper ocean the tide would approxi- 
mate towards its equilibrium value. 



The Diurnal Tides. 

441. In these tides A; = 1, /= i, 6 = ^ sin ^ cos 6, also 
7 = « (1 - g cos'^). 

In order to solve (18) let us assume 



° * \maj \niaJ 



where the jF's are functions of 6 but not of I ; substituting in (18) 
and equating coeflScients of powers of Z, we at once obtain 

^^ ^ -, e = - ^ sin ^ cos 0. 

To determine .P,, put u^Fq'ui the left-band side of (18), then 

7 (sin e dujde + 2u cos 6) ^Ey (sin 6 (2 cos'g - 1) + 2sin gcos'g} 
\ - cos'^ ~ 1-4 cos'^ 

= 4^7 sin 0, 
also 

7 ( 2 cos du/d0 H- u cosec 0) __ _ 4% {2 cq^ (2 cos^^ - 1) + cos 0} 
sin 0{\- cos*^) sin ^ (1 - 4 cos''^) 

^ 4^7 cot 0, 

whence the first two terms of (18) are equal to 

SElq sin ^ cos ^ = - 8lqFo. 
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We thus obtain SlqF^ ^ SlqF^, 

therefore Fq = F^, 

Proceeding in the same way it can be shown that 

whence the value of u finally becomes 






1 — 2lq/ma ' 



Whence h^e + u = - ,^^'IT (25). 

1 - 2lq/ma ^ ' 

The peculiarity of this tide is, that when ^ = so that the 
depth of the ocean is everywhere uniform, the tide vanishes. 

If q is not zero and E is positive, e will be positive if the place 
of observation is in north latitude. If therefore the ocean is 
shallower at the poles than at the equator, q is positive and there- 
fore when the disturbing body is in the meridian of the place of 
observation h is negative, and the tide is inverted. 

442. The evanescence of this tide applies only to the elevation 
of the water ; the velocity of the latter which depends on f and 
97 does not vanish. Putting m = — c we obtain from (17), 

X = J?/w, y sin ^ = — Em^ cos Q. 

Confining our attention to a single disturbing body, it appears 
from (4) that -ff = 3 Jfa' sin S cos S/D*^ ; hence if the declination of 
the disturbing body is north, E is positive, and therefore in north 
latitude the motion of the water is from north to south, and the 
longitudinal velocity vanishes at the equator. 



The Semi-diurnal Tides. 

443. We shall only be able to solve the problem of the semi- 
diurnal tides when ? = 1 and q = 0. In the former case y = l sin*^, 
and the height of the tide can be found by a similar method to that 
employed in the preceding section. 
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We have A; = 2,/=l, e=^E^\v?d. Let us therefore endeavour 
to find a solution of (18) of the form 



* \maJ ■ \maj 



2 



where the F'^ are functions of but not of I. We obtain as 
before 

i?; = -e = -^sin«5. 

To determine F^ put u^F^m the left-hand side of (18), then 

7 (sin du/d0 + 2u cos 0) . r^i • s/i /i 

— T-^ Tn = - 4j&Z sm'^ cos 

1 — cos*d 

27 (cos du/d0 + 2a cosec 0) . -,, „ ,^, 

-^ ^-^^ S3r -' = - 4jE^Z (1 + COS'^). 

sin ^ (1 — cos^) ^ ^ 

Whence the first two terms of (18) are equal to 

%El sin'(9 = - SIF,, 
We thus obtain F^ — F^. 

Proceeding in the same way we obtain 

and the value of u finally becomes 



^ L 2Z /2ZV 
I ma \ma/ 



1 - 2l/ma ' 

, 1 2le/ma ,^^v 

whence A = e + w= — , — ^77 — (26). 

1 — zl/ma 

If l/ma < i, it appears that when the disturbing body is on the 
meridian, the tide is inverted. 

444. Laplace has also solved the equation determining these 
tides, wh^n the ocean is of uniform depth, which leads to a 
solution involving a continued fraction similar to that of § 440. 

Let q = 0, /3 = 4!ma/l, v = sin 0^ so that e = Ev*, Changing the 
variable from i6 v^ (18) becomes 

,;«(1 _„«; ^^_ ^ ^^-(8 - 2i>*-/3i/*)t^ + ^/3i;«=0...(27). 

In order to satisfy this equation, let us assume 

t^ = 5, + (£,-^i/'4-5X + 5/+ -^By (28). 
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Substituting the preceding series in (27) and equating coeffi- 
cients we obtain . 

£, = 0, 5, = ^, 

and 2n(2n + 6)£,,+,-2n(2n + 3)J5^^ + /3£,^ = (29). 

By means of this equation the values of the B's can be deter- 
mined in terms of 5,, B^. Now B^ = E\ also since the motion is 
symmetrical with respect to the equator it follows from (17) that x 
and therefore du/dd must vanish at the equator ; hence B^ must be 
determined from the condition that du/d0 = when = ^tt. 
Writing (29) in the form, 

B^^ 2n + 6 2n(2n + 6)5^„' 

it follows that in order that the series should be convergent, it is 
necessary that B^^^JB^ should tend to a limit < 1. 

Now this quantity teuds to become infinitely small or it does 
not ; in the latter case 

K^,^"""^ 2n + 3 , /. 3 






|^^2n + 3 ,_/, ___3\ , 



ultimately when n is very large. 

Now this is the degree of ultimate convergence of the series for 

(1 — J/')*, hence the series for u is convergent and we may therefore 
put 

u^A-hB(l- v')^, 

where A and B are finite for all values of v. 

Diflferentiating (28) with respect to v, the convergence of the 
series for du/dv depends upon the value of 

(2n + 4) B^^ v'/(2n + 2) B^. 
Now by (29) 

(2;^ + 4>)B^ ^ (2n + 4 ) (2n + 3 ) , 
(2« + 2) B^, (2n + 2) (2n + 6) " 



'i^-kh 



when n is very large. Now this is the degree of convergence of 
the series for (1 — 1/')~* ; we may therefore put 

g = a + D(i-.r*' 
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where C and D are finite for all values of v ; also since 

it follows that at the equator where i/ = 1, dujdd = 2>. Hence the 
hypothesis that B^^B^^^ does not tend to become infinitely small, 
makes d^jdt finite at the equator ; we therefore conclude that this 
ratio does tend to become infinitely small as n indefinitely increases. 

Writing (29) in the form 

B^^ ^ k§_ 

B^ . 2n» + 3ri - (2n« + 6n) B^JB^^ ' 

it follows that B^^B^ is expressible in the form of the continued 
fraction 



^«»±s ^ i/3 I ^ ^^Sn)l3 [-lin-]^ir^S{n + iy\^\ ^&c, 



B^^ 2n'+Sn 2(n+l)' + 3(n+ 1) 2 On- 2)* + 3 (71 + 2) 
Putting N^ for the continued fraction, we obtain 
5, = j?, B, = EN^, B^ = EN^N^&c. 

« 

The solution of the problem of the semi-diurnal tides in an 
ocean of uniform depth by means of this continued fraction was 
given by Laplace without explanation; it was attacked by Airy*, 
and by Ferrel*, but was justified by Sir W. Thomson' and the 
process was worked out and explained by Prof. Darwin* as above.* 

445. The following numerical results are given by Laplace. 
The quantity m is the ratio of the centrifugal force to gravity at 

the equator, and is equal to ^^ ; if therefore we put fi successively 

1 " Tides and Waves," Encyc, Met. 

2 *♦ Tidal Eesearches,'* U, S. €oa$t Survey, 

» PML Mag. 1875. < " Tides," Encye. BnL 

^ The reasoning which lies at the bottom of the investigations of §§ 440 and 444, 
may I think be rendered clearer by the following considerations. 

Let ns suppose that we have to find the valae of a function which satisfies 
(i) a given differential equation, (ii) certain other conditions. Then if we seek for a 
solution in the form of a series, and determine all the coefficients so as to satisfy 
(i) and (ii), the series will not be the solution we require unless it he convergent. 
Similarly if the conditions (i) and (ii) enable us to determine all the coefficients in 
terms of a single unknown quantity A^ it does not follow that A is indeterminate ; 
for if by assigning any particular value to A, the resulting series could be made 
divergent, this value would have to be excluded. The quantity A is therefore 
not really indeterminate, but must be found from the condition that the series 
should be convergent. 
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equal to 40, 10, and 5, the corresponding depths of the ocean will 

^^ 2890 ' 722^ ' 36i-25 ^^^^^ earth's radius. Also since h^Eu'-V u, 
Laplace finds the following values of h in the three cases, viz., 

/3 = 40 

A = ^(v* + 201862 i;*+ 101164 1;*- 13 1047 i/'- 15 4488 v'' 

- 7-4581i;" - 219751/" - 4501 1/" - 0687 v'' 

- 0082 1;'* - -0008 p^' - '0001 p''), 
/3 = 10 

A = JS? (i;' + 6-1 960 z;^ + 3*2474 p' + -7238 1/^ + -0919 p'' 

+ O076i/" + -0004j/"j, 
yS = 5 

h = J?(i/» + -7504 p' + 1566 p' + -0157 p' + '0009 O. 

From these equations we see that h vanishes when j; = 0, hence 
there is no tide at either pole. 

At the equator i^ == 1, and we find 

/3:==40, A = - 7-4344^ 

;8 = 10, A= 11-2671 J5? 

^ = 5, h= 1-9236 E. 

When /3 s 40, h is negative which shows that at the equator 
the tide is inverted ; but in the neighbourhood of the poles where 
p is small, the tides are direct ; hence there is a certain latitude, 
which is approximately 18^ in which the tide vanishes, and which 
is therefore a nodal line of evanescent tide. In the other two 
cases the tides are always direct ; hence it follows that if the depth 

of the ocean is ^kkk ths of the earth's radius, or 1200 fathoms, the 

tides will vanish in latitude 18^, and in lower latitudes will be 
inverted ; as the depth of the ocean increases the latitude of the 
evanescent tide increases until it ultimately coincides with the 
equator, and for greater depths the tides are direct everywhere. 
This critical depth lies between 1200 and 4800 fathoms. 
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Free Oscillations of an Ocean of Uniform Depth. 

446. Before passing on to consider the canal theory of tides, 
we shall consider the problem of the free oscillations of an ocean of 
uniform depth which completely envelopes a sphered 

Let a be the radius of the sphere, h the depth of the ocean 
when undisturbed. Let the equation of the surface of the sea be 



r = a + A + 2,F. (30), 

where F^ is a spherical sur&ce harmonic, and the 2n + 1 constants 
which it contains are functions of the time. Since JJY^dS vanishes 
when the integration is taken over the surface of a sphere, the 
condition of constancy of volume is satisfied by (30). 

Since d<f>jdr vanishes when r = ay the velocity potential <^ must 
be of the form 

<^ = SKri + l)(r/a)''H-n(a/r)"^^}Z. (81), 

where Z^ is another spherical surface harmonic. 

The condition that (30) should be a bounding surface is 

when r = a+h] whence writing 6 for a + h, we obtain 

"^ = a-'» (n + l) {(i/a)-' - (alb)'»] Z, (32). 

The equation determining the pressure is 

£-F + ^ = con8t (33), 

where V is the attraction potential, and the square of the velocity 
is as usual neglected. By § 371, the value of V at the surface is 

F = -+47rp62 ^" 



r ^ 2w + 1 ' 

_E ^(E ^irpb \ y 
b ^U* 271 + ^ •' 

1 Lamb, Motion of Fluids, p. 197. Thomson, PhiL Trans, 1863, p. 608. 



r 
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where E is the mass of the sphere and liquid, and p is the 
density of the latter. If o* be the density of the sphere 

E = JTraV + |7rp (6» - a'). 
Whence (33) becomes 



p b^^W 2n+i; - 



+ S {(n + 1) (6/a)* + n {ajhy^^] ^- = const. 

At the free surface p = const. ; whence putting EjV = g^ we 
obtain 

- {(n + 1) (&/a)- + n (a/6)««) ^ = [g- 47rp6/(2n + 1)} F. 

^ " (2n + 1) {«-a» + /> (6» - a';} J ^" ^^*'^- 

Eliminating Z^ between (32) and (34) we obtain 

df ^ r, - ' 
where T^ the period of oscillation, is determined by the equation 
?;" = ^TT^ag'' [{n + 1) (6/a)" + n (a/6)"*'} 



-n(rH-l){(6/ar^-(a/6)»^} 






If o-</5 the value of T^ will be imaginary, and the motion is 
unstable. If therefore a spherical nucleus is surrounded by liquid 
of uniform depth, the equilibrium will be unstable if the density of 
the liquid is greater than that of the nucleus, and the nucleus will 
float on the liquid with a portion of its surface protruding. 

If a = 0, (35) becomes 



,^ 27r'(27i 4-1) 6. 
nin-Da ' 



in-l)g 

which determines the period of oscillation of a spherical mass of 
liquid under the influence of its own attraction. 

If h be small compared with a, (35) becomes 

T^^ = 47rV/n {n + 1) {1 - 3/)/(2n + 1) a] gh ; 

a result due to Laplace. 
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The Canal Theory of Tides \ 

447. The defect of Laplace*s theory wbeo applied to the tides 
as they actually exist in the oceans covering the earth, consists in 
the circumstance that this theory is based upon the assumption 
that the whole earth is covered with water ; whereas the exisrtence 
of large continents must seriously affect the accuracy of results 
deduced from this theory. Another theory has been developed by 
Airy, which is usually known as the canal theory of tides, whose 
object is to investigate the tidal motion of water due to the 
disturbing influence of the sun and moon, in a narrow canal whoee 
form is that of a small circle upon the earth. 

448. Since the lateral dimensions of the canal are supposed to 
be small in comparison with the radius of thes earth, the problem 
may be treated as one of two-dimensional motion. Let the 
origin be taken in the bottom of the canal, and let the axis of ^ be 
measured along the canal, and that of y vertically upwards. Let f 
be the displacement in the direction of x, of an element of liquid 
whose undisturbed co-ordinates are (a?, y); X, Y the component 
forces pasrallel to the axes due to the disturbing body; A the depth 
of the canal, t) the height of the tide. 

The equations of motion are 

Idp 
P 



f-^-'i -w. 



Since the vertical acceleration is small compared with the 
horizontal acceleration, rj may be neglected; also since the 
disturbing force is small compared with the attraction of the earth, 
the pressure at a given depth will be approximately equal to the 
hydrostatic pressure due to the height of th€ free surface ; we may 
therefore put 

p=gp{h + v-y)' 

Substituting in (36) we obtain 

* ^ dx 

* Airy, "Tides and Waves," Sec. vi. Encyc. Met. 
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whence 



By § 403, the equation of continuity is 

rilk^-d^ldx (38), 



^ = X + gh 



da? 



(39). 



In the following applications, X will be of the form 
A sin {nt — mx 4- a), where A and a are constants ; substituting 
this value of X in (39), and integrating we obtain 



f = 



A 



whence 



ra^gh — n" 
Ahm 



sin (nt — mx + a) 



.(40). 



II = — s— = „ COS (nt - rwa; -f- a) 

mgh — n ^ j 



This is the portion of ^ which depends upon the disturbing 
body, and therefore constitutes the forced oscillation. The free 
oscillations are represented by the complimentary function which 
is obtained by integrating (39) with X = 0. 

449. We shall now suppose the disturbing body to be the 
moon, which is assumed to revolve with angular velocity n, in an 
orbit whose projection upon the earth is a small circle, and that 
the canal is any other small circle upon the earth. 




In the figure let P be the pole of the earth. M the projection 
of the moon, LL' the small circle described by it round the pole ; 
let KK' be the canal, Q any point on it. Let MQ = e, pQ = or, 
pM=^P, Pp=^y; also let the angle KpQ = <f>, HpQ=^d; also let 
LPM =s= nt, PM = ^TT — S, so that S is the declination of the moon. 



224 TIDES. 

From the spherical triangle QpM we obtain 

cos € = cos sin a sin y8 + cos a cos )8 (41 ). 

By § 429, the potential of the forces acting on an element at 
Qis 

F = -p+- + il+2^(3cos-€^l), 

or, 

M E Mr^ 

F= -y^ H h -4 + ^Yfi {^ (^^® ^ ^^^ a sin /8 + cos a cos ^f — 1}, 

by (41). The force at Q along QK is 

— : — -771= fsr (cos d sin a sin i8 + cos a cos B) sin ^ sin B, . .(42). 

asmaa^ ir ^ '^ '^' r- \ / 

We must now express the right-hand side of this equation in 
terms of nt We have 

sin ^ sin yS = sin ^ sin (<^ — KpH) 

= sin <^ sin ^ cos jEp-H" — cos <f> sin /8 sin KpH. 

From the spherical triangle MpP we obtain 

cos -Kj^fl" = — cos MpP = (cos 7 cos ^ — sin 8)/sin ^ sin 7, 

whence 

sin yS cos KpH = cot 7 (cos S sin 7 cos nt + cos 7 sin 8) — sin S cosec 7 

= cos S cos 7 cos n^ — sin S sin 7 (43), 

also sin 13 sin KpH = sin y8 sin ilfpP = cos S sin w^ (44), 

therefore 

sin ^ sin )9 = — sin (fy sin S sin 7 + sin (j) cos 8 cos 7 cos nt 

— cos <l> cos S sin n^ (45). 

Again 

cos ^ sin y8 = cos ^ sin j3 cos KpH + sin <f) sin )8 sin ifpfl" 

= cos (j) (cos S cos 7 cos nt — sin 8 sin 7) + sin <f> cos 8 sin nt, 

by (43) and (44) ; whence 

cos sin a sin /9 + cos a cos )8 = sin 8 (cos a cos 7 — sin a sin 7 cos ^) 

+ cos 8 (cos a sin 7 + sin a cos 7 cos <f>) cos wf 

+ sin <^ sin a cos 8 sin w^ (46). 
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The complete solution of the problem is obtained by expressing 
the value of the disturbing force in the form A sin {pt + q^ + r} 
by means of (42), (46) and (46), then putting (f> = x/a sin a, and 
finding the forced oscillation by means of (39) or (40). 

450. Let us now suppose that the disturbing body lies on the 
equator; then S = 0, and the right-hand sides of (45) and (46) 
respectively become 

cos 7 sin (f) cos nt — cos ^ sin nf (47), 

and 

(cos a sin 7 + sin a cos 7 cos <f>) cos nt 4- sin a sin ^ sin n^ (48). 

The product of these expressions multiplied by — SMa/L^ will 
give the disturbing force. This product will be found to consist of 
three parts, the first of which is independent of t and therefore 
does not produce any tide but simply alters the mean level of the 
water. The second part depends upon <f> and 2nt; and the third 
part upon 2<f) and 2nt 

Since t enters in the form 2nt, the tides represented by both 
terms will be semi-diurnal ; and we shall first consider the second 
part which is equal to 

f ifaD"* (-- cos a sin 7 cos 7 sin <f) cos 2nt + cos a sin 7 cos (f) sin 2nt) 

= SMaD'^ cos a sin ^y cos J7 {sin*i7sin(27i^+ <^) +cos*j7sin {2nt—^)}. 

In order to find the elevation of the water we must put 
<j() = x/a sin a, and substitute the preceding expression for X in 
(39) ; we thus obtain from the second of (40) 

V = ^T^w 7 . V g . o V sin a cos a sin 7 {003^7 cos (2nt — 6) 

' 2D' {gh - 4rtV sm'a) ' ^ ^' ^ ^^ 

— sin'^7 cos (^nt + <^)}, 
which represents two waves travelling in opposite directions. 
If in this expression we put tan >/r = tan <^ sec 7, it becomes 

fi = ^y^ , , ^ g » . a . sm a cos a sm 7 (cosV cos'6 + sm'd))' 

' 2D* (^rA - 4w V sm*a) /v / r r/ 

X cos (2n« - ^/r) (49). 

The preceding value of 77 shows (i) that the oscillation at the 
place of observation goes through all its phases twice during a 
complete revolution of the moon, it therefore represents a semi- 
diurnal tide; (ii) that at any particular instant, ^ goes through all 
B. TI. 15 
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its values as <f> changes from to 27r; hence the elevation is 
different at every point of the canal, and therefore (49) represents 
a single wave travelling round the canal with an irregular motion 
twice in a tidal day. Since 7 = when the pole of the canal 
coincides with the pole of the earth, this tide does not exist when 
the canal coincides with a parallel of latitude. 

451. The oscillation just considered, constitutes what Airy calls 
the first semi-diurnal tide ; we must now consider the third part 
of the disturbing force, which depends upon 2<f> and 2n<, and which 
constitutes the second semi-div/mal tide. From (47) and (48) the 
portion of the disturbing force which depends on these terms will 
be found to be, 

^MalT^ {sin a cos 7 cos 2(f> sin 2nt — J sin a (1 + cos^) sin 2<^ cos 2nt] 

= f JfaD"' sin a {cos*i 7 sin (2nt - 2<^) — sin*|7 sin (2nt + 20)}, 

whence the elevation is 

"^ " 4iy(a^~nVsin'a) ^^^®*^ ®^^ ^^^^ ~ ^"^^ " ^^^'^ ^^ ^^^ "" ^'^^^' 
Putting tan ;^ = 2 cos 7 tan 2^/(1 + cos'7), this may be written, 

V = . TMi/ 1 , o . o V ii(l + cos 7)" cos' 20 -f cos' 7 sm'26}' 

' 4D*(5rA-nVsm'a)^*^ Z/' r / rj 

xcos(2n*-X) (50). 

The preceding value of r) shows (i) that the oscillation at the 
place of observation goes through all its phases twice during a 
complete revolution of the moon, hence the tide is semi-diurnal ; 
(ii) that the height of the tide at a point tt + <^ is the same as that 
at a point (f>: hence there is a double wave on the canal which 
travels round the canal with an irregular motion once in a tidal 
day. 

462. The waves which we have investigated in §§ 450 — 1 
compound into a single wave at the place of observation ; for they 
are each represented by terms of the form A cos {2nt — -i/r) and 
B cos {2nt — x) which may evidently be compounded into a single 
term of the form C cos {2nt — fi). The quantities C and II depend 
upon the dimensions and position of the canal; hence the magnitude 
of the tide and other special circumstances connected with it cannot 
be investigated without a knowledge of their values. 
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453; Let us now suppose that the canal is a great circle, whilst 
projection of the path of the disturbing body is any small circle. 
In this case a = ^w, and the value of sin sin fi is given by (45), 
and the right-hand side of (46) becomes 

— sin 7 sin S cos <f> + cos y cos S cos (f> cos nt + cos S sin ^ sin nt. . .(51). 

If the right-hand sides of (45) and (51) be multiplied together, 
and the result multiplied by -- SMa/D*, we shall find that the 
disturbing force consists of three parts. The first part is indepen- 
dent of nt, and shows that the mean elevation is modified by the 
action of the disturbing body. The second part depends upon 2(f> 
and nt, and the third on 2<f) and 2nt. 

» 

The tides produced by these terms can be investigated in 
precisely the same manner as in §§ 450 — 1, and it will be found 
that the height of the tide produced by the terms depending on 
2(f> and nt is 

r) = — jyTTT-L i-j\ sin 2S sin 7 (cos*7 cos' 2<f> + sin" 2<^)* 

X cos (n^ — i|r) (52), 

where tan ^ = sec 7 tan 2^. This tide is therefore a diunuil tide ; 
also since the value of 17 at the point tt -I- <^ is the same as at the 
point ^, there are two waves in the canal, each of which travels 
round the canal with an irregular motion once in two days. Since 
the elevation depends upon sin 2S, it changes sign when the 
luminary crosses the equator, and vanishes when the luminary 
is on the equator. If therefore the path of the disturbing body 
coincides with the equator, this tide vanishes. 

If the canal coincides with a meridian, 7 = Jtt, and (52) becomes 

hence the wave is a stationary wave, whose period is diurnal. 
The elevation vanishes at the poles where ^ = or tt, and at the 
equator where ^^\ir or |7r; also an elevation in north latitude 
occurs at the same time as a depression in south latitude, and the 
tide will be highest (or lowest) in lat. 45°. The sign of 17 will 
depend on that of 4^A — r^cf, which depends on the depth of the 
canal. 

If the canal is equatorial 7 = 0, and therefore the tide 
vanishes. 

15—2 
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454. The portion of the disturbing force depending on 2<^ and 
2nt can be shown as in § 451 to produce an elevation 

SJfa'Acos'S f- /^ . • s8 9« , . 9 • 9«ii* 
"^ " 42y(afe~wV) {i(l+^^s^) ^<^s 2<^ + cos«7Sin'2</>}* 

xcos(2n^ — ;^) (54), 

where tan ;^ = 2 cos 7 tan 2(f>/(l + cos'7). Hence the portion of the 
tide which depends on these terms is semi'diumal, and consists of 
two waves on the canal travelling round it with an irregular 
motion once a day. 

Since the declination of the sun or moon is never equal to 90^ 
this tide can never vanish for any position of the disturbing body. 

If the canal is equatorial, 7 = 0, and (54) becomes 

SJfa'Acos'^S .Q . Q,. .^-. 

^ = 4iy(ffA-nV) ^"^(^^^"^^) (^^>- 

Hence the tide will be direct or inverted according as A > or 

If the canal passes through the pole 7 = ^tt, whence 

V = oT^8/ T 2-2N COS 26 cos 271^ (56), 

which represents a stationary wave. 

455. If the period of apparent revolution of the disturbing 
body round the pole were exactly equal to the period of rotation of 
the earth, which is very nearly true in the case of the sun, though less 
so in the case of the moon, n^a/g would be equal to ^^; and there- 
fore the denominator of (55) would be negative if A < a/289, or < 14 
miles about. Now the depths of the oceans which cover the earth 
are less than 14 miles, it therefore follows that when the luminary 
is on the meridian of the place of observation, or rU = (f>, the tide 
considered in (55) will be inverted. 

If in (50) the canal coincides with a parallel of latitude, 7=0, 
and ;^ = 2<^, hence the tide will be inverted unless A > 14 sin* a 
where h is the depth of the canal in miles. At the equator a = ^ 
and at the poles a =0, it therefore follows that whatever the depth 
of the ocean may be there must be a certain latitude for which this 
tide vanishes, which is equal to cos"* (A/14)*, and therefore in higher 
latitudes the tide will be direct, whilst in lower latitudes the tide 
will be inverted. 
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The first portion of the disturbing force in the preceding 
sections, which does not contain nt, is not absolutely constant, since 
it depends upon the motion of the moon about the earth, or of the 
earth about the sun, according as the disturbing body is the moon 
or the sun. Hence these terms will give rise to tides of long 
period ; we shall not however investigate them but refer the reader 
to Airy's treatise* where they are discussed. 



Tides in Estuaries, 



456. We have shown in § 403, that the equation of motion 
for long waves is 

i'-'gi-r <'^>. 

and that the elevation rf is 

'=-'S(^-ir (-). 

where h is the depth of the water and v" = gh. 

Let us now suppose that a gulf or tidal river communicates with 
the sea. Owing to the tides in the sea, there will be a tide in the 
river up to a certain point ; also if the length of the river be short 
in comparison with the radius of the earth, the tides produced by 
the direct action of the sun and moon will be small in comparison 
with the tides produced by the rise and fall of the ocean with which 
the river communicates. The elevation of the water at the mouth of 
the river may be represented by a term of the form 17 = -ff sin nt, 
and the problem consists in finding the forced oscillations of the 
river due to this term. 

Since rj and therefore d^/dx are small, (57) may be written 

s-'g(-'i) w 

For a first approximation omit the last term on the right-hand 
side of (59), and we obtain on integration, 

f = a cos m (t;* — a?), 17 = — mah sin m(vt — x), 

where m = n/v, -H" = — mah, 

1 " Tides and Waves," Sec. vi. §§ 446—449, 
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The preceding value of tj gives the height of the tide at any 
point up the river to a first approximation. In order to obtain a 
second approximation, substitute the preceding value of f in the 
last term on the right-hand side of (59) and we obtain putting 
tt = t;^ — 07, 

-^ = v' -T^ 4- f v*a W sin 2rmu 

In order to solve this equation, assume 

f = a cos mu + Ax cos 2mu + B sin 2mu 

and we find -4 = — | a*m^ ; and from (58) we obtain 

r)/h = ^mV — ma sin mu + fmVa? sin 2mu 

+ {2mB - ^mV) cos 2mu. . . (60). 

Since r) = H smnt when a? = 0, we must have 

5 = -^ ma', 
and therefore 

fffh = — ma sin mu + f m'a^a? sin2mu + JmV (1 — cos 2mw)...(61). 

457. In the preceding investigation we have implicitly as- 
sumed that the terms involving 2mu are small in comparison with 
those involving mu. Now the coeflScient of cos 2mu is Ace, and 
this will not be small if x is large ; but in order to evade this 
difficulty we may take the canal of finite length, and suppose that 
the other extremity is connected with a large lake at which an 
appropriate forced oscillation is maintained. 

The first term of (61) is called the fundamental or oceanic tide; 
and the second is called the first over-tide. The velocities of pro- 
pagation of the two tides are the same, but the frequency or 
speed of the latter is double that of the former. It also appears 
that the times of high and low tide are the same throughout the 
estuary. 

As a matter of fact the time of high tide in a tidal river differs 
at different places. For example, if it is high tide at Margate at 
noon, high tide at Gravesend occurs at a quarter past two, and at 
London Bridge a few minutes before three ; hence the preceding 
results can scarcely be Considered an approximate representation of 
the facts. Of course the tides in an estuary depend largely upon 
its form, the presence of shoals and other causes ; also the effect of 
the viscosity of the water, and the friction against the bed of the 
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estuary due to the inequalities of the latter, must materially 
influence the motion. The solution of the problem when friction 
is taken into account has been given by Airy, upon the supposition 
that the effect of friction may be represented by a term proportional 
to the velocity, and may therefore be obtained by adding the term 
fjid^/dt to the left-hand side of (57) and proceeding as before ; and 
the form of his solution shows that the tide gradually travels up 
the river, which is in better agreement with the facts. For further 
information on this point, we must refer the reader to Airy's Tides 
and Waves, and to Prof. Darwin's article on Tides in the Encyclo- 
pcedia Britannica. 



CHAPTER XX. 

ON THE GENERAL EQUATIONS OF MOTION OF A VISCOUS 

FLUID. 

458. We have defined a perfect fluid to be one which is 
incapable of sustaining any tangential stress, and have shown as a 
necessary consequence of this definition, that whether such a fluid 
is at rest or in motion the pressure at every point is the same in 
all directions, and acts in a direction perpendicular to every plane 
through that point. We have also pointed out that this condition 
is not fulfilled in the case of any fluid which exists in nature, since 
every fluid with which we are acquainted is capable of sustaining 
tangential stresses, and consequently the pressure at a point is not 
perpendicular to every plane drawn through that point, neither is 
it the same in all directions. 

It further appears firom experiment that whenever a fluid is set 
in motion and then left to itself, the motion gradually subsides and 
ultimately dies away, and an apparent loss of energy takes place. 
This apparent loss of energy is due to the internal friction of the 
fluid, which causes the kinetic energy of the motion to be converted 
into heat. 

Various theories* have been constructed to explain the nature 

1 Navier, M6m. de VAcad. des Sciences, voL.vi. p. 389. 

Poisson, Journal de VEcole Polytechnique, vol. xm. p. 139. 

Barr^ de Saint- Venant, Comptes Rendus, vol. xvn. p. 1240. 

A description of these three papers is given by Stokes, Brit, Assoc, jRep. Hydro- 
dynamics, 1846. See also, 

Meyer, Ueber die Beibung der Fliissigkeiten, Borch, vol. ux. p. 229 ; and vols. 
liZXYiii. p. 130, and lxxx. p. 315. 

Stefan, Ueber die Bewegung fliissiger Eorper, Sitz, Akad, Wiss, Wien, voL xlti. 
p. 8. 

Maxwell, ** On the dynamical theory of. gases," Phil. Trans, 1867, p. 81 ; and 
Phil. Mag, Jan. and July, 1860. 

Levy, Comptes Rendtu, vol. Lxym. p. 582. 

Eleitz, IMd, vol. lxxiy. p. 426. 

Butcher, "On Viscous Fluids in Motion,*' Proc, Lond. Math, Soc, vol. vni. p. 103. 

A description of these latter papers is given by Hicks, Brit, Assoc. Rep. Hydro- 
dynamics, 1881 — 2. 
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and eflfects of fluid friction, some of which depend upon speculations 
concerning the molecular constitution of matter ; none of them can 
be regarded as altogether satisfactory, although they furnish results 
which experiment proves to be true when the motion of the fluid 
is slow. The theory which will be explained in the present 
chapter is due to Prof. Stokes*, and depends partly on the theory 
of the internal stresses which are experienced by media which are 
capable of resisting compression and distortion, and partly upon 
three assumptions. 

459. The general theory of the internal stresses experienced 
by a medium which is capable of resisting compression and distor- 
tion, is given in treatises on Elasticity; but for the sake of 
completeness, it will be desirable to give an outline of this theory, 
so far as is necessary for our present purpose. We shall therefore 
commence by examining the stresses which act upon an element of 
such a medium. 




Let the figure represent a small parallelepiped of the medium. 
The stresses which act on the face AD are, 

(i) A normal stress or traction X^ parallel to Ox ; 

(ii) A tangential stress or shear F, parallel to Oy ; 

(iii) A tangential stress or shear Z^ parallel to Oz. 

Similarly the remaining stresses which act on the faces BD and 
CD are F„ Z,, X, and Z,, Z., F.. 

These are the stresses exerted on the faces AD, BD, CD of the 
element by the surrounding medium ; the stresses exerted by the 
medium on the three opposite faces will be in the opposite 
directions. 

^ Trans, Camh. Phil, Soc. vol. viii. p. 287. 
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460. Let Fy 0, H be the components parallel to the axes, of 
the stresses upon the plane ABC, whose area is A and whose 
direction cosines are i, m, n. The conditions of equilibrium of the 
tetrahedron OABG require that 

J^'A = (IX, -{-mX^ + nX,) A. 
We thus obtain 



F=lX,'\-mX^-VnX^ 

= lY,-¥mY^ + nY\ (1). 



461. The preceding results are true of any medium which is 
capable of resisting compression and distortion. We shall now 
suppose that the medium is a viscous fluid, and shall proceed to 
find the equations of motion. 

Let X, F, Z be the components per unit of mass, of the 
impressed forces which act on the fluid ; p its density, and q its 
resultant velocity. Describe any imaginary fixed surface 8 in the 
fluid, and let e be the angle which the direction of q makes with 
the normal to S drawn outwards. 

The rate of increase of the component of momentum parallel to 
X of the fluid contained within S, is equal to the rate at which 
momentum parallel to x flows into S across the boundary of /S, 
together with the rate at which momentum parallel to x is 
generated by the component of the impressed force parallel to a?, 
and by the component parallel to x of the stresses exerted by the 
surrounding fluid upon the boundary of S \ 

^ The principle upon which this method depends was erroneously stated 
in Vol. I. § 21. The correct principle for a frictionless fluid is, as stated above, 
with pressure substituted for stresses ; lines 13 and 14 of page 21 should therefore 
be, 

The rate at which momentum parallel to x flows into S^ is 

-ffpqu cos €dS = -ffpfu, {lu + mt? + nw) dS ; 

using this in § 21 together with the principle stated above and taking account of 
the equation of continuity, we shall obtain the equations of motion of a frictionless 
fluid in their ordinary form. 

A similar modification is required in § 35. In this case the principle is ; 

The rate of increase of the kinetic energy of the fluid contained within S, 
is equal to the rate at which kinetic energy flows into S across its boundary, 
together with the rate at which work is done upon the fluid contained within S by 
the impressed forces, and by the pressure of the surrounding fluid upon the 
boundary of 8, Lines 6 and 5 from the bottom of page 31 should therefore be. 

The rate at which kinetic energy flows into Sj 

= -ffpT (lu + mv + nio) dS. 
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Tbe rate of increase of the component momentum parallel to x 
of the fluid contained within 5, is 



/// 



d 



-T. (pw) dxdydz. 

The rate at which momentum parallel to x flows into Sy is 
— jfpqa cos edS = - jjpu (lu + mv + nw) dS 

by §7. 

The rate at which momentum parallel to x is generated by the 
impressed forces, is 

fJfpXdxdydz. 

The rate at which momentum parallel to a; is generated by the 
stresses exerted by the surrounding fluid upon the boundary of /S, 
is 

l>y § 7. Whence 



dX- dX^ dX, 

— - H * H 

dx dy dz J 



) dxdydz, 



lff{<^ f \ , d(pu*) . d(puv) d(puw)\ , J , 



dx 



=///u 



dy ' dz ) 

dX, dX^ dX.\ 7 , , 

I dxdydZy 



dx 



+ 



dX 
dy dz ) 



whence reducing flf to a point, we obtain 

dijm) ^ d {pu') ^ d (jpuv) ^ d (pww) ^ ^ dX^ dX^ dX, 
dt dx dy dz ^ dx dy dz ' 

Taking account of the equation of continuity, and of the other 
two equations which can be obtained by considering the rates of 
increase of the component momenta parallel to y and z, we obtain 
the equations of motion in the form 

du _ y dX^ dX^ dX^ 
^ 8^ ^ dx dy dz 

dv^ y dY dY^ dY. 



dt 



dx dy dz 



dw ^ , dZ^ dZ^ dZ^ 



dt 



dx 



(2). 
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462. In addition to the equations expressing the fact that the 
rate of increase of the linear momentum within a closed space is 
due to the causes above mentioned, we must also express in an 
analytical form the fact that the rate of increase of the moment of 
momentum of the fluid within S about any axis, is equal to the rate 
at which moment of momentum about this axis is brought in by the 
fluid crossing the boundary, together with the rate at which 
moment of momentum is generated by the forces which act upon 
this portion of the fluid. This will enable us to show that, 

X,= F.. Y=Z,, Z, = X.. (3). 

The rate of increase of the moment of momentum about x, of 
the fluid contained within /S, is 



jjf(^._M..iM)«,^. 



The rate at which moment of momentum flows into /S, is 

— jjp (lu + mt; + rm) (yw — zv) d8. 

The rate at which moment of momentum is generated by the 
impressed forces is 

flip {yZ -zY) dxdydz ; 

and the rate at which it is generated by the surface stresses is 

JS{y{lZ, + mZ^ + nZ:)-z(lY, + mY, + nT:i]da. 

Transforming the surfa<;e integrals into volume integrals by § 7, 
and making use of the equation of continuity, we shall obtain 

dw „ dZ^ dZ^ dZ. 



^,, f ow „ dZ dZ dZ\ , y , 



dy 

From (2) it follows that the first two integrals vanish, whence 
Z^ = F„ and similarly Z^ = X, and ¥„. = X^ 

463. From the preceding investigation it appears that the 
components of stress are completely specified by the six quantities 
X^, Fy, Z^ F„ Z^, Xy, which we shall in future denote by the letters 
P, Q, R, 8, T, U, Equations (1) and (2) may now be written 

F=^Pl+Um-^m 

G=m+Qm+Sn\ (4), 

H= Tl + 8m + Ri 
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and 



du 

PTt 

dv 

dw 



^ dx dy dz 
„ dU dQ dS 

'^ dx dy dz 



(6). 



464. It appears from (4) that if we construct the quadric 

Px^ + Qf-\-R^-\-28yZ'\-2Tzx-¥^Uxy^\ (6), 

then Fy 0, H will be proportional to the direction cosines \, /a, v of 
the normal to this quadric at the point ri, rm, rn, hence 

F = \/rp, G = fi/rp, E = vjrp, 

and r + 0^ + iP = {rpr (7), 

where p is the perpendicular from the centre of the quadric on to 
the tangent plane at rl, rm, rn. 

Hence the magnitude and direction of the stress across any 
plane may be found by the following construction. 

From the centre of the stress quadric (6), draw a line perpendi- 
cular to the plane and meeting the quadric at P, draw the tangent 
plane at P ; then the required stress will be in the direction of the 
perpendicular on to the tangent plane at P, and will be equal to the 
reciprocal of the product of this perpendicular and the radius 
vector to P. 

If the stress quadric be referred to its principal axes, its equa- 
tion will be of the form 

pv4-Qy+pv=i, 

where P', Q', R' are the normal tractions perpendicular to the 
three co-ordinate planes. It thus appears that the tangential 
stresses across these planes are zero ; hence there are always three 
planes mutually at right angles to one another y such that the 
stresses across these three planes are altogether perpendicular to 
them. 

465. If F'y 0\ H' are the stresses perpendicular to any other 
three planes mutually at right angles to one another, whose 
direction cosines referred to the principal axes of the stress quadric 
are (/, m, w), (\, /i, v)y (i, Jf, iV), we obtain from (4) 
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whence 



0' = P'X' + Qy + Rv* 

H'=P'u+q}p+Ei!r, 
F'+G'+n'=P'+q+R 



(8). 



Hence the sum of the three normal stresses across any three 
planes mutually at right angles to each other is constant 



466. Equations (5) have been established by perfectly rigorous 
dynamical methods, but before any use can be made of theni, 
it is necessary to connect the six components of stress with the 
velocities ; and in order to do this the first assumption has to be 
made. 

Let Uy V, w be the velocities of the centre of inertia of any 
small element of the fluid; let a?, y, z be its co-ordinates and 
x-\-x\ y-\-y\ z-\-z those of a point P near Q. The component 
velocities of P are 

, du , du f du^ 
dx ^ dy dz 

, dv ,dv , dv 
dy 



u' ^u-\-x ~ +y' -j--^- z 






/ , f dw ,dw , dw 
w =w + x -j- + y zj.."^^ 



dy 



dz 



(9). 



If we put 

_du /._ dv _dw 
^-^^yJ-dy'^^~dz' 



dx 



fdw dv" 



du . dw" 



"^^Ty^t)' ^ = K'di + d«. 



dv du\ 



_ , (dv du 



I- ...(10), 



dy)] 



equations (9) may be written 

u' = u + ex '\- cj/ '\'hz •\- riz — fy' 

V —v-\-cx +fy' 4- az + ^x' - ^^ 

u/ =w-\-hx •\- ay' ■\-gz + ^y' — 7}x) 

where f, 17, 5', as usual, denote the components of molecular rota- 
tion. 



(11), 



The first term of each equation represents a motion of transla- 
tion of the whole element of fluid. 
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The next three terms represent a motion, such that every point 
on the surface of the quadric 

^^ +yy* + 5^/ + ^ayz + ^zx + ^cxy = 1, 

is moving in the direction of the normal at that point. If this 
quadric is referred to its principal axes, its equation will be of the 
form 

and the corresponding portions of the component velocities will be 

v:^ex, V =fy, w = g'z (12). 

Equation (12) shows that every line of the element parallel to 
the axes is being elongated (or contracted) at the rates e\ f\ g' 
respectively. This kind of motion is called a pure strain or 
distortion; and the six quantities a, 6, c, e, /, g, are the six 
components of the rate of strain. 

The last two terms of (11) represent a motion of rotation of 
the element, whose component angular velocities are f, ^, f. 

Hence the motion of every small element of fluid consists ; 

(i) of a motion of translation of the whole element ; 

(ii) a motion of distortion ; 

(iii) a motion of rotation about an instantaneous axis. 

Now the internal friction of a fluid in motion is caused by the 
different elements of the fluid rubbing against one another. In 
the case of a perfectly rigid body no such rubbing takes place, and 
there is no internal friction ; and since the parts (i) and (iii) of the 
motion of the element are such as belong to a rigid body, it is 
inferred, that these parts of the motion cannot give rise to internal 
friction, which is therefore due to the motion of distortion. Hence 
the first assumption is that 

The six stresses due to viscosity depend solely on the motion 
of distortion, and are therefore functions of the six components of 
the rate of strain. 

If the velocity of the fluid is small, e, f gr, a, 6, c, will all 
be small quantities, and therefore if we expand the stresses in 
terms of the rates of strain and neglect squares and higher powers 
of small quantities, the stresses will be linear functions of the 
rates of strain. 
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The second assumption will therefore be that ; The six stresses 
due to viscosity are linear functions of the rates of strain, the co- 
efficients of which are all constant quantities, which depend on the 
viscosity of the fluid. 

Since this assumption depends upon the supposition that the 
velocity is small, it is not of an altogether satisfactory character, 
when the velocity is not small. 

Since the tangential stresses S, T, U are zero when the fluid is 
frictionless, they must depend entirely on the viscosity, and there- 
fore cannot contain any terms independent of the rates of strain ; 
but the normal stresses P, Q, R do not vanish when the fluid is 
frictionless, but are each equal to — p, where p is the pressure. 
These stresses are therefore composed of two parts, one of which is 
a linear function of the rates of strain, and the other of which is 
equal to — p, where p is a function of a?, y, z and t, which is equal 
to the pressure when the fluid is frictionless; and the third as- 
sumption is that ; 

When a gas is expanding equally in all directions, the stresses 
P, Q, R are the same as if the fluid were frictionless, and are there- 
fore each equal to —p. 

We shall therefore assume that P, Q and R are each of the 
form —p + P, —p + Q", —p + R\ where P', Q\ R' are linear 
functions of the rates of strain. 

467. Let W be the rate at which work is done per unit of 
volume by the strains, then STT is the rate at which work must 
be done in order to change the rates of strain from a, b &c. to 
a'\'Sa &C.; hence from (10) 

BW=P'Se'{-Q'Sf-\'RSg + 2(8Sa+TBb+mc).. .(IS). 

Since W must be a definite function of the rates of strain, the 
right-hand side of (13) must be a perfect differential, hence W 
must be a homogeneous quadratic function of the rates of strain ; 
and therefore in its most general form will contain twenty-one 
coeJBScients. But since the fluid is isotropic, W will remain un- 
changed when — z and — w are written for z and w. This altera- 
tion changes a and b into — a and — b. Similar observations apply 
to the planes (xz) and (yz), whence W must be of the form 

+ 2L/g + 2Mge + 2Nef) (14), 
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.(16). 



hence F =-~ = Ee + Nf+ Mg 

Q^^"'^J^Ne + Ff+Lg 

E = -^ = ife + Lf+ Og 

2/S = -J- = Aa 
da 

ab 

2U=^J=Gc 
dc 

Since the fluid is isotropic we at once obtain A = B = G. 
Also if the stresses are such as to produce a strain e, then Qf = iJ', 
therefore M = N\ similarly N' = L, whence L = M—N, Also if 
the stresses consist of a single traction P', we must have f—g^ 
therefore F=0\ similarly Gt^E, whence E = F—Q. Changing 
the constants and remembering that P = — p + P', we obtain 

Q = -p-\-\0'\-2fif 
R = -p + \0-\' 2fig 
8=2ka, T=2kb, U=2kc 

where = e-^f+g. 

In order to obtain the relation between k and /i, let us consider 
the motion of a fluid in two dimensions. 

Let ABhe a, line meeting the axis of x at an angle Jtt. 



,(16). 




Let u'y v' be the velocities of the fluid perpendicular and 
parallel to AB. Then from (5) and (16) 

B. II. 16 
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whence 
But 
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, (du dv\ .J. . (dv du\ 



a?V2 = a? + y, y V2 = y ~ ^» ''^V^ = w + v, vV2 =■ v — w, 



whence 



and therefore 



du' d/^ ^dv ^du 
di/ dod dy dx* 



k = fM 



.(17). 



In the case of a liquid ^ = 0, and therefore the terms involving 
X disappear, and the third assumption is not required : hence all 
the components of stress are given by (16) and (17) in terms 
of the rates of strain, and therefore of the velocities and a quantity 
fi which depends upon the viscosity of the particular liquid under 
consideration. 

But if the fluid be a gas does not vanish, and we therefore 
require a relation between X and fi. This is furnished by the third 
assumption, which asserts that when e=f=g, P = Q = R = — p; 
which requires that, 

3X + 2/i, = (18), 

which gives the relation between X and fi in the case of a gas. 

We therefore finally obtain 



P = -P'-^fi0 + 2fi 



du 
dx 

(2 = -:P-fA^^ + 2/.| 



du dw^ 



dw 
dz 



^ (dw dv\ ^ (du dw\ jj 
and the value of W becomes 



'dv du^ 
.dx dy, 



...(19), 



Tf=-J/i^ + /*{e»+/H5r« + 2(a" + 6» + c»)} (20). 

468. We can now obtain the equations of motion of a viscous 
fluid in the required form, for substituting the values of P, Q, ij, 
8y Ty U from (19) in (5) and putting fijp = i/, the result is 
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^=Z- 



du 

dt 

dv 
di 

dw 

di 



1 dp , , dd _, 



^=F-- 



^ = Z- 



p das 
\dp 



dx 



pdy ^ dy 

\ dp , d6 — , 
-pdz^^^'dz^''^'" 



(21). 



When the fluid is incompressible 6 = 0, and (21) becomes 



(22). 



du ^ 1 dp _, 
dt p ax 

dv ^ 1 dp — « 
dt p ay 

dw „ 1 dp , -, 
at p az 

and the values of the stresses are obtained from (19) by putting 

469. The constant p, is called the coefficient of viscosity of the 
fluid ; it is independent of the pressure and its value is different 
for different fluids, and can only be found by experiment. 

The quantity v = p,/p is called the kinematic coeffixyient of 
viscosity. 



470. We shall hereafter require the equations of motion of a 
viscous liquid referred to cylindrical and polar coordinates. 

When cylindrical coordinates are employed, let u\ v' be the 
velocities of the liquid in the directions of x and y\ Uy v the 
velocities in the directions of «r and ; then if V be the potential 
of the impressed forces, and if Q = — V—p/p, we have 

u =u cos O — vainO, v' = usm0 + v cos 0. 

Also iff^ denote the acceleration parallel to x, 

f^=fcc co30+fysm0=^ +v cos ^VV 4- v sin (9VV, 



IdQ 



fe —fv ^^^ ^ "fx sin ^ = £ ^ + 1/ cos 5VV — v sin 5W. 

16—2 
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Now 
VV = COS eV\ - sin 0^h - ~ sin ^ 



VT 



j cos ^ i cos ^ ;7^ H — i sm 6 

V V = sin 0^u 4- cos 0^^v -\- -jtcos -J^ 

m au 

J sin u J sm a -^ J cos 0. 

Therefore cos flVV + sin fiVV = W - ^ - -, ^ , 
cos 6 VV - sin eVV = V«v - -3 + 4? S • 

-CJ TS dd 

Substituting the values of^ and/^ from (7) of § 6, we obtain 

du ^v^ _dQ /—J _ "^ _ _? ^^' 
dt tsT dv7 V ra-* 'fsi^dO, 



where 



dt m ^ d0 \ «r" tar' d^/ 

3w; dQ -J 

.3_(i dvd d 

dt dt dm isr d0 ,dz' 



(23), 



In order to obtain the equations referred to polar coordinates 
r, 0y <f>y we must recollect that the in cylindrical coordinates is 
the <f> in polar coordinates. Let J7, F, W be the velocities in the 
directions r, 0, <!>', then 

w = JJsin + Fcos 0, w= CTcos ^ — Fsin 0, v=W. 

From (23) we obtain 

/^=/,cose+/„sin^=^ + i;coseW + i/sin5(v'?^~.-;|,^) 

/a = /.cos^-/.sm^ = - J + z;cos^^Vi.-^,--,^-j 

— V sin ^ Vw. 
Now 

V'm = sin 6V»17-+ cos ^V'F+i f2 cos ^- JTsin <?) + ^-^ ITcos ^ 



dd 



- ^ (2 sin d ^+ Fcos <9V ^ Fsin d 
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V'w = coa e^*U - Bin 6^'r - p(2 sin d-^+U COS 0\-^U sine 



-p(2cos 



0i^-rBme]-'A^Voose. 



dd 






Therefore 



cos 6V*w + sin 6V*u = V'U"- -^ - 4 ^ - -r cot ^ 

cos eV'tt - sin 6V*w = V'F+ -, -^ + ?cot ^ - ^. 

T du IT r 

Substituting the values of f„ ft, and f^ from (8) of § 6, we 
obtain 



dU F'+F'_d<2 



r dr \ r* tr 



2U 2dV 
dd 



2 Foot ^ 



2 dW 



■t^aiad d<l> ) 



dV . UV TP 

dt 



IdQ 



2dU 



r r rdff \ r dO 



dw uw UV ^^ 1 

-5r + + cot^ = 

ct r r 



r sin 6 d^ 



__F _ 2 cot^ ^N 
r*8in*(9 r*8ind d<l> 



t^^Yc^e 



2 dU , 2cot^dF\ 

H i~~= /\ TT + 



-_- 



...(24), 



where 



r* sin d<l> r*sm 5 d<^/ 
dt dt dr r dd r sin 6 d(f> ' 



471. If the impressed forces have a potential, the equations 
determining the rates of change of molecular rotation in the case 
of a liquid, are obtained by eliminating the pressure and potential 
from (22) ; and are 



dt^dx^'^dy^^ dz^""^^ 
a? f.dw dw ^dw ^^^ 



(25), 
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472. It appears from the preceding results, that the equations 
of motion of a viscous fluid are of a somewhat intractable character. 
There are however many problems, especially those relating to the 
small oscillations of bodies, in which the motion is sufficiently slow 
to permit the terms involving the squares and products of the 
velocities to be neglected ; in other words we may write djdt for 
dfdt It is also probable that there may be other problems in 
which the neglect of these terms may not lead to any serious error. 
Whenever this can safely be done, the equations of motion become 
considerably simplified, and when the boundaries of the fluid are 
plane or spherical, known methods can be employed for their 
solution. 

Another point to be noticed is that in deducing these equations, 
we have assumed that the stresses due to viscosity are linear 
functions of the strains. This assumption is perhaps rather 
questionable unless the motions considered are small ; and therefore 
the equations themselves cannot be considered to stand on a 
perfectly unimpeachable basis. There is however a good deal, 
of experimental evidence to show, that they may be relied on as 
giving a very accurate representation of motions involving small 
oscillations ; and we shall see in Chapter XXII, that even if the 
motion is not slow they give results which represent motion of a 
similar kind to that which actually takes place. We are therefore 
justified in concluding, that the preceding equations of motion give 
a better representation of the motion of fluids which exist in 
nature, than those which are derived from the supposition that the 
fluid is frictionless. 

473. When the terms involving the squares and products of 
the velocities are neglected, we can deduce an important result 
from equations (25) ; for in this case they become 

g = .V'|, g = .V',, f =.Vt (26), 

which shows that molecular rotation is propagated in a viscous 
liquid, according to the same law as heat in a conducting medium. 



u 
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Impulsive Motion. 

474. We shall now show that the equations of impulsive 
motion of a viscous liquid are the same as those of a frictionless 
liquid. 

If we regard an impulsive force as the limit of a very large 
finite force which acts for a very short time r, and if we integrate 
the first of (22) between the limits t and 0, all the integrals will 
vanish except those in which the quantity to be integrated becomes 
infinite when t vanishes ; we thus obtain 

Putting I pdr = P, where P is the impulsive pressure at any 

•'0 

point of the liquid, we obtain 

p{u'-u^)-\-dPldx = (27), 

with two similar equations, which are the same as those which 
determine the impulsive pressure at any point of a frictionless 
liquid. 

These equations also show that it is impossible to produce any 
instantaneotcs change in the molecular rotation of a viscous liquid 
by any impulse applied to the boundary ; and also that if u, v, w 
and u-\-u, v + v'^w-^-w* are the velocities just before and just after 
the impulse, then u'dx + v'dy + w'dz a perfect dififerential, and is 
therefore derivable from a single function <f) by differentiation; 
but after a sensible interval has elapsed, this quantity will no 
longer be a perfect differential. 

Bomidary Conditions. 

475. We must now consider the conditions to be satisfied at the 
boundaries of the fluid. 

At a free surface the normal stress must be constant, and the 
tangential stress must be zero; hence there are three equations 
of condition, which must be obtained firom (4) and (19) by resolving 
the stresses upon any element of the free surface along the 
normal, and along two lines at right angles to it. The kinematical 
condition of § 12 of course always holds. 
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If the fluid is in contact with a fixed or moving surface, the 
component of the velocity perpendicular to the surface must 
always be equal to that of the surface. With regard to the 
tangential component, it is found in many cases that an indefinitely 
thin film of fluid adheres to the surface and moves with it. When 
this is the case the velocity of the fluid in contact with the surface 
is the same as that of the surface itself. 

The experiments of Helmholtz and Piotrowski appear to 
indicate that in the case of many fluids, slipping may take place at 
the surface of a solid in contact with the fluid. When the velocity 
of the fluid relative to the solid is small, it is assumed that the 
tangential force exerted by the solid upon the fluid is in the same 
direction as that of the relative velocity and proportional to it; 
hence if u, v\ u\ v' be the component velocities of the fluid 
and solid at any point P of the solid along two lines in the tangent 
plane at P which are perpendicular to one another, and T, T are 
the tangential stresses in these directions, the surface conditions 

are 

T = ^{u-u'\ r = /3(v-v') (28), 

where ^ is the coefficient of sliding friction. 

Prof. W. C. Unwin considers that conditions (28) hold good in 
the case of water, when the relative velocity is less than one 
inch per second. At velocities of ^ foot per second and greater 
velocities, the frictional resistance is more nearly proportional to 
the square of the relative velocity. 

Many attempts have been made to express the law of friction 
of a fluid in contact with a surface, in a form which is applicable to 
high as well as low velocities, and various empirical formulae have 
been proposed. These are discussed in Prof. W. C. Unwin's 
Article on Hydraulics, in the JEncyclopcedia BHtannica, 



The Coefficient of Viscosity. 

476. The determination of the numerical value of the coefficient 
of viscosity is of considerable importance, and numerous experi- 
ments have been made in recent years, especially in Germany, for 
the purpose of ascertaining its value. It is beyond the scope of the 
present treatise to attempt to discuss these experiments, and we 
shall therefore confine ourselves to making some general remarks 
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upon the subject, and giving the values of this quantity for some 
of the more important fluids. 

The coefficient of viscosity is found to be independent of the 
pressure, but is dependent on the tetnperature. 

The value of /^ in C.G.s. units for the following liquids has been 
determined by Helmholtz and Piotrowski*. 



Liqtiid 


/* 


Temperature centigrade 


Water 

Alcohol 

Ether 

Carbon bisulphide 


•014 06122 
•018 917 25 
•002 496 179 5 
•003 365 026 


24-5« 
24^05^ 
21 ^6° 
21 ^85^ 



According to more recent experiments made by Konig*, the 
values of /a for the following liquids are 



Liquid 


M 


Water 

Ether 

Carbon bisulphide 

Oil of Turpentine 


•014 39 
•002 56 
•003 88 
•018 65 



Shrottner found the following values of fi for glycerine at 

/A = 42 when ^= 3^ 
/i= 8 „ ^ = 20^ 

A very elaborate series of experiments upon a variety of hydro- 
carbons, has been made by Pilram and Handl', which are discussed 
in a paper by Graetz*, in which references will be found to most of 
the authorities on the subject. 



^ Sitzungs. der h, k, Acad, der Wiss, zu Wien, vol. XL. p. 607; see also Wiss. 
Abhand. vol. i. p. 172. 

2 Wied. Ann, 1887, p. 193. 

8 Wien, Ber, 1878, p. 113 ; 1879, p. 1 ; 1881, p. 11. 

4 Wied. Ann, 1888, p. 26. 
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The value of fi found by Helmholtz and Piotrowski for water 
at 77° Fahr. when expressed in British units of feet, pounds, pounds 
per square foot, feet per second is 

II = -000 001 91. 

For water the value of fi decreases rapidly as the temperature 
rises. 

The following values in c.G.s. units of the coefficient of sliding 
friction /8 are given by Helmholtz and Piotrowski ; it must however 
be confessed that these values are not of universal application, since 
this quantity depends not only on the particular liquid, but also on 
the nature of the substance with which it is in contact. 



Liquid 


Value of tipjp 


Water 

Alcohol 

Ether 

Carbon bisulphide 


•235 34 
•010 96 
•012 43 
•044 30 



Viscosity of Oases. 

477. According to the experiments of Maxwell ^ the value of 
fi for air at temperature ^C. in C.G.S. units is 

^ = /i,(l + -003 665), 

where fi^^ is the value of /jl at 0" C. 

The more recent experiments of Obermayer' and Holman' 
show that for air, the coefficient of viscosity increases at a less rapid 
rate at higher than at lower temperatures. The former has 
deduced from his experiments the formula 

fjL = fi,(l+ 003 858 50 - -000 001 05^), 

and the latter the formula 

/A = /lio (1 + '002 751^ - -000 000 34^). 



1 Phil. Trans. 1866. 

» Wien. Bar. vol. lxziii. p. 468 (1876). 

' Phil. Mag. (5) zxi. p. 220. 
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The values of /jl^ for air as determined by different experi- 
menters is 



Maxwell ^ 


•000 187 8 


0. E. Meyer 


•000 172 7 


Puluj * 


•000 179 8 


Schneebeli * 


•000 170 7 


Obennayer * 


•000 170 5 


Tomlinson * 


•000 171 55 



The value of fi for air obtained by Maxwell when expressed in 
British units and degrees Fahr. is, 

fM = 000 000 025 6 (461'* + 0). 

Maxwell found that damp air over water at a temperature of 
21*^*11 C, and a pressure of 101 millims., is less viscous than dry 
air at the same temperature by about one-sixtieth per cent. 
The researches of Tomlinson lead to the conclusion that at 15° C. 
and a pressure of 760 millims., air saturated with aqueous vapour 
would be more viscous than dry air to the extent of '2 per cent. ; 
and that it is not until air is under a less pressure than 350 
millims., that the aqueous vapour begins to show any appreciable 
effect ; but when the rarefaction is great, moist air is less viscous 
than dry air. See also a paper by Crookes, On the Viscosity of 
Oases at High Exhaustions^. 

Maxwell found that dry hydrogen is less viscous than air, the 

ratio of its viscosity to that of air being •5156. Whence for 

hydrogen 

/Ao= 000 087 451. 

Also a small proportion of air mixed with hydrogen was found 
to produce a large increase in its viscosity, and a mixture of equal 
parts of hydrogen and air has a viscosity nearly equal to |f that 
of air. 

The viscosity of oxygen is greater than that of air. 

The experiments of Obermayer, Wiedermann and Holman 



i Phil. Tram. 1866. 

2 Phil. Mag. vol. xxi. 1886, p. 221. 

' Archives des Sciences, Phy. Nat. vol. xiv. 

* Phil. Trans. 1886. 

5 Ibid. 1881. 
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have respectively led to the following formulae for carbonic acid 
gas: 

fi = fi^{l+ -003 585^ " -000 001 05^^*) 

/i = /i, (1 + -003 727^ - -000 003 2ff) 

/^ = /^, (1 + -003 725^ - 000 002 64^). 

According to Maxwell the ratio of the viscosity of dry air to 
carbonic acid gas is about '859, whence 

/^,= 000 161 310 2. 



Dissipation of Energy. 

478. We shall now obtain an expression for the energy 
converted into heat. 

If q be the resultant velocity, the rate of increase of kinetic 
energy within a closed surface S, is 

=///(^4?-^i^4?)^^2.^^ (2^)- 

Also ^^ = ^ ^^^ - ^ ^^^^ ^ ^^^^ 

dt dx dy dz 

Substituting in (29) and integrating the last two terms by 
parts, we obtain 

-3r=////> (^ ^+v-^ + w^]dxdydz-lJfpq^{lu + mv + nw)dS. 

Substituting the values of du/dt &c. from the equations of 
motion in the first term, it becomes 

JJJp {Xu + Fi; + Zw) dxdydz 

[[[( fdP dU dT\ ^ fdUdQ d8\ 

^lllTKdx-^^y^TzJ^'Vdx^dy^dz) 

fdT 



I 



fdT dS dR\] , , , 

U'-dy^-d^n'^'^y^' 
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and thus on integration by parts we obtain, 

-Tf =JJfp (Xu +Yv + Zw) dxdydz — ^ffp^ (lu + mv + nw) dS 

+ff{u(lP + mU+nT)+v{lU+mQ+nS)+w(lT+m8+nR)}d8 
-JJf{Pe + Qf+Rg + 28a + 2Tb + 2Uc] dxdydz. 

The first term of this expression is equal to the rate at which 
kinetic energy is generated by the impressed forces which act on 
the fluid within the surface ; the second term is the rate at which 
kinetic energy is introduced by the fluid crossing the boundary 
and bringing its kinetic energy with it ; the third term is equal to 
ff(Fu-hGv + Hw)dS by (4), and therefore represents the rate of 
generation of energy by the stresses acting on the boundary of 8; 
and we have to consider the last term. 

Writing 

i?^ = - |;t^ (« +/+ gr)« + 2/^ (e» +/* + 5r» + 2a» + 26» + 2c'). . .(30), 

the last term is 

flip (« +f+9) dxdydz -jjjFdxdydz. 

The first volume integral vanishes for a liquid, and for a gas it 
is equal to the rate at which potential energy is converted into 
kinetic energy in consequence of the expansion of the gas. The 
last integral represents the rate at which energy is converted into 
heat. The function F is called by Lord Rayleigh the dissipation 
function. 

It follows from (30) that when a gas expands equally in all 
directions J^= 0. Whence the physical interpretation of Stokes' 
third assumption is, that for motion of this kind there is no 
dissipation of energy. 



On 8teady Motion. 

479. When the motion of a liquid is slow, we may neglect the 
terms involving the squares and products of the velocities; and 
whenever this can be done the equations of steady motion of a 
liquid can be reduced to a very simple form\ 

1 Oberbeck, Borch. vol. lxxzi. p. 62. 
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Putting Q = — V—p/p, and remembering that in steady motion 
dufdt = dv/dt = dw/dt = 0, (22) becomes 



V ax 



\dz dy 



V dy 



,dx dzj 



IdQ 
V dz 



jiy dxj 



(31). 



Differentiating with respect to x, y, z, and taking account of 
the equation of continuity, we obtain 



V'Q^O 



(32). 



From (26) we obtain 



V'f = 0, V'), = 0, V^?=0, 



(33), 



and by § 17, (26), 
Also if we put 



dx dy dz 



,(34). 



^^d4 dN_dM^ 
dx dy dz 

y^d4,dL_dN^ 
dy dz dx 

dz dx dy 



(35), 



it can be shown as in § 60, that 

V> = 0, V'L + 2^=0, V'M+2v = 0, VW+2r=0...(36). 



>4 



480. Let / be any function of x, y, z which satisfies the 
equation 

vy=o, . 

and let/0,/,,/2,/3 be four new functions of a?, y, z which satisfy the 
equations 



/■-/+'i+'l-f 



(37). 
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df 



x-^ — z 



dz 
df 



— a? 



dx 
dz 



Then it can easily be shown that 



dx dy dz 



(38). 



(39), 
.(40), 



(41). 



dy dz dx 
dz dx dy 

dx dy dz 

Comparing equations (39), (40) and (41) with (32), (33), (34) 
and (31), we see that the same equations are satisfied hyfo,/^,/^ 
and/3 as are satisfied by Q/i/, f, 17 and f ; hence we may put 



Q/" =/.. 2f =/„ 2v =A. 2i: =/, 



(42). 



481. In the next place we shall show that we may put 



^ dy ^ dz 

,. dF dF 

M = x ^ ^ -=- 

az dx 

jff^ dF_ dF 
^ dx dy 



(*3), 



where J?* is a function to be determined. For substituting these 
values in the first of (35) we obtain 



u 



_ d(l> d 
dx dx\ 



/„, dF dF dF\ _„ ,,,. 
lF-\-x-^ + y-;;j^^ +£^^j-a?V'^...(44), 



dx 



dy 



with similar expressions for v and w ; and if we differentiate the 
right hand sides of (44) with respect to x, y, z respectively, it will 
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be found that these values of % v and w, and therefore of L, M, N 
satisfy the equation of continuity. 

From equations (36) and (43) we obtain 

whence by (38) and (42) 

therefore V^*^=0 (45). 

We have thus reduced every problem of steady motion to the 
determination of two functions (f) and F which respectively satisfy 
the equations 

V*^ = 0, V'^'F=0 (46). 

482. We shall conclude this chapter with two general pro- 
positions. 

When the motion is steady and there are no impressed forces 
and the squares and products of the velocities are neglected, the 
sum of the surface integrals of each of the components of stress 
parallel to the axes, taken over each of the bounding surfaces is 
zero. 

From (5) we obtain 

dPdUdT - 

where the volume integral extends throughout the fluid. Integrat- 
ing by parts we obtain 

0=fJ(Pl H- CTm + Tn) d8=JJFd8 

by (4) ; where the surface integral is to be taken over each of the 
bounding surfaces. 

483. When the moticfn of a liquid is steady and the squares 
and products of the velocities are neglected, and no slipping takes 
place at the surfaces of solids in contact with it, the loss of energy 
is less than it would he if the liquid had any other motion con- 
sistent with the boundary conditions^. 

1 Helmholtz, Wiss. Abhandi vol. i. p. 223. 
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The loss of energy per unit of volume in the case of a liquid, is 
given by the last terms of the dissipation function F^ we have 
therefore to find the conditions that JJJFdxdydz may be a minimum, 
subject to the condition 

du dv dw ^ 

Hence if X is an undetermined function of a?, y, z, we must 
have 

S/Z/l-P'+X (w^ + Vy + w,)} dxdydz = 0. 

Taking the variation, we obtain 

+ (Uy + %) (Suy + Sv^)} dxdydz + /// \ (Bu^ + Sv^ + Sw,) dxdydz = 0. 
Integrating each term by parts we obtain 
2fijf[2lu^ + m(v^ + u^ + n (w„ + w,)} iudS + two similar terms 
- 2fjL JJf(y^uSu + V^vSv + V^wSw) dxdydz, 

+ JJ\(lSu + mSv + nSw) dS — ffj (^ 8u + -J- 8v + ^ Swj dxdydz. 
In order that the volume integrals may vanish, we must have 

Comparing these equations with (31) we see that 

Also since there is no slipping, and the boundary conditions 
are assumed to be unaltered, Bu^ Sv and Sw are each zero at the 
boundaries, whence the surface integrals vanish. 



B. IL 17 
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EXAMPLES. 

1. When the motion of a liquid is in two dimensions, and the 
squares and products of the velocities are neglected, prove that the 
equations of motion are 



where 



dr^dd ^' de ^dr^ ' 



^"" Ur^ "^r dr "^r* d^V dt ' 
and ^ is Earnshaw's current function. 

2. When the motion of a liquid is in two dimensions and the 
squares and products of the velocity are not neglected, prove that 
yfr satisfies the equation 

(.v-|)v.t=(»i + .|)vV. 

3. Viscous liquid is confined between fixed walls at which 

there is no slipping; prove that the rate at which energy is 

diminishing is 

4!/jLjJfa)^da!dydz, 

where © is the molecular rotation. 

4. If T be the kinetic energy of a viscous liquid which is 
contained within a closed surface S, prove that 

dT 

-y:= — 4}fi JJJco^dosdydz + 2fi JJqo) sin ;^ sin 0d8, 

where q is the resultant velocity, <d the molecular rotation, ^ the 
angle between the directions of q and the instantaneous axis of 
rotation, and is the inclination of the normal to the plane 
containing the latter axis and the direction of q. 

5. Prove that the values of the six component stresses in 
polar coordinates are 

-K = -jp-f/A8 + 2/i — ^-3 3j+- + -cot^ , 
jr at" '^ \rQm0 d^ r r J 
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^ f 1 dv Idw w , A rn f 1 du dw w\ 

rr (Idu dv V\ 

^^'"[rde^dr—T)' 



where 



«, du 1 dv 1 dw 2u V , ^ 

o = -T- + - :t5 + — J— 7, jT H h - cot ft 

ar rdd rsinua<l> r r 



6. Prove also that the values of the same quantities in 
cylindrical coordinates are, 

1 dw , dv\ ^ (du , dw\ ^^ (dv v 1 du\ 

dw -BJ VT dOj 



^ (1 dw dv\ rn fdu dw\ ^ ( 



7. When the motion of a liquid is symmetrical with respect 
to the axis of z, prove that Stokes' current function satisfies the 
equation 

, ^ (P cP 1 (Z 

where -0=j:i+j-T j~ • 

dz am nr aur 
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CHAPTER XXI. 

ON THE STEADY MOTION AND SMALL OSCILLATIONS OF 
SOLID BODIES IN A VISCOUS LIQUID. 

484. The first problems relating to the motion of solid bodies 
in a viscous liquid were solved by Prof. Stokes^ who in 1850 
obtained the solution in the case of a sphere which is constrained 
to move with uniform velocity in a straight line, after a sufficient 
time has elapsed for the motion to have become steady, and also 
in the case of spherical and cylindrical pendulums, which are 
performing small oscillations in a straight line. The torsional 
oscillations of spheres and cylinders form the subject of a joint 
memoir by Helmholtz and Piotrowski', and Oberbeck' has obtained 
the solution in the case of the steady motion of an ellipsoid which 
moves parallel to an axis. We shall devote the present Chapter 
to the consideration of these investigations. 

Motion of a Sphere, 

485. Let us suppose that a sphere of radius a is moving along 
a straight line which we shall choose for the axis of z, and that the 
initial motion of the liquid is symmetrical with respect to this 
axis; then it is evident that the subsequent motion will also be 
symmetrical with respect to this axis, and therefore the motion of 
the liquid can be determined by means of Stokes' current function. 

1 *' On the Effect of the Internal Friction of Fluids on the Motion of Fendalnms," 
Tram. Camb. Phil, Soc, vol. ix. 

2 Wissenschaft, Ahhand, vol. i. p. 172. 
* Borch, vol. Lzxxi. p. 62. 
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Hence if w and u be the component velocities along and perpendi- 
cular to the axis of Zy 

1 dilr 1 d^ ,-. 

t^=--^S^, w = ~-^ (1). 

The equations of motion are determined by (23) of § 470 ; and 
if we neglect the terms involving the squares and products of the 
velocity, and remember that none of the quantities are functions 
of Of we obtain 



dM_dQ 
dt dur 



"C*"-?) «• 

*-§+"'•- <»)• 



and the equation of continuity is 

5f + *i+« = (4). 

dz diff 'ur 

Equations (2) and (3) have been formed on the supposition 
that the origin is fixed; let us now suppose that the motion is 
referred to the centre of the sphere as origin, which is supposed to 
be moving along the axis of z with velocity F, and let f be its 
distance from a fixed point. If (z, m) be the coordinates of a 
point referred to the centre of the sphere as origin, 

therefore J = |+ f|, 

the second term on the right-hand side is of the same order as the 
square of the velocity, and must therefore be omitted ; hence on 
the supposition that such terms can be neglected, (2) and (3) hold 
good whether the origin is fixed or in motion. 

Let D=— —--A 

then if i? be any function of z and w 

\'DT/ VT W 

and d^(^^) = ^U) + ^d^; 
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whence (2) and (3) may be written 

dz md'srK dt W . 

diff xtT dz\dt ^ ) 

Eliminating Q, the equation for determining ^ is 

^(^-'l)^=« <^)- 

The solution of this equation is 

'>^ = ^^ + '^^ (8), 

where '^/r^ and -^^ respectively satisfy the equations 

^^^. = (9), 

'^-\l^^' = ' (!«)• 

Multiplying (6) by dz, d«j, subtracting and taking account of 
(9) and (10), we obtain 

-*j-ia(f*-S"^) w 

Equation (9) shows that the right-hand side of (11) is a perfect 
differential. 

486. We shall now transform these equations to polar 
coordinates r and 0, 

Let R and ® be the velocities along and perpendicular to the 
direction of r, then 

r»sin^ dd ' rsind dr ^^^^' 

, ^ cP sin ^ rf / ^ d\ ,- ^. 

whence (11) becomes 

-■'«-. -i^. 5©-^- 7 1*) W 

487. We must now consider the boundary conditions. If we 
suppose that there is no slipping at the surface of the sphere, the 
boundary conditions are 

jB=Fcos^, © = -Fsin^ (15), 
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where V is the velocity of the sphere. By (12) these are equiva- 
lent to 

^=Va'8m0cos0, ^=Vasm'0 (16). 

d0 dr 

If there is slipping, let U be the tangential stress exerted by 
the liquid on the sphere in the direction of ; then it follows from 
§ 476 that we must substitute for the second of (16) 

/3(e+Fsin^) = /iCr. 

By means of the transformation formulae of § 18, it can be 

shown that 

^r /I dR . d@ ©\ 

whence the condition becomes 

/3(e+F8ir,^) = ,.(--^ + ^--) (17),, 

in which r is to be put equal to a after differentiation. 

If the liquid extends to infinity and is at rest there, R and 
must each vanish when r = oo . 

Equations (9), (10) and (11) together with (16) or (17) contain 
the complete solution of every problem relating to the rectilinear 
motion of a sphere in a viscous liquid of unlimited extent, which is 
either initially at rest, or whose initial motion is symmetrical with 
respect to the line along .which the sphere moves. When the 
motion is neither of an oscillatory character nor steady, the 
difficulty of integrating these equations is considerable, but the 
solution as will be shown in the next chapter, can in certain cases 
be effected by means of definite integrals. 



Motion of a Spherical Pendidum\ 

488. In order to apply the preceding results to the motion of 
a spherical pendulum, which is performing small oscillations along 
a straight line, we shall assume that the time enters into '^ 

in the form of the factor e , where X is at present undetermined ; 
then (9) and (10) become — 

i)i/r/ = 0, (i)-\«)t; = (18), 

1 Stokes, Trans. Camb, Phil. Soc. vol. ix. ; see also 0. E. Meyer, BorcJi. vol. 
Lxzin. p. 31. 
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where ylr^\ ^j' are functions of r and only. Dropping the 
accents for the present, and putting fji = cos 0, we can satisfy (18) 
by assuming 

where i2„, M^' are functions of r alone, and 

Q, = (1 - /) dPJd,., 

where P^ is a zonal harmonic of degree n. The equations for 
determining i2^, jB/ are 

^-n{n + l)Rj'-* = .(19), 

"^-n(n + l)i2;r-»-X'fl; = (20). 

The solution of (19) is 

Equation (20) is discussed in Forsyth's Differential Equations 
§ 112 and § 139 Example 4, and it is shown that the solution can 
be expressed either in the form 



** \r dr 



r 



or 



JS; = Cr**^^ r €"* (X* - uy du + i>r"-*-^ f e'"* (u' - X'^)" di^. 

489. It will not however be necessary to consider the general 
solutions of (19) and (20), since the surface condition (16) shows 
that must enter into 'yjr in the form of the factor sin*^, whence 
n = 1, and 

To integrate (20) when n = 1, put R' = rdw/dr, and the equation 
becomes 

d^w 2 d\u 2 ^'w; _ J dw _ ^ 
dr^ r dr^ r^ dr dr 

Integrating we obtain 

•n (uyr) — \W = 0, 
the solution of which is 



f 



( 
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whence ^''^i {('^^)'' ^^^^ ~ ^^~'^)] 

Since the velocity must vanish at infinity, B = D = 0, whence 
^ = 6^MH+o(l4-i)6-4sm»^ (21). 

In order to satisfy (16) we must have 

where f is the displacement of the centre of the sphere, and c is a 
constant, whence 

Also substituting the values of d'^/dr and d'>^jdB froiA (21) in 

(16), we obtain 

. 1 3 3a*c/- 1\ 

G §^eAa 

whence 

490. We must now calculate the resistance exerted by the 
liquid upon the sphere. 

Let P be the normal and U the tangential stresses measured 
in the r and 6 directions ; the formulae of transformation of Chapter 
I., give 

P — P + ^/^-yf 

, /de idR 0\ f ^ ^' 

Hence if Z be the resistance experienced by the sphere, 

Z=2'7ra' r (- P cos ^ + I^sin 6) sin 0d0 (24). 

Jo 

Now by (12) and (16), 

_ cosec f cPylr _ 2 dyjr\ _ _ 



OR 
dr 

at the surface ; also 



I 
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IdR' 1 d f ^dyJr' 

r dd r' dd\ dO j 

.i,^(r»-cos«)-r™«.(?)_, 

at the surface ; and 



d® 1_ /dV _ 1 ^' 

dr rsin^ \dr^ r dr 

~ r sin \v dt r" d^ V d^/ ~rl^\ 

by (10). Hence by (16), 

d0 _ _ 1 d^, 
dr ~ j/a sin ^ d^ ' 

at the surface ; therefore 

Z=2Tra r (pacosO-p -^^smOdO (25). 

Also I pcos^sin^d^ = — i I sin'*^ ^7^ ^^ ' 

but Q = - p//o +5rr sin ^, therefore by (14) at the surface 

therefore 

I p cos 6 sin ^d^ = — ip I ( j^ + 5"* ^i"^ ^ '^^ ^ J sin ddO, 

accordingly Z == - irpa jS \a (^) + 2f ,| sin ^ d^ (26). 

Now ^.= l^(l + xH+Xv)'^°^- 

Therefore (^^)^ = - ^ Fa (l + ^ + ^) sinV. 

and t. = -^(H-j^)sin'ft 

Whence Z^ ^.pa^ |/Xl + ^ + A) «-'^ <^^ 

where m is the mass of the liquid displaced by the sphere. 
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491. Let us now suppose that the sphere is constrained to 
perform small oscillations of period r. In this case we must have 

\*i/ = .m, where t = 27r/n. Putting k=(nl2v) , we obtain \=k(l + i) 
and 

9 



Z=\m 



= i^{( 



,^J_)<?,^+^5fi^lWl (27). 



2A;a/ d^ 2A;a\ ka, 
since idV/dt = — w F. 

The eflfect of the first term is simply to produce an apparent 
increase in the inertia of the sphere ; the second term would pro- 
duce a gradual diminution of the arc of oscillation if the sphere 
were left free. Now i/ is a small quantity, whence A; is a large 
quantity, hence the eflfect produced by the second term is small, 
and is almost insensible during the period of a single oscillation. 
We may therefore employ the preceding value of Z to obtain the 
correction due to viscosity in the case of a free pendulum oscillating 
in a liquid. 

If I be the length of the pendulum, and if K, K' denote the 
values of the coefficients of dVjdt and Fin the expression for Z\ 
the equation of motion of the sphere will be 

the solution of which , is 

where S=— ^- r> [^iM-m){Ml^K)g-K-^ 

The modulus of decay, that is the time which must elapse 
before the amplitude, falls to 6"* of its original value, is therefore 
equal to 2 (if i + iT)/^'. 



Torsional Oscillatuyns of a Sphere^, 

492. We shall now investigate the motion of a sphere which 
is either filled with liquid or surrounded with liquid, and which is 
oscillating by means of a torsion fibre. 

^ Helmholts^ and Fiotrowski, Wissenschaft, Abhand. vol. i. p. 172. 
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Let (0 be the angular velocity of the sphere, w the component 
velocity of the liquicj in the plane perpendicular to the axis of 
oscillation, T the tangential stress which opposes the motion of 
the sphere at a point whose co-latitude is 0. The surface condition 
when slipping is supposed to exist is 

fi(w-a(Dsm0) = T. 

By (26) and (30) of § 18, 

whence 

/3(«;-aa,sm0) = /*(J-^) (28). 

Since the resistance experienced by the sphere depends solely 
on the component velocity w, it will be unnecessary to consider 
the other two components. On account of the symmetry of the 
motion all the quantities will be functions of (r, 0, t\ whence by 
(24) of § 470 the equation for w will be 

dw f^^ w 



dt 



= ''(^'-r^) (29). 



the squares and prod ucts of the velocities being neglected. Equation 

(29) will be satisfied by putting w = TT sin 0y where TT is a function 
of r and t only, which satisfies the equation, 

V dt dr^ r dr r^ ^ 

Let II be the angular velocity of the liquid, then TT = flr and 

(30) becomes, 

dn (d^a 4 (WIN . ,^-, 

dr=Hd^ + rd^j (^^>- 

This is the general equation for determining the angular 
velocity of a viscous liquid bounded externally or internally by a 
sphere which is rotating about a fixed diametef . 

493. In considering the oscillations of a ijiphere filled with 
liquid, we may put ,-' 

whence |J + 'g = '^'<^ V « 
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the solution of which is 



rdr\ r / ' 



whence ^ = ^(x-i)/' + A(x + 1) e"^ (33). 

Since fl must not be infinite when r = 0, we must have A^B, 
whence 

n = ile^''"[^,coshXr-^sinh\r) (34). 

Putting k = vpjBy (28) becomes 

Now ft) must be of the form ce ", where c is a constant; 
whence substituting the value of ft from (34) we obtain 

cjA =\a^ (1 + Sk/a) cosh \a - a"* (\*A;+a~^ + Sk/a^) sinh \a. . .(36), 

which determines A. 

The couple which the liquid exerts on the sphere measured in 
the direction of its motion is 

G = - 27ra'r T sin« OdO = - lirvpa' f ^) , 

= -f7r/3a*(ft-ft)) (37), 

by (35). 

In order to complete the solution we may proceed as in § 491. 
First suppose the sphere to perform small oscillations whose period 
is 27r/n, then W = m, and 

d)^ma>, \ = (n/2i;)* (1 + (38). 

By means of (86) and (38) the imaginary quantity i can be 
eliminated, and the value of expressed in a real form as a 
function of © and m ; and since the motion is supposed to be slow 
we may neglect squares and products of ci and cd. Having 
obtained the value of (r in a real form, the equation of motion 
which will be of the form 

can be written do wp and integrated. 

If the sphere is surrounded with liquid we must put -4 = in 
(33), because (f> must not be infinite when r = oo , If there is no 
slipping ^ = op and therefore k = 0, 
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Steady Motion of a Sphere^. 

494 We shall first consider the steady motion of a sphere 
which is moving along a straight line, when slipping takes place ; 
in order to pass to the case of no slipping, we must put )8 = x in 
our results. 

When the motion is steady d^jdt = 0, and (7) becomes 

i>V = (39). 

Let '>jr = (f)(r) sin' 0, then (39) becomes 

whence -j^ --? = — + -SV. 

air IT r 

Integrating again and changing the constants, we obtain 

<f> = A/r + Br + Gr'' + Dr' (40). 

Since R and ® vanish at infinity, it follows that (7 = 0, Z) = 0, 

and 

^ = (A/r + Br) sin' 0. 

The first of (16) gives 

A-¥Ba' = ^Va\ 

and (17) gives 

^ (1 + 6/tt//3a)- 5a« = - Fa^ 

whence 

A=- iVa'/il + Sfi//3a), £ = |Fa (1 + 2/t/^a)/(l + Sfi/^a). 

We thus obtain 

If there is no slipping ^ = oo , and the preceding equation 
becomes 

^ = jFa'g:-^)sm'5.... (42), 

which is Prof Stokes' result. 

495. The value of the force which must . be applied to the 
sphere in order to maintain the motion, may b^ obtained either by 
calculating the resultant force exerted by tbe liquid upon the 

1 Stokes, Trans. Camh. Phil, Soc, vol. ix. ; see also L'kmb, Motion of FluidSj 
§§ 184—185, A^ 
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sphere, or by means of the dissipation function. If we employ 
the first method, and put u = D-^/r, we obtain from (6) 



dp V fdu , du J \ 

p 'BJ vct'sr az J 



, u /Idu J du j^ 

or d/p = . - ^ - jz »^ — ^ 3- »^ 

^ r sm ^ \r du dr > 

Now Di^ = - 2Br-' sin* 0, 

whence dp = 2Bfid (r^ cos 0), 

and therefore p = IT + 25/i.r"'cos ^ (43), 

and we obtain from (23), 

= - n - M cos ^ (12A/a' + 6£/a'), 
also U= — 6 A fir'* sin ^, 

and therefore from (24) 

Z^^iTfiT |(1M +6b) cos'^sin 5- ^sin»^|d^, 

= 6F7r/^(l + 2/i./)Sa)/(l + 3/i.//8a) (44). 

If in (44) we put ^ respectively equal to infinity and zero, we 
see that Z must lie between the values 6F7r/i.a and 4F7r/xa. 

If a solid of density a is descending in a viscous liquid of 
density p under the action of gravity, the force in the direction of 
its motion is ^ira^g {<r — /?). If therefore the sphere descend from 
rest, the velocity will not continue to increase indefinitely, but will 
tend towards a limiting value which is determined by the equation 

|7raV (a- - p) = 6 Virfjua (1 4- 2/i.//3a) /(I + Sfju/^d). 

If there is no slipping the value of V is 



.s 



V-^(<^-p) (45). 

The preceding formula has been applied by Prof. Stokes to 
show that the viscosity of the air is sufiicient to account for the 
suspension of the clouds. 

496. We shall now determine the steady motion of liquid 
which surrounds a sphere, which is constrained to rotate with 
uniform angular velocity about a fixed diameter, 
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By (30) the equation for W is 

^W 2dW 2Tr^ 
dr^ r dr r* ' 

the solution of which is 

W^^Ar + B/r". 

Since W must not be infinite when r = oo , il = 0, whence 

w = Br^ sin 0. 

The surface condition (28) gives 

Whence 

«, = ^"sin^(l + |)"' (46). 

If /8 = 00 this becomes 

8 

w = — a-sm (47). 

which is Prof. Stokes' result. 

The couple which must be applied to the sphere in order to 
maintain the motion is 

(? = - 27rfia' ^ (^) r sin» 0d0, 

= STrfKoa!" (1 + Sfi/^ay\ 

In obtaining the preceding result we have tacitly assumed that 
the stream lines are concentric circles, whose centres lie on the 
axis of rotation. Prof. Stokes has however pointed out, — "that 
permanent motion in annuli is impossible, whatever may be the 
law of friction between the sphere of the liquid, and it is therefore 
necessary to suppose that the particles move in planes passing 
through the axis of rotation, while at the same time they move 
around it. In fact it is easy to see that from the excess of centrifugal 
force in the neighbourhood of the equator of the revolving sphere, 
the particles in that part will recede from the sphere, and approach 
it again at the poles, and this circulating motion will be combined 
with a motion about the axis. If however we leave the centri- 
fugal force out of consideration, the motion in annuli becomes 
possible*." 

^ Mcith, and Phys. Papers^ vol. i. p. 103, 
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Steady Motion of an Ellipsoid. 

497. By means of equation (42) it can easily be shown that if 
the axis of oc be the direction of motion of the sphere, ^be^ 
component velocities v, v, w parallel to the axes of t», ^, z are 
determined by the equations 

axz 



iv(i-S\ 



The preceding formulae suggested to OberbeckHhe correspond- 
ing results in the case of an ellipsoid, which moves parallel to one 
of its principal axes. 

Let ft be the potential of an ellipsoid of unit density, so that 
with the notation of § 147, 

and let 

/ dHx rj n^^\ 



v = a(. 



dy dxdy) 
. \ dz dxdz) 



.(48), 



where a, ^ are constants. It can easily be shown that these values 
of u, V, w satisfy the equation of continuity, and vanish at infinity. 

If the ellipsoid move parallel to os with velocity F, and there 
is no slipping, the surface conditions are 

If p be the perpendicular from the centre on to the tangent 
plane at (a?, y, z), and the unsuffixed letters denote the surface 
values o{ A, B, G, H, 



2^9 



dH 27rp'a? (f ft _ . 47rj?V 

doc a* ' dx^ a 



1 Borch, vol. Lxxxi. p. 62. 
B. 11. 18 



/ 
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Whence V ^ a\A^ - H -^^ [l + f )' 



and therefore 



p = -\a\ a = - 



2V 



Aa* + 2H 



(49); 



also the preceding values of a and /8 make v and w each zero at 
the sur&ce. 

If X be the force required to maintain the motion, 

X=JJ{Pl+Um + Tn)d8, 

Now let us suppose that the liquid is bounded by a very large 
sphere whose radius r is ultimately made infinite ; then by § 482 

Z = -//(PT+CrW+r'n')d)Sf, 

where the accents refer to the spherical boundary. 

At a great distance from the origin H^ = E/r, where E is the 
charge due to a distribution of electricity upon the ellipsoid of 
density ^p ; also the coeflBcients of )8 in (48) are of the order r"^ 
and therefore ultimately vanish. We thus obtain 



u 



-Hl^^' 



whence 

and therefore 



_ Eaayy 
jp = - 2fiEax/i^, 



du 



w= — 



EOLXZ 

1^ 



therefore 



Hence 



- cr'= eEifix^r^, 

- T= QEoLfia?zlr^, 

PI' + Jj'm' + Tn'=6EapLa^/r\ 

X=- UwEafi r COS* sin ddO, 

J 

= — 4!7rEafM, 

_ STTflEV 



s 
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Motion of a Cylinder^. 

498. We must in the next place consider the small oscillations 
and steady motion of a circular cylinder ; and we shall commence 
with the case of a cylindrical pendulum, which is performing small 
oscillations along a straight line. 

Let Uy V be the velocities of the liquid parallel to fixed 
rectangular axes ; the equations of motion are 



(50), 



dt dx 

dv^dQ ^j 
dt dy 

where Q^—p/p— V; the squares and products of the velocities 
being neglected. 

Also if yfr be the current function 

u = dy^/dyy v = — d'y^jdx ; 

whence eliminating Q we obtain 

^'(^•--J)^=« <^i)- 

This equation will be satisfied by putting 

where vVi = (^2), 

Id 



(^^-JS^»=« (^«)- 



Substituting for w, v in terms of -^ in (50) we obtain, 
which becomes by (52) and (53), 

-"^''^'y-"^"') <«)■ 

Let Ry (^ be the velocities of the liquid along and perpendicular 

* Stokes, Trans. Ganib, Phil. 8oc, vol. ix. 

18—2 
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to the radius vector, a the radius of the cylinder ; then changing 
to polar coordinates we have 

r off dr 

whence (54) becomes 

_.«.|(*^,_**.) (55,. 

If V be the velocity of the cylinder, the surface conditions are 

^ = Facos^, ^ = Fsin^ (56), 

when r = a. Equations (56) show that must enter into yfr in the 
form of the factor sin ; also if we assume that the time factor is 

e^^*^, we may put 

yfr, = 6^'*^ sin 0x, (r), ^, = 6^'"^ sin %, (r), V = ce^'^^ . .(56 A). 
Substituting in (52), (53) and (56) we obtain 

X:+X:/r-xJr' = (57), 

X;' + X>-X>'-^'X« = (58), 

The integral of (57) is 

X, = A/r + Br (60), 

whence since Xi = when r = oo , 5 = 0. 

499 Since x^ ^^ust vanish when r = oo , the proper solution of 
(58) is X2 — ^1 (^^) where K^ is a Bessel's function of the second 
kind of order unity; but since X is a complex quantity, the 
definite integral form of K^ is not a convenient expression, and we 
shall therefore proceed to find one suited to our purpose. 

Let X2 = du/dr ; substituting in (58) and integrating we obtain 

cPii I du ^^ ^ ,^^. 

T^i-^-zr -X.V = (61). 

dr r dr ^ ^ 

If the equation 

d?u* \du' Ao r?\ , ^ ,^^, 
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be integrated by series, the result is 

u Ar |l + 2.(2 + 2n)"'"2.4.(2 + 2n).(4 + 2n)''" j 

"^■r"! "'"2.(2- 2«)''" 2.4.(2 -2m). (4- 2n)'^ j* 

The latter series fails when n is an integer since it becomes 
infinite ; and when n is zero the two series become identical. Let 
us therefore denote the first series by /(n) and the second by 
f{ — n), then by Maclaurin's theorem 

u' = Afin) + Bf(-n) 
= (A + B)f{0) +(A-B) nf (0) + (A+B) |-j/' (0) + 

whence choosing new arbitrary constants, the value of u' when 
n = will be 

«' = « = Cf(0) + Df (0). 
Now 

•^<"> = ^"^°g^^ + 2.(2+'2n) "^ 2.4.(2 + 2n).(4 + 2n) + } 

, d L XV XV \ 

'^'^ dnj 2(2 + 2M)"'"2.4.(2 + 2n).(4 + 2n)"'" j' 

If V denote the coefficient of (Xr)"" in the above series 

1 d« ^ d (log t;) ^ 1_ 1 1 

V d/n dn ~ 1 + n 2 + n '" m + n' 



^^^'^^^ ©r-"-^' 



where fi[^=l+_ + - + + i; 

and therefore 

^'/Ax 1 {■, . AV XV XV 

/(O) = logr l + -2^ + 2^-^ + 2-r;^r^ + 



:\v 2^ XV 

2« +2',4'' «"*" 2*.4».6''^* 



• o« J fi ^o "T c\t AH i^a ^n "r ....•• r 5 



whence the solution of (61) is 



u 



= (a + i)logr)(^l + -^H-^^-^, + j 






XV X.V 



4^4 



+ 2^4' ^»+ ' (^^)- 
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We may also integrate (61) in a series of descending powers of 
r by assuming 

u = €*^ (Ar^ + 5r^ + ), 

and we shall obtain 

M = Oe- r |1 - 27^ + 2 .4 . (4\r)* ~ 2 . 4 . 6 (4\r)' ■*" ) 

A third form of the integral of (61) may be obtained as follows. 
One of the solutions is 

/^ (\r) = r* I cosh (\r cos ^) sin'"<^d<^ =/(w)» 







whence Z' (0) = / cosh (Xr cos ^) log (r sin'<^) d<^, 

and therefore 

V 

= r {(7" + iX' log (r sinV) } cosh (Xr cos <^) d<^ . . . (65). 







Also comparing (63) and (65) we shall obtain 

C + i)logr = i7r(C^' + 2)"logr) + 7riy'logJ, 
whence C = i7r(?" + 7ri)"logi D = \irU' (66). 

We must now find the relation between (J' and U' in order 
that M = when r=oo , 

When r is very large the limit of e'^logr is zero, also since 
sin if> and cos <^ can never be greater than unity throughout the 
range of integration, <f> will be very small compared with r. We 
may therefore replace the limits ^tt and in the integral (65) by 
(a and 0, where a> is a very small positive quantity which ultimately 
vanishes when r = oo . 

Let cos ^ = 1 — a?, so that 

sin> = 2«(l-ia?), d(l> = {2x-a^)-idx = {l-ix-\- ){2xy^da;, 

then the limits of x will be x^ and where a?j = 1 — cos to. Whence 
the limit of the integral (65) when r is large is 

e^*- r(G"^D"log2rx)€-''^{2x)-^dx. 

J Q 
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Let X = y/r, then the limits of y are rx^ and 0, the former of which 
becomes infinite with r, whence 

limit of integral = (2r)-* e^^ [ (C" + D" log 2y) 6"^^ y"* dy. 

re~* dx 
— ; — = tsJiTy and if we differentiate both sides of the 



V^ 
equation 

/•VIU 

€-"«!-• (fe! = r(s), 



r 

•^ 



r 



with respect to 8 and then put « = J, we obt^n 

€-*a?-*logajdj; = r(J), 

putting a? = \y, the required limit becomes 

u = (7r/2Xr)* e^*- [0" +'D" {tt-* F (J) - log \\\\ 

Comparing this with (64) we obtain 

U = (7r/2\)i {(7' + i)" [tt-* F (i) - log JX]} (67). 

Now in order that u may vanish when r = x we must have 
n = 0, whence the required relation between C" and D" is 

(r'=i)''{iogix-7r-ir(i)}, 

and therefore by (66) the required relation between G and D is 

C = Z>{logiX"7r-ir(i)} (68). 

Putting u = F(r) we obtain from (59) 

A/a + F' (a) = oc, - il/a + ai^' (a) = oc (69), 

whence -« t = ef / \ (70), 

a^c- A F (a) ^ ^ 

(63), (68) and (69) completely determine ^, C and D. 

500. Let us now suppose that the cylinder is a pendulum 
oscillating under the action of gravity ; and let Z be the resistance 
experienced by it per unit of length, then 

Z = a ['(-Pcos^+ frsintf)„d^, 

Jo 

where P and U are given by Example 5, Ch. XX. Adding (52) 
and (53) we obtain 

dy ^ 1 difr 1 oFi^ 1 d^^^ 
dr* r dr r dff^ v dt 
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Using this equation together with (56) and (59) we obtain 

\drJa a'\ddj,'^a\drde), ""^ 



1 /dR\ ^ 1 /dV\ ^ _ Fsing ^ © 



\dr),^ WJa^aUrJa a'UO'Ja v\dt ), v\dt): 
whence Z=a j \pcos0 '- p -^ sin 0y d0. 

Therefore integrating the first term by parts, we obtain 

pp cosedd = -t sin ^ ^ d^ 

^-apj^sin^^d^, 

whence Z = — pa I ^y. ]a t^ + '^S sin ^ d^. 

Putting \^v = m and substituting the values of yfr^ and yfr^ from 
(56 A.), we obtain 

Z = TT/aant {A /a - jF" (a)} €*«*. 
By (69) r (a) = oc - il/a and by (70) 

_ gj^" (g) - r (a) , 
" aF" (g) + r (g) ^ ^• 
Therefore 

[ gi^" (g) + jP" (g)J 

where JIf ' is the mass of the liquid displaced. Since F satisfies 
the diflferential equation (61), 



Z = M'cni ' 



X'aF (a) j 



= Mem 6'»« (K - iK'} (say), 
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where K and K' are real. Whence if I be the length of the 
pendulum, the equation of motion of the cylinder is 

Ml^+ M'ki + M'K'n^ + (Jf - M') g^ = 0. 

The second term of this equation is the part of Z which alters 
the time of oscillation, and the third term is the part which 
diminishes the arc of oscillation. 

For the calculation of the quantities K, K' we must refer the 
reader to Professor Stokes' memoir. 




501. We shall now show that when a cylinder is moving in a 
straight line, steady motion is impossible. 

Putting i|r = T|r'sin^ in (51), it follows that the equation for 
determining the value of -^^ in steady motion is 



fd!" 1 d 1\' ,, ^ ,^,, 



whence -^ •\ ^ - ^ = -4r + Blr, 

wr r wr r ' 

the integral of which may be written 

ylr' = Arlogr + Cr + Dr'^ + Br^. 

We therefore obtain 

R= 1 ^ = (^ log r + 5r* + a + jDO cos 
e = -^^=(2)r-^-0-3jBr»-illogr-il)sin5 



...(72). 



Let us now suppose that the motion is reversed, so that the 
cylinder is at rest, whilst the liquid is streaming past it, the 
velocity of the latter at infinity being equal to — V. The equations 
of condition are 

iJ = 0, © = 0, when r = a (73), 

i2 = -Fcos^, © = Fsin^, when r=<x> (74). 

The first of equations (74) requires that J. =0, 5 = 0, C=— F, 
which also satisfies the second, and we are thus left with one 
disposable constant to satisfy equations (73) ; and since both these 
equations cannot be satisfied by the same value of D, steady motion 
is impossible. 



282 STEADY MOTION AND SMALL OSCILLATIONS. 

502. When the motion of a liquid is symmetrical about a 
point and is in two dimensions, it follows from the second of 
equations (23) of § 471 that the velocity is determined by the 
equation 

dv /cPv 1 dv 



dt 



(dv \ dv v\ ,w-. 



If therefore the motion is steady, the value of v is 

V = Ar + 5/r. 

Hence if a cylinder is surrounded with viscous liquid and made 
to rotate with angular velocity o), the value of v after the motion 
has become steady is 

V = a'ft)/r. 

If on the other hand the cylinder is filled with liquid, the 
value of V is cor, and therefore the liquid rotates like a rigid body. 



EXAMPLES. 

1. When a sphere is moving with uniform velocity along a 
straight line, prove that after the motion has become steady, the 
vorticity at any point of a vortex line is inversely proportional to 
the cube of the distance of that point from the centre of the 
sphere. 

2. A doublet of strength m is situated at the centre of a 
sphere of radius a. Prove that after the motion has become 
steady, the radial and transversal velocities of the liquid are 
respectively equal to 



m 



/2 5 3r'\ „ . /I 5 6r'\ . ^ 
-5 — s + — B COS ^, and m -. + -o b sm a. 



3. The space between two concentric spheres is filled with 
viscous liquid, and the spheres are made to rotate with different 
angular velocities about the same diameter. Assuming that the 
particles of liquid move in planes perpendicular to the axis of 
rotation, and that there is no slipping, find the velocity of the 
liquid after the motion has become steady ; and prove that if the 



i 
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inner sphere is at rest, the couple which must be applied to the 
outer one in order to maintain the motion is equal to 

where a and h are the radii of the outer and inner spheres, and to 
the angular velocity of the former. 

4. The space between two concentric cylinders of radii a and 
6, is filled with viscous liquid, and the cylinders are constrained to 
rotate with angular velocities o),, o),; prove that if <o be the 
angular velocity of a liquid particle at a distance r from the axis 
after the motion has become steady 

©J — o) _ 1 — (a/r)' 
(Oj — 0), "" 1 — (a/6)' * 

5. A cylinder of length I and radius a, which is surrounded 

by viscous liquid, is made to rotate with uniform angular velocity 

ft). Prove that if slipping takes place, the couple which must be 

applied to the cylinder to maintain the motion when steady, is 

equal to 

47r/ift)a'/ 

1 + 2/A//3a ' 

6. A cylinder of radius a is filled with viscous liquid and 
constrained to rotate so that the angular velocity at any time is 
(jd^inmt'y prove that if there is no slipping at the surface, the 
current function is 

-^ = \aa) (P cos 7rvt-\-Q sin mt), 

where P + t(g=(l -0^ t Sn ""'?1 » a^d F^mliv. 

Jq [k (1 — O^i 

7. A long right circular cylinder is rotating with uniform 
angular velocity (o inside a concentric cylinder which is at rest, the 
space between the cylinders being filled with viscous liquid ; show 
that the couple on the cylinder per unit of length is 

4/ift)a*6' 
a"-6» ' 

where a and b are the radii of the outer and inner cylinders. 
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8. The inner of two confocal ellipsoids of revolution, the space 
between which is filled with viscous liquid, is made to rotate with 
angular velocity ca about its axis, the outer one being at rest; 
prove that the velocities of the liquid are 



u = -^yiA- A,)/iA, - A,), t; = ««; (4 - A,)liA . - A,), 
where A = | 7-5 — 






and A^, A^ are the values of A at the outer and inner ellipsoid 
respectively. 

9. A thin circular disc is oscillating in a viscous liquid by 
means of a torsion fibre. Prove that the equation of motion of 
the disc is 

(/ + 7rpa*k) + irpa^e + n^^IO = 0, 

where / is the moment of inertia of the disc, a its radius, p the 
density of the liquid, ¥ = n/2i/, and n^ is what n would become if 
the liquid were absent. 

Integrate this equation, and explain how the result may 
be used to determine the coefficient of viscosity. 



CHAPTEK XXII. 

ON THE MOTION OF A SPHERE IN A VISCOUS LIQUID. 

503. In the preceding Chapter we considered the steady 
motion and small oscillations of a sphere and a cylinder in a 
viscous liquid ; we shall now proceed to investigate the motion of 
a sphere which is surrounded by a viscous liquid of unlimited 
extent, and which is moving in a straight line under the action of 
a constant force such as gravity^. 

The mathematical diflBculties of integrating the general 
equations of motion when the terms involving the squares and 
products of the velocities are retained, will compel us to omit 
them throughout the whole of this Chapter. This is no doubt 
legitimate provided we confine our attention to the consideration 
of slow motions ; but when the motion is not slow it must be 
confessed that the assumption that these terms can be neglected 
is of a questionable character. It will be seen that the results 
which we shall obtain give a better representation of the motion 
which actually takes place, than those which are obtained from 
the ordinary theory of a frictionless liquid ; and it should also be 
noticed that when the liquid is frictionless the terms involving the 
squares and products of the velocities do not contribute anything 
to the resistance experienced by the sphere; and it is therefore 
not impossible that when the viscosity is small, the effect of these 
terms may be unimportant compared with those retained. Since 
the equations of motion can be reduced to a comparatively simple 
form when these terms are omitted, I am inclined to think that 
the procedure which would be most likely to be successful in 

1 Phil. Trans, 1888, p. 43. 
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advancing our theoretical knowledge of the motion of solid bodies 
in viscous liquids, would be to neglect these terms in the first 
instance, in the hope that the imperfect solutions which are 
thereby obtained, may hereafter suggest a more satisfactory method 
of dealing with such problems. 



Motion of a Sphere under the Action of Gravity. 

504. Let us suppose that a sphere of radius a, is surrounded 
by a viscous liquid which is initially at rest, and let the sphere be 
constrained to move with uniform velocity F, in a straight line. 
If the squares and products of the velocity of the liquid are 
neglected, we have shown in the previous Chapter that the current 
function '>jt must satisfy the differential equation 

^(^-^S^=« <i>' 

where D = ^ + -^^ (^cosec ^ j 

and (r, 0) are polar coordinates of a point referred to the centre of 
the sphere as origin. 

Let R, be the component velocities of the liquid along and 
perpendicular to the radius vector; then, if we assume that no 
slipping takes place* at the surface of the sphere, the surface 
conditions are 

^=^S = ^-^^ (2)' 

Also, at infinity R and © must both vanish. 

These equations can be satisfied by putting 

-^ = (,fr, + >fr,) sin' 5 (4), 

where y^^ and yfr^ are functions of r and t, which respectively 
satisfy the equations 

^>-2t'=0 (5). 

air r" 

dr* t' ~v dt ^^' 
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The proper solution of (5) is '^^=f(t)lry which it will be 
convenient to write in the form 

^.=2;:^)r^(-)«^p<-*/*'^>'^ (^>' 

where x(a) is an arbitrary function, which will hereafter be 
determined. 

In order to obtain the solution of (6), let us put ^/r^ = re^^^ Awjdr^ 
where ii; is a function of r alone ; substituting in (6), and integrat- 
ing, we obtain 

rw = -4 cos X (r — a + a), 

where a is the radius of the sphere and A and a are the constants 
of integration. Whence a particular solution of (6) is 

-^j = -4r -^ cos \ (r — a + a). 

Integrating this with respect to X between the limits oo and 0, 
and then changing A into F((i) and integrating the result with 
respect to a between the same limits, we obtain 

Performing the diflferentiation and then integrating by parts, 
we obtain 



+ 



*yi[^<')-{-'^-^i]: 



We shall presently show that it is possible to determine F(a)y 
so that ^(0) = 0, and -P (a) e"*' = when a = oo ; hence the term in 
square brackets will vanish at both limits, and we obtain 

We must now determine the functions x and -P so as to satisfy 
the surface conditions (2) and (3). 

Equation (2) will be satisfied if 

X (a) - ^ (a) - a^' (a) = FaVTT (9). 
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Equation (3) requires that 

Integrating the last term by parts, the preceding equation 
becomes 

Fa» = K^/i/O* r {- X (a) + ^ (a) + aF' (a) 4- a^F'' (a)} 

X exp (- a74i;0 da (10), 

provided, [F {a) + aF' {a)] exp {^-o^j^vt) vanishes at both limits. 
This requires that i?'(0) = i^'(0) = 0, and that F{a)€-''^ and 
F' (a) €"*' should each vanish when a= oo . When this is the case 
(10) will be satisfied if 

- X («) + ^ («) + a^' (2) + a'i^" (a) = 2 Fa'/TT (11). 

Whence by (9) F'' (a) = 3 Va/ir 

and, therefore, F{a)=S Vaofl^ir + Ca + D. 

The conditions that F (0) = F' (0) = require that = D = ; 
whence 

J^ (a) = SVao?/27r, x («) = ^cl'^'' (K + 3aa + a»). 

Also the preceding value oi F{a) satisfies the conditions that 
F(a)€^°''^j and -F"(a)€~** should each vanish when a = 00; whence 
all the conditions are satisfied, and we finally obtain 

, Fasin'^ ["/<»» o 1 «x / «« \ , 
SVasin'dr fa' \ ( (r-a + a)'l , ,,„, 

The first integral can be evaluated ; in the second put 
r — a + a = 2uf^(yt) and we obtain 

^ = ^^^^' ^ [Svt + 6a ^/(vt/l^) + a«} 

3Fasin«^ 



[ 1^ {2i*V('^0 - ^ + a}' 4- 2i^V(i;0 - r 4- a • € 



-""'du 



^^t) (13). 
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505. When ^ = the second integral vanishes, whence the 
initial value of ^ is 

which is the known value of ^ in the case of a frictionless liquid, 
as ought to be the case. 

When t is very large, we may pat * = oo in the lower limit of 
the second integral, which then 

= - ^ ^^ff^ f {^'^^vt + 2au^{vt) + i (a' - O} e"^' du, 

A. 

This equation gives the value of '^ after a sufficient time has 
elapsed for the motion to have become steady, and agrees with the 
result obtained in § 494. 

506. Let Vt be any solution of the partial differential equation 

-_ *G^)»-S (">■ 

Then, if Vo = 0, / F{t — T)VrdT, where -^(t) is any arbitrary 

function which is independent of r and ty and does not become 
infinite between the limits, will also be a solution of (14) ; for, 
substituting in (14), the right-hand side becomes 

F(0)vt + j r(t-r)VrdT = F(t)v,'{-j F(t-T) ^dr 



if Vn = 0. 



=<i)/.'^<*-^>''''^^' 



507. The second expression on the right-hand side of (13) is 
the value of -^^sin'^; and it is easily seen that this expression 
vanishes when ^ = 0. Hence it follows that the expression which 
is obtained from (13) by changing t into t and V into F' (t — t) dr, 
and integrating the result from t to 0, is also a solution of (1). 
Now, if ^(0) = 0, it will be found on substituting the above- 
mentioned expression in (2) and (3) that F{t) is the velocity of the 
B. II. 19 
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sphere, supposing it to have started from rest ; hence this expres- 
sion gives the current function due to the motion of a sphere 
which has started from rest, and which is moving with variable 
velocity F(t). 

In order to obtain the equation of motion of the sphere, we 
must calculate the resistance due to the liquid ; but in doing this 
we may begin by supposing the velocity to be uniform, and 
perform the above-mentioned operation at a later stage of the 
process. 

If the impressed force is a constant force, such as gravity, 
which acts in the direction of motion of the sphere, and Z is the 
resistance due to the liquid, it follows from (25) of § 490, that 

also from (14) of § 486, 

dp . ^ d^yfr . 

where p is the density of the liquid ; also, since 

|'|) cos ^ sin cW = - i r sin*^ ^ dd. 
we obtain 

Z^-irpaj^j" (a ^' + 2^^,) sin'^ d0 + Mg 

where M' is the mass of the liquid displaced Now, if V were 
constant, we should obtain from (13) 

« ©). = - ^ {f"^ + 3« 'JivtM + K}, 

a°<i ('^,). = -37a{ii/</o + V(j'</w)}, 

whence (o^' + 2^,) = - F {|i/< + 9a V(i^/t) + ^a*). 

We must now change t into t, V into F'(t — T)dT, and 
integrate the result with respect to t from < to 0, and we obtain 

M d {* 
^ = ^ 5^ j/' (< - t) (fin- + 9a V(i^/ir)} dr + ^Mi, + Mg, 
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and the equation of motion of the sphere is 

= (M-M')g (15). 

Integrating the definite integral by parts, and remembering 
that F(0) = 0, the result is 

I F(t - t) { Ji/ + ia ^(vIttt)} dr, 
Jo 

and, differentiating with respect to t, (15) becomes 

= (M-M')g (16). 

Let a- be the density of the sphere, and let 

(-^=f, ^J^.=k, X = k. (17). 

(T + ip -^ or (z<r + p) 

then (16) becomes 

i) + \t; + ifca./- C ^'^\"'^ dT^f. (18). 

This is the equation of motion of the sphere, from which F{t) or v 
must be determined. 

■ 

508. Up to the present time we have supposed the motion to 
have commenced from rest, so that F(0) = 0. Let us now suppose 
that the sphere was initially projected with velocity F. In order 
to obtain the equation of motion in this case we may divide the 
time t, into two intervals h and t-hy where A is a very small 
quantity, which ultimately vanishes. During the first interval let 
the sphere move from rest under the action of gravity and a very 
large constant force, which is equal to (-W + ^Jf ) Xy and then let 
the large force cease to act. This force must be such as to produce 
a velocity V at the end of the interval h, whence we must have 
V = Xhy v^Xt\ and, therefore, v = Vtjh Changing / into f-vX 
in (18), multiplying by e^, and integrating between the limits t 
and 0, we obtain 



-^fl'e^^du (19). 

Jo 



19—2 



I 
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Now F' (t) is composed of two parts: a large part which depends 
upon X, and which is equal to V/h; and another part which 
depends upon /, and which we shall continue to denote by F' (t). 
Hence (19) may be written 

- ka y/^ £ e*«x (u)du (20). 

where ^ («) = /" |^- 

* 

Now j(^ (u) depends on X, and therefore vanishes when u>h. 

When u<h, 

x{u) = 2Vu^lh; 
therefore 

I €^**x W^^= / X ^^"^^ = ^> when h = 0. 

Hence, in the limit when h vanishes, (20) becomes 

At 

and the value of the acceleration is 

-*V^^Jo''"^"^'""^'<"-^>l ^^'^' 

509. It seems almost hopeless to attempt to determine the 
complete value of F from the preceding equations, but, in the case 
of many liquids, i; is a small quantity, and (21) and (22) may then 
be solved by the method of successive approximation. For a first 
approximation 

V = F' (t) =/€-^^ 

whence pJ^-(^-T).£r r^e^ 

Jo Vt •'JoV(«-t) ^ ' 

The integral on the right-band side of (23) cannot be evaluated 
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in finite terms, and we shall denote it by <^ (<). Putting t = ty^ 
we obtain 



where 



*">-^'L(i-y)- 

•'o 

*~ 2"w! 



(24), 



Now I €'^ydy= — ;- . 

J Q \t 

Therefore / y'e-^ dy = (-)• (^)" "^ . 





and therefore 



^ W = V* f-^ -4- SlH- ^. (^y ^p} ...(26). 

When t is very large we may replace (1 — €^^)IXt by (Ai)"*, and 
we shall obtain 



which shows that ^ (^) = when t=^oo . 

Another expression for (f> (t) may be obtained in the form of a 
series, for 

-2Jtk 2X<.(2X«)' (-n2Kty \ , 

~^^*f 1.3^1.3.5 •••l.3...(2n + l)^-j ^^^' 

by successive integration by parts. The above series is convergent 
for all values of t, and is zero when t = <x> . 

For a second approximation, (22) gives 

V = F' (0 =/e-« -fka J^ ^ £ €-*» <l>(t-u) du. . .(27), 

and 

1,= Fe-« + ^(l -6-«) -yjfca V^J e-*"^(e-tt)dw...(28). 
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Let * x(O=^J^-^"0(^-^)d^ (29), 

and (27) becomes 

F' it) =/e-« -fka iuM^ X («)• 
Whence to a third approximation 

t; = - V\€-^ +f€'^ -fka /^ X (0 

TT dtJo Jo ^^ Wt 

'^ t«=/;^,^ M. 

and the last equation becomes 



and 



« = /(!- e-«) + Fe-« -/ifca ^ /- f ' e-*»A (t - w) du 

^/FaV r^ e-^«^(e-w)di^ (32). 

We must now express all the above integrals in terms of <f> (t). 
From (29) we obtain 







du 



= ^ (e) - X f €-^^+^» <f> (U) 

Jo 
by (24). Changing the order of integration, the last integral 

whence x (0 = (i - ^) ^ W + V^ (33)- 
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Substituting this value of x (^) ^^^ (30), we obtain 

€"-^» du 



-" fm-L-L 



Vl(< - t) (t - «)} 
V{(< - t) (t - «)} 



= ir re-*»rftt = ^(l-c-«); (34), 

Jo "• 



also r:|(i)^=rdrf 

JoV(<-t) Jo Jo 



T€""^** dl^ 



du 



Vl(< - T) (t - i.)} 
^ T6-^^dT 

V{(^ - t) (t - I*)} 

and £y_^d^ = j^ (36), 

whence ^(0 = 7rf€-^* (37). 

Again / e""^«^(^-i4)dw = 7re"^* 1 (^-w) 

= i7rt»€-^* (38), 

whence (31) and (32) finally become 

V =/€-^« - VXe'"^ -fka {vlirf {(^ - \t) ^ (0 + V^} 

+JVa'vte'^^ (l-iXt) (39), 

-\- yjfd^vfe-^ (40). 

These equations determine to a third approximation the values 
of the acceleration and velocity of the sphere, when it is projected 
vertically downwards with velocity F, and allowed to descend 
under the action of gravity. If the sphere is ascending the sign of 
g must be reversed* 
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If no' forces are in action we must put /== 0, and the preceding 
equations give the values of v and i; to a first approximation only ; 
but, on referring to (21) and (22), it will be seen that the values of 
these quantities to a third approximation may be obtained in this 
case from (39) and (40) by changing / into — VK and expunging 
the terms fe'^ and/X"' (1 - €"^0- We thus obtain, since \ = kv, 

-Fa"A»i/'fe-^^(l-iX^) (41), 

-^FaVi/Ve-^^ (42). 

510. It appears from the preceding equations that the suc- 
cessive terms are multiplied by some power of k as well as of i/. 
If k is not a very large quantity, and the velocity of the sphere is 
not very great, the foregoing equations may be expected to give 
fairly correct results; but if A is a very large quantity, it may 
happen that, notwithstanding the smallness of i/, kv may be so large 
that some of the terms neglected may be of equal or greater import- 
ance than those retained. Now from (17), k ==9p {2a + p)"^ a^ ; 
if therefore the sphere is considerably denser than the liquid, k 
will be small provided a be not very small; but if the sphere' be 
considerably less dense than the liquid, k will approximate towards 
the limit 9a"^, and this will be very large if a be small, and kv may 
therefore be large. On the other hand, it should be noticed that 
when kv or \ is large the quantities e"^^ and {t) diminish with 
great rapidity, and it is therefore by no means impossible that the 
formulae may give a fairly accurate representation of the motion 
even in this case. 

All that we can therefore safely infer is this, that in the case 
of a sphere ascending or descending in a liquid whose kinematic 
coefficient of viscosity is small compared with the radius of the 
sphere (all quantities being of course referred to the same units), 
the formulae would give approximately correct results, provided the 
velocity of the sphere were not too great. But, in the case of 
small bodies descending in a highly viscous liquid, it is possible 
that the motion represented by the formulae may he very different 
from the actual motion ; and if this should turn out to be the fact, 
the solution of (18) applicable to this case must be obtained by 
some different method. 
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Equation (39) shows that after a very long time has elapsed 
the acceleration vanishes, and the motion becomes ultimately 
steady ; in other words, the acceleration due to gravity is counter-* 
balanced by the retardation due to the viscosity of the liquid. 
When this state of things has been reached, the terminal velocity 
of the sphere is 

which agrees with (45) of § 495. 



Motion of a Sphere which is rotating about a Fixed Diameter. 

511. We shall now consider the motion of a sphere which is 
surrounded by an infinite liquid, and which is rotating about a 
fixed diameter. 

We shall begin by supposing that the angular velocity of the 
sphere is uniform and equal to a>, and shall endeavour to obtain an 
expression for the component velocity of the liquid in a plane 
perpendicular to the axis of rotation, on the supposition that no 
slipping takes place at the surface of the sphere. 

Assuming that the liquid is initially at. rest, it is easily seen 
that none of the quantities can be functions of <f>, where r, 0, and <j) 
are polar coordinates referred to the centre of the sphere as origin. 
If, therefore, we neglect squares and products of the velocities, the 
component velocity W of the liquid, perpendicular to any plane 
containing the axis of rotation, is determined by the equation 

dt "''{dr'^ r dr^?wie dd V^ dd) ^ r^sin« 

and if in this equation we put Tr = wsin 0, where w is a function 
of r and t only, the equation for w is 

d^w 2 dw 2w ^1 dw 
di^'^r'd^''V^vdt'" ^^^^• 

The value of tlie tangential stress per unit of area which 
opposes the motion of the sphere is 

^ \r sin d<l> dr r 
where R is the radial velocity ; but, since R is not a function of <^, 



298 MOTION OP A SPHERE. 

the value of this stress depends solely on that of W. Now it has 
been pointed out in the previous Chapter that unless the motion 
of the sphere is exceedingly slow, the motion of the liquid will not 
take place in planes perpendicular to the axis of rotation, but the 
velocity of every particle will have a component in the plane 
containing the particle and this axis. But since this component 
does not produce any effect on the motion of the sphere, which it 
is our object to determine, we may confine our attention solely to 
the calculation of w. 

In addition to (43), w must satisfy the conditions : 

(i) At the surface of the sphere w = a(o for all values of t 

(ii) When ^ = 0, w = for all values of r greater than a, the 
radius of the sphere. 

Let «; = JBe"^*^^ where i2 is a function of R alone ; substituting 
in (43), we obtain 

d^R 2dR 2R 

the solution of which is 



cos \ (r — a + a) j- . 



whence w = A ^ 

dr 

Integrating this with respect to \ between the limits oo and 0, 
and then changing A into F(a) and integrating the result with 
respect to a between the same limits, we obtain 



w 



, /TT d 1 r „, . f (r-a + a)*) , 



Performing the differentiation and then integrating by parts, 
we shall obtain 



provided F(0) = and i^ (a) e**' = when a = oo . 
The surface condition (i) will be satisfied if 

F(a) + aF (a) = - 2a'G)/7r, 
whence F(a) = - ia^wir"^ (1 - €-«/«), 

the constant of integration being determined so that F{0)=^0} 
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this value of F{ai) also satisfies the condition that F{ai) €"*' = 
when a = 00 . We therefore obtain 

,«. a'fiisintf r*fa . /- a\ .) f (r-a + a)') , .^^. 

Putting r — a + a = 2u\/{vt) this becomes 

«7. 2a'<» sin 6 

J ^ 

If r > a it follows that TF = when ^ = 0. When r=^a and 
^ = the lower limit of the definite integral (46) becomes indeter- 
minate ; but since, in this case, we are to have TF = oo) sin d, it 
follows that if we put k=^r — a the quantities k and t must vanish 
in such a manner that when & = and ^ = 0, i/2 s/{vt) = 0. 

When ^ = 00 we obtain 

^^aWn^ ^^g^ 

This equation gives the value of W after a sufficient time has 
elapsed for the motion to have become steady, and agrees with (47) 
of § 496. 

512. Since the tangential stress per unit of area which opposes 
the motion of the sphere is 

the opposing couple ia 

Q = -2irppa' r ^(^\ a.n*0dd 



= - 27n/pa' J; f ^) j'aiD'edd 



If, therefore, the sphere be acted upon by external forces which 
produce a couple N\ its equation of motion will be 

^tra'a) + G = N\ 

aaoD d fw^ 



or 



5p 
where N = ZpN'l8a\ 



-t^X-" («), 
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When the motion of the sphere commences from rest the value 
of w or TT cosec will be obtained from (45) by changing t into t, 
ct) into jP* (^ — t) dr, and integrating the result with respect to t 
from t to 0, where F(t) is the variable angular velocity of the 
sphere. 

Hence, if cd were uniform we should have 
dw\ A . 2® r* , -, „ .X, o> , Oft) 



Putting w + \l{vt)la — /8, the definite integral 



■ V(»'«/- 






'^{y'-'^-'4—] 



(UO 



if vt be small ; whence 

/dw\ _ 2tt) / . vt^/irK ^ 

\dr)^'^ a^/irV 2a / Vt"/^* 

Changing ^ into t, and m into jF* (^ — t) d^, (47) becomes 
-^— + + -«-, M^ (^ - t) V(i;t) K^)dT 

v^/:^^=^ <-'• 

(48) becomes 

+ Ua./- i*F'(t-r) ^=ikaN. (49). 

\ *ir J is/T 

Now we have supposed the motion to have commenced from 
rest under the action of the couple iV"; but if the sphere had 
initially been set in rotation with angular velocity ft, and then left 
to itself, it could be shown in the same manner as in § 508 that 
the equation of motion would, be 
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where -P(0) = n. Putting d{t) for the last two terms, and inte- 
grating, we obtain 



« = ne-^<- r e-M«-u) ^ (^) d^ (51), 

« = - Xfle-^^ - j^ r e-^ t^-*) tf (m) dtt (52). 



For a first approximation we have 

o> = n€-^^ Q> = - \fte-^^ = ^' (t). 

Whence, if <^, ;^, and ^fr have the same meanings as in § 509, a 
second approximation gives 

A = i^(f) = _fe,fte-« + ^^X(«) (53). 

o) = fle-« + ^^^=P €-*«-«) A (tt) dw. (64). 

And a third approximation gives 

(0 = - Jbne-^^ + *'''?- Y (0 + fi^ 4^ r du r e-^ (^) Vr dr 

2V7r '^^^ 2a^7rdtJo Jo 

Zi^TT Jo 2a*j7rJo Jo 



f 6-^<^-~J 1^ (i^) dw (56). 

io 



4iir Jo 
Now we have shown in § 509 that 

Also I du i €-*«-») Vt dr = f dr f e"**"^) Vt dw 

/O ^0 Jo Jr 
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And the value of the last iDtegral in (56) ie given by (38) ; 
whence 

which determines the value of the angular velocity as far as i/% 



6) 



= He-^ + 



EXAMPLES. 

1. A sphere of radius a is surrounded by viscous liquid which 
is initially at rest. Prove that if the sphere is constrained to 
rotate about a fixed diameter with uniform velocity w, and slipping 
is supposed to take place at the surface of the sphere, the velocity 
of the liquid at time t, perpendicular to the plane containing the 
axis of rotation, is equal to 

g'a) sin r ( a* / qe^ - f>e^' \ 
r(irvt)^ Jo \r(Sk-^a)[ ■*" p-q ) 



+ 






where k = vpj^ ; /8 is the coefficient of sliding friction, and p and q 
are the roots of the equation 

A:aV + (3A; + a) oo? + 3A; + a = 0. 

2. In the last example, if the sphere is filled with liquid and 
no slipping is supposed to take place ; prove that the velocity of 
the liquid at time t is equal to 

• zi o • /re e"^*^ sin Xa S (\r) 
a»-8mg-2a,smg2 ^.^.. ^^^^ \ 

where 8 (r) denotes the spherical function d (r** sin r)ldr, and the 
dififerent values of X are the roots of the equation S> (Xa) = 0. 

3. A spherical mass of ice which is surrounded by water is 
made to rotate with uniform angular velocity to. After the motion 
has become steady, the ice is suddenly melted ; prove that the 



k 
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component velocity of the water in the plane perpendicular to the 
axis of rotation at any subsequent time is 

4. A right circular cylinder of radius a is filled with viscous 
liquid which is initially at rest, and made to rotate with uniform 
angular velocity o) about its axis. Prove that the velocity of the 
liquid at time t is equal to 

where the^ diflferent values of \ are the roots of the equation 
J^ (\a) = 0. 

5. Prove that if in the last example, the cylinder were 
surrounded by viscous liquid, the solution of the problem might be 
obtained from the definite integral 

f dk r €-^^^ \u(l> {u) J, {\u) Jj (Xr) du, 
Jo Jo 

by properly determining </> (u) so as to satisfy the boundary 
conditions. 

6. A perfectly smooth thin cylindrical shell of radius a, 
is surrounded by viscous liquid which is at rest, and contains 
viscous liquid which is rotating as a rigid body with angular 
velocity ©. By means of the expression for J^ (X) given in Ex. 5, 
Chapter XII, prove that if the shell be removed, the vorticity at 
any point of the liquid at any subsequent time is equal to 

to ra Cv /•» r 

TT. T| \ du \ d4> \ u\(u cosh ^ + r cos 6) 
2{irvtyjQ Jo ^Jo L^ 



CHAPTER XXIII. 

MISCELLANEOUS PROPOSITIONS. 

513. The present Chapter will be devoted to the consideration 
of certain miscellaneous problems relating to the motion of a 
viscous liquid. 

Steady Motion in Pipes and Canals, 

514. Let the pipe be cylindrical and vertical, a its radius, 
and let us suppose that the liquid has been flowing through the 
pipe long enough for the motion to have become steady. At a 
considerable distance from either end of the pipe, the velocity may 
be regarded as wholly vertical ; whence using cylindrical co- 
ordinates, -M = v = ; and the equation of continuity gives 

dwjdz^O (1), 

which shows that w is a function of w alone. Also if the axis of z 
is measured vertically downwards, we obtain from (23) of § 470, 

O'lt ■ ■ (^). 

From (2) it follows that p is a function of z alone ; hence if 
we diflferentiate (3) with respect to z, and take account of (1), we 
shall obtain 

whence 

p = (A-]-gp)z + n (4), 
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where IT is the pressure at the origin and A is an undetermined 
constant. Substituting the value of jo from (4) in (3), we obtain 

d^w 1 Sav a ^ 

:r-t+- J =0, 

am w am fjL 

the integral of which is 

w =-^Amyfi -{- Blogm i- C (5). 

Since w must not be infinite at the centre of the pipe, B = 0. 
In order to determine C, we must take account of the surface 
condition 

^«'=-^=-/*£ («)• 

where ^8 is the coefficient of sliding friction. Substituting in (6) 

from (5), we obtain 

C=-^Aa/fi-iAa'/fi, 
whence 

w = - lAfT' (a' - m') - ^Aall3. 

In order to determine the constant A, we must know the 
pressure at some other point of the pipe ; let 11^ be the pressure 
when z = l, then from (4) 

A=in,-U-gpl)ll (7). 

The flux across any section of the pipe is 

27r I wmdm = - ^a^Ajfi — ^ira^Aj^, 

J 

= (7ra78/A? + 7ra72/30(n - H, + gpl). 

If we suppose the tube to be horizontal and of small cross 
section, and that the current is maintained by a constant pressure 
n at one end, and that there is no slipping, we must put g^ = 0, 
)8 = 00 , and the value flux is 

W (n - nj)/8/iZ. 

This result agrees with the result obtained by Poiseuille\ from 
his experiments on the flow of liquids through capillary tubes, and 
furnishes a means of determining the value of fi from experiment. 

515. Greenhill has pointed out", that the motion of a viscous 
liquid in a cylindrical pipe of any cross section, when there is no 
slipping, can be obtained whenever the value of the current 
function for a frictionless liquid contained in a rotating cylinder 

^ Mim, des Savants Etrangersy vol. ix. (1846). 
* Proc. Lond, Math, Soc, vol. xiii. p. 43, 

B. XL 20 
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of the same form is known ; for when the cross section is not a 
circle (3) becomes 

(fw (fw ^_ 

where Jlf is a constant. Also w = at l^e surface of the pipe. 
Now we have shown in § 97, that when frictionless liquid is 
contained in a rotating cylinder, 

do? dy^ 

at all points of the liquid ; and '^ — -'i^(o{a?-\-y^ at the boundary, 
whence if ;j^ = -^ + J© (aj' + y*), 

at every point of the liquid, and ^ = at the boundary ; hence ;^ 
satisfies the same conditions as w. 

If liquid is flowing in an open channel, and the axis of j/ be 
vertical, the conditions to be satisfied at the free surface are 

y = const., dw/dy = 0. 

If therefore any known value of x satisfies this condition, we 
can obtain the corresponding solution for liquid flowing in an open 
channel. 



Motion in Parallel Planes. 

516. When the lines of flow of a viscous liquid are parallel 
straight lines, the determination of the motion depends upon the 
solution of an equation of the same form as that which determines 
the motion of heat in two dimensions. 

Let the axis of x be parallel to the direction of motion ; then 
v = 0,w = and the equation of continuity gives du/dx = 0, which 
shows that u =f(y, z, t). If no external forces act, the equations 
of motion are 



dt' pdx^'^ydf^d^) ^ ^' 



= -^^ 
P dy' 

p dz 
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du /cPu cPu\ ,^. 



Hence cPp/dx^ = 0, and p = xtf> {t) + const ; also since p must 
not be infinite when a? = + x , ^ (^) = 0, and (8) becomes 

du fd^u cPu^ 

Let us now suppose that the liquid extends to infinity in the 
positive and negative directions of the axis of z, and that i* is a 
function of y and t only ; then (9) becomes 

du d^u .- ^v 

df^"^ (^^)- 

517. The principal solutions of this equation will now be 
given. 

First, let the liquid be unlimited in the positive and negative 
directions of the axis of y ; and let t* = -F {y) initially. 

A particular solution of (10) is t^ = e""^^* cos \y ; and since X 
is arbitrary we may integrate this expression with respect to X 
between the limits oo and — oo , and we thus obtain 

u = {irjvtf €-y'l^. 

From the form of (10) it follows that if in this expression we 
change y into /S — y, the resulting expression will also be a solution, 
whence multiplying by F {fi)l27r and integrating with respect to ^ 
between the limits oo and — oo we obtain 



J —00 



Putting P — y= 2ajvt, this becomes 

/.oo 

tA = 7r'"M F(y + 2as/7t)€'^d2 (11), 

J —00 



and therefore u=^F{y), when ^ = 0. This solution is due to 
Fourier. 

Secondly, let the liquid be bounded by the plane xz ; and let 
its initial velocity he F(y); then 

u = F{y\ when ^ = 0, provided y > 0. 

w = 0, when y = 0, for all values of t. 

From the preceding case it follows that a solution of (10) is 

t/ = i {irvty^ r F (/3) {e-<^- W4.^ - e-<^+^)^/4'''} d/3 . . .(12), 

J 

20—2 
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* 

also when y = 0, uis obviously zero. To find the value of u when 
* = 0, we observe that (12) may be written 

= 7r-'[ d\ ri^()8)€-^"»'«{cosX(y-/3)-cos\(2/ + i8)}d/3, 



u 

•'0 

U 

•'0 



= 27r"M d\l i'(/9)€-^"^*sinXysinXi8d/3, 

J a Jo 



which by Fourier's theorem is equal to F(y) when ^ = 0, for all 
values of y between oo and 0. 

Thirdly, let the liquid be initially at rest, and let the plane xz 
move with velocity ^ (t). Then 

u = when ^ = 0, and y > 0, 

u = (f>(t) when y = Oj for all positive values of t 

Since (pty^ ^-yV^t jg ^ solution of (10), its differential coeflScient 
with respect to y is also a solution ; we may therefore put 

Since this expression vanishes when f = 0, it follows from § 506, 
that a solution of (10) is 

u = \y (ttv)'^ I <l>{t-T) T'i e'^l^ dr. 

J 

Let hvK^)^ = a> 
then '?^=27r-*f cf> (« - y74i;a«) e'*" da (13). 

When y = 0, u = <f>{t); and when ^ = 0, u = 0, whence (13) is 
the required solution. 

Adding together (12) and (13), the resulting value ofu satisfies 
the following conditions : 

u = F (y), when ^ = 0, and y>0, 

u = (l> (t)j when y = 0, for all positive values of t 

We thus obtain the solution for the motion of a viscous liquid 
which is initially moving with velocity F{y), and which is bounded 
by the plane y = which is moving with velocity <f> (t). 

518. By means of the definite integral (13) we can obtain the 
solution of the following problem. 

Let the liquid be divided by the plane y = 0, which is supposed 
to be perfectly smooth ; and let the liquid on the positive side be 
set in motion with initial velocity F,, and let the liquid on the 



w« 
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neg^^ive side be set in motion with initial velocity Fj, and then 
let the plane be removed. It is required to find the velocity at 
any subsequent time. 

In (13) let <f> (t) = ^V^, and we obtain 

J If/2 {vt)^ 

adopting the notation / e'^* du = Erf x, first introduced by Dr 

•^ 

J. W. L. Glaisher. 

When * = and y is positive, w, = ; but when ^ = and y is 
negative, u^ = F,. 

Again from the form of (10), it is evident that 

Wj = Ftt-* I €-*' da, 

=^iV,-^r,7r-iET(yl2(ut)K 

is also a solution. When * = and y is positive u^=V^; but when 
t = 0, and y is negative, u^ = 0. Hence if 

= 4 (Ft + ^.) + ( ^1 - V.) ^-* Erf y/2 {vt)K 
u = Fj, when < = 0, and y is positive, 
w = Fj, when ^ = 0, and y is negative. 

When t is not zero, the value of u on both sides of the plane 
y = is equal to i (F^ + F^) ; hence the vortex sheet which initially 
existed instantly disappears. 

From the last three sections it is at once obvious that numerous 
results furnished by the theory of the Conduction of Heat are 
capable of a hydrodynamical interpretation and vice vers&. 



Waves in a Viscous Liquid, 

519. When the motion of a liquid is in two dimensions, and 
the squares and products of the velocities are neglected, we have 
shown that the current function satisfies the equation 
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the solution of which is 

where i^^, y^^ respectively satisfy the equations 

V»i/r, = (16), 

^V,-i/l'=0 (17). 

Also p is determined by the equation 

In considering the problem of wave motion, it will be con- 
venient as in Chap. XVII. to take the origin in the undisturbed 
surface, and measure the axis of x in the direction of the propaga- 
tion of the waves, whilst the axis of z is measured vertically 
upwards ; and we have to find a solution of (14) which represents 
a train of waves, and which also satisfies the following conditions. 

At the free surface the normal and tangential stresses must 
vanish, whence 

p-^'^SL-' (1^)' 

d^ dz'^^ ^^^^• 

Also if the liquid is bounded by fixed surfaces, we shall assume 
that the liquid in contact with such surfaces is at rest. 

In order to find a solution of (14) we shall assume that x and t 
enter in the form of the factor ^^^+^ where m = 27r/\, X being the 
wave length ; and the principal object of the investigation is to 
find the value of k It is obvious that wave motion will not be 
possible unless A; is a complex quantity whose real part is negative, 
for this is the only form of k which represents a train of waves 
whose amplitudes diminish with the time. 

520. We shall now investigate the propagation of waves in a 
liquid which was originally at rest, and whose depth is so great in 
comparison with the wave length, that it may be regarded as 
infinite. 

Putting a' = m' + A;/i/ (21), 
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we obtain from (16) and (17) 

^^ = ((7e«* + De'^) €'««+« 

It will hereafter appear that a is a complex quantity whose 
real part is positive, therefore since z is measured vertically 
upwards we must have 5 = -D = 0, whence 

^ = (il€*»»+ G^) ^'fMU'^rkt (22). 

If i; be the elevation 

i; + tmifc-*(il + (7)€**^+*< = (23). 

Previously to disturbance the pressure p^ = — gpZj whence if p' 
be the increment of the pressure due to the wave motion, we 
obtain from (18) 

and therefore 

p^-gpz + Akpie'^-^''"*^-^^ (24). 

At the free surface -8^ = 17, whence substituting in (19) the 
values of '^j ri and p from (22), (23) and (24), we obtain 

{gm/k + k + 2m"i/) A + {gmjk-^- 2mva) (7= (25). 

From (20) we likewise obtain 

^m» + (7a* + (il + (7)m* = 0, 
which by (21) becomes 

2w'^ + (2m" + Jk/i/) (7 = (26). 

Eliminating A and C between (25) and (26) we obtain 

A:* + 4m'A?i/ + 5rm + 4m V - 4m Va = (27), 

which by virtue of (21) is a biquadratic equation for deter- 
mining k. 

When V is small a = (k/v) approximately, and therefore the 
last two terms of (27) may be neglected ; we thus obtain 

A;* + 4AwiV + mflr = 0, 

the solution of which is 

k = — 2m'i; ± ^ (4mV — gm), 

= -2mV±m (28) 

approximately, where n^ = gm. 
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Taking the lower sign we obtain from (26) 

and from (21) a' = — m' — m/p. 

On account of the smallness of v, the first term may be 
neglected, whence if 

= (n/2v)K 

a=(l-t)/9. 
and therefore 

Rejecting the imaginary part, we obtain 

yfr = ^€"2^"^ {e'^ cos (mos — n^) + 2mVn~^€^*' sin (771a? -/3z — nt)}. 

On account of the smallness of v the last term is insensible ; 
also if V be the velocity of propagation, and \ the wave length, 

m = 27r/X., (mg)^ = 71 = 27rF/\, whence F" = gX/iir, and 

^ = Ji€-^^/^*+rnz cos ^ (a? - FO, 

and therefore the modulus of decay is X^/Sir^v, 

The preceding value of -^ represents a train of waves whose 
amplitude diminishes with the time ; it also appears that the 
diminution due to viscosity is very much less in the case of long 
waves than in the case of short ones. 

If we were to proceed to a second approximation, it would be 
found that 

k = - 2mV {1 - m (2v/nf\ - m {1 - m» (2j;77i')*}. 

521. Let us now suppose that v is large. Putting a^ = k/v, 
(27) becomes 

a?* + 4mV + gm/v* + 4m* - 4m' (m* + a?)^ = 0. 

In this put x = m tan 0, and we obtain 

tan*^ + 4 tan'^ + 5r/mV = 4 (sec ^ - 1). 

On account of the largeness of p, the term g/mV is very small, 
and may therefore be neglected, whence dividing out by sec ^ — 1 
and putting sec =y, we obtain 

y» + y» + 3y-l = 0. 

This cubic has one real root which is approximately equal 

to '29, whence 

k/p = m' tan'*^ = - m' x 92 
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approximately. The other two roots lead to complex values of kjv 
whose real parts are approximately equal to — m' x 3*3. 

The factor sec ^ — 1 leads to fe = 0, which corresponds to no 
motion, and this root must therefore be rejected. We therefore 
see that the real part of A; is a large negative quantity, and there- 
fore the motion rapidly dies away. 

522. These results are entirely in accordance with what is 
observed in the case of viscous liquids. If for example a jet of air 
were directed for a short time to the surface of a slightly viscous 
liquid such as water, waves would be observed to diverge from 
the point of application of the jet, whose amplitudes gradually 
diminish as the time advances, until the motion ultimately dies 
away. But if the jet were applied to the surface of a highly 
viscous liquid such as treacle or glycerine, waves would not be 
excited. The immediate effect of the jet of air would be to 
produce a depression in the neighbourhood of its point of appli- 
cation, and as soon as it had ceased, the liquid would sluggishly 
move so as to fill up the depression, and would very soon come to 
rest. 

523. We shall now solve the same problem when the depth 
of the liquid is finite and equal to h. In this case we shall have 

'^ = {A cosh mz + B sinh toz + G cosh az + D sinh az) €**»«+*<^ 

The conditions to be satisfied at the bottom of the liquid 

are that 

dylr/dz = 0, dy^jdx — O when ^ = — A. 
Putting 

L = cosh mh, M = sinh mh, P = cosh oA, Q = sinh ah, these 

conditions give 

AL^BM-^GP-DQ = (29), 

(AM-BL)m+{CQ-DP)a = ...(30). 

Also i) = -(^^ =-m(^+C)€*«^+*^ 

whence 17+ mA;"* {A + C) e*w«+« = (31). 

From (18) we obtain 

^ = — gpz + kpi {A sinh mz-k-B cosh mz) 6*»«'+*' (32). 

At the free surface ^ = 17, whence substituting the values of -^^ 
17 and p in (19) we obtain 

Agmjk + B (2m'i/ + A;) + Ggmlk + 2Ihmv = (33). 



2mV, 


L, 


0, 


-M. 


2m*j/ + k. 


P. 


0, 


-Q. 



= 0...(36). 
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Also from (20) and (21) 

2Am'p + (2m'v + k)G = (34). 

Eliminating A, B, 0, D from (29), (30), (33) and (34) we 
obtain, 

Mm, gm/k, 

— Lm, 2mV + k, 
Qa, gm/k, 

— Pa, imruxp, 

This is the equation for determining k For the purpose of 
obtaining an approximate solution which is applicable to waves 
in water, we shall neglect the square of v ; and the determinantal 
equation then becomes 

- 2m"i; {PMagm/k + QLm^gjk + ka) 

+(2mV+ k) [-Qm [M[2m\ + k)-{-Lgm/k} +La {P(2mV + k)- 2m"i/} 

+ Mma {Pgjk + 2Mmv)\ = 0. 

Since v is small a is large, and therefore P and Q are large, we 
may therefore put PjQ = 1. Dividing out by Q, it will be found 
that the largest terms are those which are multiplied by a; whence 
retaining the most important terms only, it will be found that the 
equation for k reduces to 

¥ + ikm^p + nig tanh mh = 0, 

the solution of which is 

A? = -- 2mV + i^{4m^i^ — mg tanh mA), 

= — 2m^v ± I (mg tKuh mhy (36). 

Hence the velocity of propagation is determined by the equation 

V = (g\l27r) tanh (2'irh/X), 

which agrees with the result found in § 384. The modulus of 
decay is X^/Sir^p as before. 

If the depth of the liquid is small compared with the wave 
length, we may replace tan mh by mh, and (36) becomes approxi- 
mately 

= - 2m'v ± mi (gh)^, 

which shows that long waves travel with a velocity of propagation 
approximately equal to (gh)^, and that the amplitude diminishes 
with the time\ 

1 In connection with this subject, a paper by Lord Bayleigh *'0n the Circu- 
lation of Air observed in Eundt's Tubes," Phil. Trans. 1884, may be consulted. 
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Instability of Viscous Liquids. 

524. The instability of viscous liquids has been studied 
experimentally by Prof. Osborne Reynolds \ His experiments 
consisted in causing water to flow from a large cistern through a 
tube 4 feet 6 inches long, and by means of suitable appliances a 
fine stream of coloured liquid was made to pass down the centre 
of the tube along with the water. The results of experiments 
made with three diflferent tubes, whose respective diameters were 
1 inch, J inch and J inch were as follows. When the velocity was 
sufficiently small, the streak of coloured liquid extended in a 
straight line through the tube, and if the liquid in the cistern were 
slightly disturbed, the streak would oscillate in the tube about its 
mean position, but showed no tendency to mix with the water. It 
thus appeared that for small velocities the motion was stable. 

As the velocity was gradually increased, it was found that as 
soon as it had attained a certain critical value, the coloured liquid 
commenced to mix with the water, and the motion became 
unstable; but the point at which instability commenced was 
always at a considerable distance from the extremity of the tube 
at which the water flowed in, and the intervening portion was 
perfectly clear. 

Any increase in the velocity caused the point at which insta- 
bility commenced, to approach this extremity, but Reynolds did not 
succeed in obtaining a velocity large enough to make the region 
of stability altogether disappear. 

On examining the unstable portion of the liquid by the light 
of an electric spark, the mass of colour was found to consist of a 
number of distinct curls, showing the existence of eddies. 

When the water was kept at constant temperature, and the 
cistern as still as possible, it was found that the critical velocity 
was inversely proportional to the diameter of the tube ; and also 
that if the viscosity of the water was diminished by increasing 
its temperature, the critical velocity diminished directly as the 
coefficient of viscosity. 

It was also found that the critical velocity was very sensitive 
to disturbance of the water before entering the tube ; and it was 

^ '* On the Motion of Water and the Law of Besistanoe in Parallel Channels," 
Phil, Trans, 1883, p. 935. 
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only by the greatest care as to uniformity of the temperature of 
the cistern and the stillness of the water, that consistent results 
could be obtained. This showed that the steady motion was 
unstable for large disturbances long before the critical velocity 
was reached, — a fact which agreed with the full-blown manner in 
which eddies appeared. 

If t be the temperature expressed in degrees centigrade, D 
the diameter of the tube, and if 

P = (1 + 0336^ + '002210'' oc i/, 

Reynolds found that the critical velocity was given by the formula 

17 =P/5i), where 5 = 4379; 

and he concluded, that the probable condition of stability of a 
viscous liquid is that Uc/v should be less than a certain numerical 
quantity, where c is a length U and a velocity, which define the 
linear scale and scale of velocity of the system, and v the kinematic 
coeflBcient of viscosity. 

For the mathematical treatment of this question, the following 
papers by Sir W. Thomson may be consulted*. 

On the OsdUatiom of a Viscous Spheroid, 

525. The oscillations of a viscous spheroid have been 
investigated by Prof. G. H. Darwin' and Prof. Lamb'; we shall 
now proceed to give the investigation of the latter. 

The equations 

(V» + A;*)w = 0, (V' + A;")t; = 0, (V»4-*")u; = (37), 

subject to the condition 

t-ty^^'O •« 

are of frequent occurrence in a variety of physical investigations, 
and we shall commence by obtaining the solution of these equations 
subject to the condition of finiteness at the origin. 

Let u = '^^<f>^ where ^^ is a solid harmonic of degree w, and 

1 " On the Stability of Fluid Motion," PUL Mag, (5) vol. xxiv. pp. 188 and 272. 
** On the Propagation of Laminar Motion through a turbulently moving Inviscid 
Liquid," Ibid. p. 342. 

a " On the Bodily Tides of Viscous Spheroids," Phil. Trans, 1879. 
* Proc, Lond, Math, Soc, vol. xiii. p. 61. 
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-^^ is a function of r alone ; substituting in (37), taking account 
of the value of V* in (15) of § 10, and remembering that 

we shall find that the equation to be satisfied by '^^ is 

i;^.^2(«ii)^^ (39). 



dr* r dr 

If we put -^^ = RJr^, the equation for R^ is 

(40). 



^ 2^._«Jn + l) 

dr* r dr r * * 

The properties of the function R^ have been fully discussed by 
the authorities cited below*; for our present purpose it will only 
be necessary to consider that solution of (39) which is finite when 
r = 0. 

Integrating (39) in a series of ascending powers of r we obtain 

_AV_ A?V 

"'"• 2.2n + 3"^2.4.2yi + 3.2w + 5 ^ ^' 

from which it is evident that 

By means of (41) we can easily prove that 

dr 2n + l^' ^*^^' 

2wTl "d^ ^ '''"-' ~ '^* ^*^^' 

^'^'f ^. = (2n + 1) (2n + 3) (Vr. - Vr^J (44). 

It follows from (42) that 

+.-H-1-8 (2» + 1) (i c)" '-^' W, 

where z — hr. 

Let ^n> Xn ^® *^y *^^ spherical solid harmonics of degree n\ 

^ Stokes, "On the Commnnioation of Vibrations from a Vibrating Body to a 
sorroonding Gas," PhiL Trans, 1868. 

C. Niven, '*0n the Conduction of Heat in Ellipsoids of Bevolntion,*' Phil. 
Trans. 1880. 

G. Niven, *' On the Induction of Electric Currents in Infinite Plates and 
Spherical Shells," Phil. Trans. 1881. 

Lamb, '* On Electrical Motions in a Spherical Conductor,'* PMh Trans, 1883, 

Lord Bayleigh, Theory of Sonnd^ vol. ii, ch, xvn. 
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then d^^Jdx is obviously a solid harmonic of degree n ; also by 
substituting each of the functions 

^^-^^ ^^^x^ x^-V^ 
^ dz dy ' dx dz ' dy ^ dx 

in Laplace's equation, it can be shown that the latter three 
functions are also solid harmonics of degree n. It therefore 
follows that 

»=+-(t»^^i-'t) ■ w 

with symmetrical expressions for v and w are respectively solutions 
of (37). These expressions do not however satisfy (38), for taking 
account of (42) and remembering that 

dx ^ dy dz ^"^ 

we find that 

du dv dw _ ^{n + l)k^ , . .,_v 

d^'^d^'^d^"^ 2rr+ 3" '^»+^'^»-^» ^ ^' 

The function r^*^*d (^ *"~*^«+i)/^ is a homogeneous function of 
degree w + 2 ; substituting in Laplace's equation, and using the 
equation 

'*-'2-^{^-''-iM w 

which can be immediately verified, it can be shown that this 
function is a solid harmonic of degree n + 2. We may therefore 
assume 

«' = ^^t^»^^^^ (49), 

where -4 is a constant, with symmetrical expressions for v and w\ 
Substituting in (38) we obtain 

du' dv' dw* ^ , , , «x . d^ ^ 

-^A^(« + 2)(2» + 5)^.„t. 

V. ..ox XT ., =-^A;'(n + 2)(2n + 5),^.,.t. 

by (43). Hence if 

A («+l) 

(w + 2)(2n + 3)(2n + 6)' 

it follows from (48) that the complete solution of (37) and (38) is 
M + m' &c. Whence we may put 

u = tU f#... ,/x. ,dx,\ {n + \)l<?^^r^*' rf<^.J 

\J''\dx^''dz dy) (M + 2)(2n + 3)(2n + 6)da!»^n 

(50). 



M-fS 
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626. It is important to notice that the solution of the 
proposed system of equations consists of two distinct types, which 
may be thus written : 

1st type 

«=^,(y%"--^) (51). 

2nd type 

^^--'dx (n + l)(2r^+l)(2n + 3) dxr^^'"'^''^^' 

It should also be noticed that the solutions of the first type 

make 

(vu + yv +zw = (53), 

whilst those of the second type make 

a!U + yv + zw = ny^^<t>^ (54). 

527. We shall now apply the preceding results to determine 
the small oscillations of a nearly spherical mass of viscous liquid. 

Since the motion is small, we may neglect the squares and 
products of the velocities, and the equations of motion are 

| = .V«-Hg.&c..&c (65), 

where Q= -p/p + V and V is the attraction potential; also if we 

assume that the time enters in the form of the factor e''^, these 

may be written 

{V'+k*)u = -'v''dQ/dco (56), 

where I(? = a/v, and the exponential factor is omitted. 

From (66) combined with (38) it follows that V'Q = 0, and 

therefore 

u = -' a^dQjdx + terms of types (51) and (52). 

The condition to be satisfied at the free surface is that the 
stress must be zero, hence the boundary conditions are 

aP-\-yU'\-zT^O 

aiU + yQ + zS = ■•• (57). 

a)T+y8 + zR:=0, 

Substituting the values of P, Q from § 468 (19), these 

become 

2a?u^ + y(Uy + v„) + z (w. + w^) = px/fi, &c., &c., 



or 
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528. From (53) it follows that the terms of the first type 
represent motions which are everywhere perpendicular to the radius 
vector, and which are therefore unafiected by gravitation. Hence 
the vibrations represented by the two types are independent of one 
another. 

As regards the vibrations of the first type, (56) and (57) are 
satisfied by 

« = 0, ..^.(,&-.^^). 

also since there is no radial motion, the surface value of V is 
constant. Substituting in (58), we obtain after reduction 



[«^+(«-i)^.]=o. 



where the square brackets denote surface values. This equation 
determines the values of k which are all real, and hence the values 
of a. 

529. Since Q can be expanded in a series of spherical solid 
harmonics of the form 2Q,, the vibrations of the second type can 
be expressed by equations of the form 



^ " adx'^'^^'dxW V w + 1 ^'''" "^^"^ W da: U"^ V' 

where T^ is a spherical surface harmonic of degree n, and a is the 
mean radius of the sphere. Substituting in (58) and taking account 
of (48), we obtain at the surface 

Also at the surface, 

a das a dr ^* dx vo" V 
a dx 



+ n(t.-V^..)^('?^-) (60). 
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Let the equation of the free surface be 

where S^ is another spherical surface harmonic, then by § 371, the 
value of the potential at an internal point is, 

and therefore the value of V at the surface is 

^'^^' «»)• 

remembering that g = fTrpa, and suitably choosing the const, the 
value of V may be written 

Hence 

px/fM = - (Q, - V) x/v 

= -iQn + n'<^^'SJx/v (62) 



a' 



V {2n + 1) 



dx dx r 



,8n+l 



a'^* {dr-S, ^.,. d S,\ 



V (2n + 1) 



(63), 



dx a** dxr""^^ 

by (48). But at the surface we have also the kinematical condition 

dSJdt = — ofif^ = {xu + yv-\- zw)/a 

Accordingly from (62) and (63) we obtain 

a \dx a" dx r»+' r'] ' 

Collecting our results, and substituting in the three equations 
(58), and equating separately the surface harmonics of degrees 
n — 1 and n + 1, we shall obtain after reduction 

(2n - 2) Q, - [rdirjdr + (2n - 2) t. J a^. 

= W [(1 + /S'/flO Qn - im" ^»^?'J/(2n + 1). . ; . . .(64), 
and 

(2« + l)n [(rd/dr - 3) (yj., - f,..) aTJ 

= -(« + !) h'a' [(1 + ^K) Q, - (/3/a)« ^,aTJ (65), 

B. II. 21 
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where the square brackets indicate surface values. These equations 
may be written 

{2 (n - 1) (2n + 1) - AV (1 + ^/a«)} [QJ 

= [2 Cn - 1) (2n + 1) ylr^_, - l^a' (1 + ^'/cf) ^J aT,, 
and 

(n + 1) AV (1 + iS'lof) [Q J + [- (n + 1) A;V (1 + /3*/a») .^^ 

+ (2n -f 4) na di^,/dr + (2n + 1) A^^a^J a^; = 0. 
Eliminating Q^ and T^y we shall finally obtain 
(2n-2)A;V f. ^^\ , L o ^'^Wi.^^M 

V+1 (n + l)(2yi + l)(2n + 3)J ^^^^' 

530. This is the equation for determining the values of ka ; 
it can be approximately solved either when the viscosity is very 
large or very small. 

When V is large k and a are small, and -^^ = 1 ; putting 

f=A;^a'/8V(2w + l)a» = y8'aV(2n + l)i^a (67), 

(66) becomes 

2(n-l)g ^ 2(n--l)-? r (2n + 4)n 1 

(2n + l) (271 + 3) n+1 | "^ (2n + l) (2/i + 3)J ' 

approximately. Solving for f and substituting in (67), we obtain 

_ ngav'^ 



2(n + l)^ + r 

a result which was first obtained by Prof. G. H. Darwin*. 

On the other hand when v is small, it is evident from § 446 
that a is nearly equal to i^y so that k is large. From (45) it 
is easily seen that the most important part of -^^ is 

(-)*1.3.5 (2w + l)(A?a)"""*sin(A;a + ^7r). 

It thus appears that the ratio '^«+i/'^« is of the order {ka)'^ and 
(66) becomes approximately 

2 (n- 1) (2n + 1) - )fcV(l + i8'/a») = 0. 

This leads to 

a/t^ = 1 + (w - 1) (2/1 + 1)/A:»a* 

= l + (n-l)(2n + l)i/A)9a", 

1 Phil. Trans, 1879, p. 10. 
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whence a = a/3 4- (n — 1) {2n + 1) z/a"'^ 

whence the modulus of decay is 

T = aV(7i - 1) (2n + 1) V. 

From this result it appears that the oscillations of a globe of 
moderate dimensions are very slightly affected by such an amount 
of viscosity as is ordinarily met with in nature. 

For a globe of the same size as the earth, and of the same 
kinematic viscosity as water, we have on the c. G. s. system 
a = 6*37 X 10®, V = '014 ; and Prof. Lamb finds that the value of t 
for the oscillation of longest period, i.e. w = 2, is 

T = 1-84 X 10" years. 

Prof. Darwin has found that the viscosity of pitch near the 

freezing temperature is fi = l'Sx 10® x g, hence taking g = 980, we 

find 

T = 150 hours. 

This is the modulus of decay of the slowest oscillation of a 
globe of the size of the earth, having the density of water and the 
viscosity of pitch. 

The oscillations of a cylindrical mass of rotating viscous liquid 
have been discussed by Mr G. H. Bryan, in a paper which is to be 
published in the Proc. Camh. Phil. Soc, vol. VI. 



EXAMPLES. 

1. A current of liquid is made to flow through an infinitely 
long rectangular tube one of whose sides is smooth, and the other 
is rough; after the motion has become steady the forces which 
maintain the motion cease to act; prove that the velocity at 
distance y from the smooth side, at time t after the forces have 
ceased to act, is 

u = S Uir'^l!^ (2n + l)"'exp {- (2m + 1)' 7r'i;^/4a'} cos (2n + 1) try /2a, 

where a is the width of the tube, and U is the velocity of the 
liquid in contact with the smooth side in steady motion. 
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2. An unlimited mass of viscous liquid is divided by the plane 
y = 0. The liquid on the positive side of the plane is at rest, 
whilst the liquid on the negative side is initially moving with a 
velocity parallel to x, which is equal to Ue^cos^Xy where ^=(2v)~ 
and X is negative. Prove that if the plane be removed, the 
velocity of the liquid at any subsequent time is 



CT r* / x^ \ 



3. A viscous liquid is contained between two smooth parallel 
plane boundaries x= ± a, unlimited in one direction, and closed 
by a rough plane y = 0, which is capable of movement in its own 
plane in the direction of the axis of x. Prove that if the rough 
plane be moved with constant velocity V, so small that the 
squares and products of the velocity of the fluid may be neglected, 
then after the motion has become steady, the current function is 
given by the equation 

yjr = — 2Fy7r'^ tan"^ {cos {irxj^a) cosec (7ry/2a)}. 

4. A viscous liquid occupies the space between two infinite 
parallel planes. One of the planes is fixed, whilst the other moves 
parallel to itself with a simple harmonic motion A cos nt Show 
that the tangential force on the fixed plane has a maximum value 
per unit of area, which is equal to 

2A\fin 

(cosh 2\Z — cos 2\Z)* ' 

where I is the distance between the planes, \^=pn/2fjLy and the 
fluid in contact with the plane is assumed to adhere to it. 

5. Prove that when viscous liquid is flowing steadily through 
a cylindrical tube of any sectiqn, the curves of equal velocity are 
the same as the relative stream lines of a frictionless liquid filling 
an equal cylinder, due to any plane motion of the cylinder perpen- 
dicular to its generating lines, the viscous liquid being supposed to 
adhere to the sides of the tube. 

If the section of the tube be the ellipse (y/by H- (js/cy = 1, prove 
that the velocity of the liquid at any point is 

.l&V(l-3/'/6'-^Vc')/(6'-c'), 
and that the molecular rotation is 
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6. A stream of liquid free from viscosity, is flowing with 
velocity u along a straight smooth pipe of length I and uniform 
circular section of radius a. Supposing the pipe suddenly to 
become rough, the coeflBcient of sliding friction having a given 
value /3, and the fluid viscous, the coeflGlcient of viscosity having a 
given value /a, find the additional pressure which must be applied 
at the end from which the stream is flowing in order to keep the 
efflux unaltered. 

7. A mass of air bounded by two infinite planes perpendicular 
to the axis of y and distant y^ apart is in motion, the motion being 
the same in all planes parallel to xy. Form equations to deter- 
mine the motion taking account of internal friction, and show that 
if it be periodic in x and t, and the direct effect of friction be 
limited to a thin layer near the planes, then neglecting terms 
involving the squares and higher powers of the velocities, a solution 
is given by 

u = cos kx \e-^^v-^yy) cos [nt — /8 (y + y^)} — cos nt\, 

t; = — (A;//8 ^2) sin kx 

X [i/y^"' cos {nt - i-Tr) + e-^^-^y^^ cos {nt - J-tt - /8 (y + y,)}], 

where ^ = {n/2v)^; v is the kinematic coefficient of viscosity; 
p = ci^p and 

8. A viscous fluid flows between two parallel planes and the 
motion is slightly disturbed ; prove that if u be the velocity at 
right angles to the planes which is supposed to vary as e'^*"*"****, 
where t is the time and z the axis parallel to the plane, then u 
satisfies the equation 



w = 0, 



where v is the kinematic coefficient of viscosity, 2a the distance 
between the planes, V the original velocity of the fluid midway 
between the planes, the axis of x being perpendicular to the 
planes. 



